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Résumé

Résumé

Dans cette these, on s’intéresse a des problemes de constructibilité en géométrie ana-
lytique non archimédienne sur un corps non archimédien k. On étudie certaines parties
(semi-analytiques, sous-analytiques...) du point de vue des espaces k-analytiques alors
qu’elles n’étaient jusqu’a présent considérées qu’au niveau des points rigides.

On étudie notamment les parties sous-analytiques (et sous-analytiques surconvergentes)
en utilisant des points non rigides fournis par les espaces de Berkovich. Cela nous permet
d’obtenir de nouvelles preuves de résultats antérieurs, d’établir de nouvelles propriétés
et de clarifier une erreur concernant le comportement local des parties sous-analytiques
surconvergentes qui n’avait jusque la pas été relevée.

On donne également des théoremes de finitude pour la cohomologie a support compact
de germes HZ((X?",S5),Q;) ou S est une partie semi-algébrique localement fermée de
Ianalytifiée d’une k-variété algébrique X. Enfin, on généralise des résultats concernant
des applications de tropicalisation d’espaces k-analytiques compacts.

Mots-clefs

constructibilité, non archimédien, espaces de Berkovich, géométrie rigide, semi-analytique,
sous-analytique, semi-algébrique, cohomologie étale.

Constructibility in Berkovich spaces

Abstract

In this thesis, we study constructibility problems in non-Archimedean analytic geome-
try over a non-Archimedean field k. We study some subsets (semianalytic, subanalytic...)
in the framework of k-analytic spaces, whereas until now they had only been consider as
subsets of rigid k-spaces.

We especially study subanalytic (and overconvergent subanalytic) sets using non-rigid
points of Berkovich spaces. With this, we give new proofs of prior results, establish some
new properties and clarify a mistake concerning the local behaviour of overconvergent
subanalytic sets which had not been noticed until now.
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We also give finiteness results for compactly supported cohomology of germs HZ((X?", S), Q;)
where S is a locally closed semi-algebraic subset of the analytification of some algebraic
k-variety X. Finally, we generalize some results about tropicalization maps of compact
k-analytic spaces.

Keywords

constructibility, non-Archimedean, Berkovich spaces, rigid geometry, semianalytic,
subanalytic, semialgebraic, etale cohomology.
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Introduction

Sur un corps non archimédien k& tel que Q,, C,,F,((¢)), C((¢)), il est naturel de chercher
a étudier des objets de nature analytique.

Motivations générales

Sur un corps algébriquement clos K une variété algébrique X a des groupes de co-
homologie étale HY(X, Q) et HI(X,Qy) qui sont de dimension finie si ¢ est premier a la
caractéristique de K. Plus généralement, la stabilité par les six foncteurs de la catégorie
des faisceaux constructibles implique que si f : X — Y est un morphisme de variétés al-
gébriques, la famille HI(X,, Q) se recolle en un faisceau R?fi(Q; sur Y qui est localement
constant de type fini le long d’un nombre fini de strates constructibles sur Y.

V. Berkovich [Ber93| puis R. Huber [Hub96] ont défini des théories de cohomologie étale
pour les variétés analytiques sur k, il est donc tentant de chercher une théorie analogue
de faisceaux constructibles pour les variétés analytiques sur k.

Dans cette direction, signalons deux résultats. Si X est un espace k-analytique compact,
les groupes H%(X,Qy) ~ HI(X, Qy) sont de dimension finie. Ce résultat est I’aboutissement
de la série d’articles [Ber94,Ber96a,Ber13]. Dans le langage des espaces adiques, si f : X —
Y est lisse et quasi-compact, on a un théoreme de stabilité par R?f, pour une certaine
classe de faisceaux constructibles [Hub96], et dans le cas ou dim(Y) < 1l,et f: X —» Y
est seulement quasi-compact, on a des résultats de stabilité par R?f, (en caractéristique
0) et R1f, pour d’autres classes de faisceaux [Hub98a, Hub98b, Hub07].

Ainsi, pour l'instant, il n’existe pas de classe de faisceaux constructibles stable par
Rfi et Rf, sans hypothese forte sur f (lisse ou dim(Y) < 1). Si ce travail ne contient
pas de tels résultats généraux de stabilité par Rf; ou Rf,, nous espérons toutefois qu’il
convaincra son lecteur que la bonne définition de faisceau constructible pourrait étre celle
d’un faisceau localement constant le long de strates sous-analytiques au sens de L. Lipshitz
[Lip93, LR0Od].

Analogies et différences avec R et C

Signalons les analogies et différences qui existent avec le cas des variétés sur C.

D’une part, d’apres les théorémes de comparaison [Ber93, 7.1.4 et 7.5.3] entre cohomo-
logies étales algébrique et analytique, si X = X" est 'analytifié d’une variété algébrique
sur k, la classe des faisceaux constructibles sur X produit par le foncteur d’analytification
F — F% une classe stable par les six opérations si l'on se restreint aux analytifiés de
morphismes entre variétés algébriques, ce phénomeéne étant totalement analogue au cas
complexe.

Une différence importante est qu’en géométrie complexe, les morphismes propres et
compacts coincident, et de fait les théoremes de constructibilité en géométrie analytique
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10 INTRODUCTION

complexe ou réelle ne marchent que pour des morphismes propres (ce qui équivaut donc a
compact). On voit mal de toute maniére comment des théorémes beaucoup plus généraux
pourraient exister. Par exemple

{zeC|lzl<1} L {zeC||z<1} Q)
1
z > e=-1

est un endomorphisme analytique de la boule ouverte, mais ses fibres sont infinies discrétes.
En géométrie analytique non archimédienne, il y a une vraie différence entre les morphismes
propres et les morphismes compacts. Un morphisme entre espaces k-analytiques est dit
propre s’il est topologiquement propre et sans bord [Ber93, 1.5.3(iii)]. De fait il existe
beaucoup de morphismes entre espaces k-analytiques topologiquement propres qui ont
un bord non vide. C’est pour cette classe de morphismes topologiquement propres qu’on
peut espérer des résultats de constructibilité. Par exemple, les briques de base des espaces
k-analytiques sont les espaces k-affinoides, qui sont compacts (sans étre propres), et cela
éclaire les résultats de finitude de [Berl3] concernant la cohomologie des affinoides. C’est
une différence essentielle avec le cas complexes (et réel) ou la brique de base est la boule
ouverte de rayon 1 qui n’est pas compacte. Pour dire les choses autrement, contrairement
au cas archimédien, les briques de base en géométrie non archimédienne sont compactes et
pour des raisons tant esthétiques que techniques, il serait satisfaisant d’avoir une théorie
de constructibilité qui englobe ces briques de base.

L’idée d’une théorie de constructibilité pour les espaces k-analytiques s’inspire claire-
ment de théories déja existantes. La théorie des faisceaux constructibles en cohomologie
étale (-adique des schémas en est stirement 1’exemple le plus abouti [Del77]. Signalons éga-
lement une théorie de faisceaux constructibles pour les ensembles semi-algébriques réels
(plus généralement pour les structures o-minimales) [Sch03, Chapitre2], et en géométrie
sous-analytique réelle [KS94]. Dans toutes ces théories, un faisceau F' sur X est construc-
tible sl existe une bonne stratification {S;} de X telle que pour tout 4, Fs, soit localement
constant.

Ensembles constructibles, semi-analytiques, sous-analytiques.
Etat de D’art.

En théorie des schémas, on a une bonne définition d’ensemble constructible, et la dé-
finition d’un faisceau constructible ne pose pas de probléme : une stratification {S;} est
bonne si chacun des S; est constructible. En géométrie semi-algébrique, il faut rempla-
cer constructible par semi-algébrique pour définir un faisceau constructible. Remarquons
qu’une condition nécessaire pour qu’une telle construction marche est que les ensembles
constructibles (resp. semi-algébriques) soient stables par image directe, ce qu’assure le
théoréme de Chevalley (resp. de Tarski-Seidenberg).

Si 'on cherche pour les espaces k-analytiques une définition analogue il nous faudra
donc isoler une classe d’ensemble qui soit stable par image directe. Dans un cadre analy-
tique, trouver une classe raisonnable de sous-ensembles stables par images directes n’est
pas aisé.

L’exemple (1) illustre que dans le cas complexe, la classe des ouverts bornés de C" ne
saurait rentrer dans une théorie satisfaisante de constructibilité puisque f est un endo-
morphisme analytique de la boule ouverte de rayon 1 qui a des fibres infinies discrétes.
Le fait que les espaces k-affinoides, qui sont les briques de base de la géométrie non-
archimédienne, soient des objets de nature compacte rend la situation différente pour les
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espaces k-analytiques.

Premieres approches

Fixons un espace k-affinoide X et donnons des définitions possibles d’ensemble construc-
tible de X qui s’averent ne pas convenir, en expliquant pourquoi.

1. Dire que S C X est constructible si c¢’est une combinaison booléenne de fermés de
Zariski de X 7 Cette tentative est naturelle par analogie avec le cas des schémas.
Méme dans le cas le plus simple de la boule unité fermée X =B, si 0 < r < 1, alors
S, la boule fermée de rayon r est obtenue comme 'image de I'inclusion de S dans B,
mais S n’est pas une combinaison booléenne de fermés de Zariski de B (car ce sont
les ensembles finis et cofinis).

2. Essayons alors de dire que S C X est constructible s’il existe un recouvrement
fini {X;} de X par des domaines affinoides tel que pour tout i, S N X; soit une
combinaison booléenne de fermés de Zariski de X;. Cela ne marche toujours pas : si
on considere

f: B> = B2
(z,y) — (z,2y)

alors im(f) = {|y| < |z|}. Il est facile de voir que localement autour de 'origine
dans B2, cet ensemble n’est pas une combinaison booléenne de fermés de Zariski
(signalons que tout domaine affinoide contenant ’origine en est un voisinage au sens
de la topologie de Berkovich).

3. L’exemple précédent suggere de considérer les combinaisons booléennes d’ensembles
du type

{z e X |[f(2)] <lg(x)l}

ou f,g € A. Appelons ces ensembles ensembles semi-analytiques'. Cette ten-
tative est naturelle, les ensembles semi-analytiques étant ’analogue des ensembles
semi-algébriques réels, mais ne marche toujours pas. Considérons g = >, cn gnT™
une série a coefficients dans k de rayon de convergence exactement r avec 0 < r < 1
et telle que ||g|| < 1. Si
p: B, — B2
r = (r.9(@)

alors im(y) n’est pas semi-analytique dans B? (cf. par exemple 1.2.6).

4. Qu’a cela ne tienne, on pourrait considérer les S C X pour lesquels il existe un
recouvrement fini {X;} de X par des espaces affinoides tel que S N X; soit semi-
analytique pour tout 7. Un ensemble vérifiant cette propriété sera dit rigide semi-
analytique . Cela ne marche toujours pas : il existe des morphismes entre espaces
affinoides dont I'image n’est pas rigide semi-analytique (voir par exemple 1.2.10).

Remarquons la chose suivante. Si f, g € A, considérons

YV :={(z,t) € X xB| f(z) =tg(z)}

1. Dans la littérature [Lip93,Sch94al, ces ensembles sont appelés globalement semi-analytiques. Et le
terme semi-analytique est utilisé pour un classe plus grande, mais qui n’est pas la méme dans [Sch94a,
1.3.7.1] et [Lip93, 4.5]. Nous justifions notre terminologie par la raison suivante. Les classe des parties
définies par des inégalités |f| < |g| ou f et g sont des fonctions analytiques nous semble la classe la plus
simple, et la plus facile a appréhender de celles que nous étudierons. Lui donner le nom le plus simple nous
a semblé naturel.
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et ¢ : Y — X la projection suivant la premiére coordonnée. Alors im(p) = {x €
X | |f(z)] < |g(x)|}, de sorte qu'une classe d’ensembles stable par image entre morphismes
affinoides devra nécessairement contenir la classe des ensembles semi-analytiques.

Elimination des quantificateurs

Dans le cadre algébrique, la situation est plus facile. Soit X = Spec(A) un k-schéma
affine de type fini. On dira que S C X% est semi-algébrique si c’est une combinaison
booléenne d’ensembles

{z e [ If(x)] < lg(=)}

ou f,g € A. Le résultat suivant est prouvé dans [Duc03] et découle du théoreme d’éli-
mination des quantificateurs pour ACVF. Nous détaillerons ce résultat dans la section
0.4

Théoreme. Soit X, deuz k-schémas affines de type fini et ¢ : X — Y un morphisme de
k-schémas. Si S est un ensemble semi-algébrique de X, @ (S) est un ensemble semi-
algébrique de Y.

Ensembles sous-analytiques? selon Schoutens et Lipshitz

A la Schoutens

On suppose que k est algébriquement clos3. On note k({(X1,...,X,,)) la k-algébre des
séries entieres surconvergentes sur B", i.e. dont le rayon de convergence est r > 1. Fixons
A une algebre k-affinoide et X ’espace rigide associé. On consideére I'opérateur D

D: kExk — k

) s {y st Jaf < Jy] #0
0 sinon.

H. Schoutens définit dans [Sch94a] A((D)) comme la plus petite k-algebre de fonctions
f: X — k telle que

— A((D)) contient les fonctions induites par A.

~ Si f,g € A((D)) alors D(f,g) € A{(D)).

— Si on se donne f1,..., f, € A((D)) vérifiant || fillsup < 1 et si F' € k{((X1,...,Xp))

alors F(f1,..., fn) € A(D)).

Théoréme ( [Sch94a]). Si S C X on a équivalence entre
— S est une combinaison booléenne d’ensembles définis par des inégalités | f| < |g| pour
f9 € A((D)).
— Il existe une partie semi-analytique T C X x B™ définie par des inégalités |f| < |g]
qui sont surconvergentes par rapport auz variables de B™, tel que S = w(T) ou
m: X xB" — X est la premiére projection.

Nous dirons que S est sous-analytique surconvergent? s’il vérifie I'une de ces
conditions.

2. Signalons qu’il existe une théorie des parties semi-analytiques et sous-analytiques des variétés analy-
tiques réelles (voir [BM88] pour une belle introduction). Cette théorie est antérieure au cas non archimédien,
et tant au niveau des définitions que des résultats, les travaux que nous allons présenter s’inspirent du cas
réel.

3. Cette hypothese n’est en rien indispensable mais permet de simplifier ’exposition.

4. La encore, nous avons choisi de ne pas utilisé la terminologie que l'on trouve dans la littéra-
ture [Sch94a], ou les parties que nous appelons sous-analytiques surconvergentes sont dites globalement
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A la Lipshitz
La construction de Lipshitz [Lip93, LR00d] repose sur 'introduction d’une k-algebre
Sm,n de fonctions analytiques
((kalg)o)m % ((kalg)oo)n N k;alg
qui ont de bonnes propriétés. Quand n = 0, on retrouve Sy, 0 = k{X1,...,X;,}, mais
quand n > 1, la situation est plus délicate, ’algebre de toutes les fonctions analytiques

sur B"™ x (B)"™ n’étant par exemple pas noethérienne. Nous renvoyons a [LR00d, 2.1.1] et
la section 0.5 de ce travail pour plus de détail. Précisons toutefois que

o

B(X1, o, Xy Lo Pn) C Smm C k@pok® (X1, -, Xo)[[p1s - - - pu]] € T(B™x(B)", O

W)

B™ ><(IE%)

ces inclusions étant strictes des que n > 1 et k n’est pas de valuation discrete. Signalons
aussi que k Qo k°(X1,..., Xm)[p1,---,pn]] n'est pas noethérien quand k n’est pas de
valuation discrete, alors que Sy, l'est (c’est 'un des intéréts de ces algebres). Afin de
donner une idée précise de ces algebres, mentionnons que si k est de valuation discrete,

Smm =k @k (X1,..., Xm)[p1s-- -, pnl]
et que si kK = C, par exemple,
Smn = Cp@)anrQZ"T(Xl, oo X [p1s -5 pnl]-
Les fonctions de Sy, , sont utilisées avec les deux opérateurs

= si fa] < [y] # 0

0 sinon

o osifzl <[yl #0
0 sinon

Do : k™8 x k8 5 kI8 (2 4) {

Dy : K8 x K% k5, (a,y) {

pour définir inductivement, ’algebre des D-fonctions par les conditions :
— Les fonctions induites par A sont des D-fonctions.
— Si f, g sont des D fonctions, alors Dy(f,g) et D1(f,g) sont des D-fonctions.
- Si fi,.-«y fms91,--.,9n sont des D-fonctions, F' € A(D) et si pour tout z € X,
|fi(x)] < 1et|gj(x)| <1alors F(fi,..., fm;g1,---,9n) est une D-fonctions.
On dira qu'un ensemble S C X est sous-analytique si c’est une combinaison booléenne
de parties définies par des inégalités |f| < |g| avec f, g des D-fonctions.

Théoréme ( [Lip93]). Les ensembles sous-analytiques sont stables par projections. Ce qui
peut s’incarner dans les deuxr énoncés suivants :

fortement sous-analytique. Nous avons fait ce choix d’une part pour des raisons esthétiques, notre ter-
minologie nous semblant plus concise et plus imagée. L’autre raison est que Schoutens utilise dans ses
articles le terme fortement sous-analytique pour désigner différente types de parties : les parties globale-
ment fortement sous-analytiques, fortement sous-analytiques, localement fortement sous-analytiques, glo-
balement fortement D-semi-analytiques, fortement D-semi-analytiques. Cet emploi était justifié par les
résultats [Sch94a, théoréme p.270, prop. 4.2] selon lesquels ces parties sont toutes équivalentes. Comme
nous ’expliquerons au chapitre 1, ces résultats sont faux : les classes mentionnées ci-dessus ne sont pas
les mémes. De sorte que 'ancienne terminologie prétait a confusion, d’autant plus que Schoutens dans ses
articles [Sch94c,Sch94b] utilisait le terme fortement sous-analytique indifféremment pour toutes ces classes
de parties.
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- 8515 C X xB" est sous analytique et m : X x B" — X est la premiére projection,
alors m(S) est sous-analytique.

- Si f : X = Y est un morphisme entre espaces affinoides, S C X un ensemble
sous-analytique, alors f(S) est un ensemble sous-analytique de'Y .

Signalons enfin qu’un ensemble S C X qui est sous-analytique surconvergent est for-
cément sous-analytique. Mais la réciproque est fausse (cf la proposition 1.2.10 pour un
résultat encore plus fin).

L’idée des preuves

Les preuves des résultats de Schoutens et Lipshitz marchent suivant un schéma com-
mun. Dans un premier temps, via des théoremes du type Préparation de Weierstrass, on
réussit a algébriser les fonctions mises en jeu, et on peut alors utiliser le théoréme d’élimi-
nation des quantificateurs de ACVF.

A ce stade, nous voulons résumer les différentes classes de parties que nous avons
considérées pour un espace k-affinoide.
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Ensembles semi(-sous)-analytiques (surconvergents) vs Es-
paces de Berkovich. Un panorama de nos résultats.

Nous avons énoncé les résultats de Schoutens et Lipshitz dans le langage de la géomé-
trie rigide, et c’est de fait dans ce langage qu’ils ont été énoncés (ne serait-ce que pour
des raisons chronologiques®) et développés depuis lors. Ce travail se veut un pont entre
les diverses théories d’ensembles semi/sous-analytiques et les espaces k-analytiques. Nous
espérons convaincre le lecteur que chacune de ces théories peut apporter a ’autre. En voici
quatre résultats représentatifs de cette these, pour illustrer cette idée.

Dans le chapitre 1 on obtient une preuve différente, qui nous semble a la fois plus natu-
relle et instructive du théoreme de projection des parties sous-analytiques surconvergentes
de Schoutens énoncé page 10, qui utilise la compacité des espaces affinoides (vu comme
espaces k-analytiques). L’utilisation de points spécifiques aux espaces k-analytiques (un
point de type 2 en 'occurrence) nous permet de donner des contre-exemples aux autres
résultats de [Sch94a).

Dans le chapitre 2 nous montrons comment les théorémes de finitude [Ber13] concernant
la cohomologie d’un affinoide peuvent s’étendre. Signalons par exemple

Théoréme A. Supposons k algébriquement clos, ¢ # car(k), f : X — Y un morphisme
d’espace k-affinoides et U C Int(X/Y') un domaine affinoide de X. Alors les groupes

HY((Y, f(U)), Z/(Z)
sont finis, ces groupes désignant les groupes de cohomologie du germe (Y, f(U)).

En particulier, si f(U) est un fermé de Zariski dans un domaine analytique de Y, ces
groupes coincident avec la wvraie cohomologie de f(U), vu comme espace k-analytique.
Nous obtenons un résultat de finitude analogue pour la cohomologie du germe de parties
semi-algébriques qui a été utilisé par E Hrushovski et F. Loeser dans [HL11].

Dans le chapitre 3, on considere la théorie de la dimension des ensembles sous-analytiques,
introduite et déja étudiée dans [LR0Oa]. En utilisant des points non rigides des espaces
de Berkovich, on donne de nouvelles preuves de la plupart des résultats de [LR00Oa], et on
démontre également de nouvelles propriétés, qui nous seront utiles au chapitre 4.

Au chapitre 4, nous introduisons et étudions une théorie de la dimension pour les
parties sous-analytiques de B™ x R’'. Nous obtenons comme corollaire direct le résultat
suivant, qui était notre motivation premiere :

Théoreme B. Soit X un espace k-affinoide, fi,..., fn, n fonctions analytiques sur X et

lfl: X — R

Alors |f|(X) est une union finie de polyédres® de R}, et

dim(|f|(X)) < dim(X).

5. L’article de L. Lisphitz [Lip93] date de 1993, seulement trois ans aprés le premier texte [Ber90] de
V. Berkovich traitant des espaces k-analytiques.

6. Un polyedre de R’} signifiant ici une intersection finie de parties définies par des inégalités
AT e < uH?Zlfyf"' avec A\, u € Ry et a;,b; € N.
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Ce résultat, qui s’énonce purement dans le langage des espaces k-analytiques est dé-
montré en utilisant les ensembles sous-analytiques.

Faisons la remarque importante suivante. Nous aurons trois manieres de décrire une
partie (par exemple semi-analytique, sous-analytique surconvergente, sous-analytique...)
du polydisque fermé7 :

— comme une partie de ((k*#)°)".

— comme une partie du disque vu comme 1’espace rigide Sp(k(Xy,...,X,)), ce qui

revient & considérer ((k'2)°)" modulo 'action de Gal(k**?/k).

— comme une partie de l'espace de Berkovich B" = M(k(X,..., X,)).

Il n’est a priori pas clair qu'une propriété prouvée pour les parties semi-analytiques® de
B" soit également valable pour les parties semi-analytiques de ((k*%)°)" (on pense par
exemple & la proposition 1.2.4). Nous montrerons dans la section 1.2.4 que c’est bien le
cas, et qu’il y a une correspondance entre les parties semi-analytiques vues comme parties
de ((k*#)°)" ou comme parties de B".

Contenu détaillé de la these

Chapitre 1

On considere X un espace k-affinoide et A son algebre affinoide associée. Nous avons
déja mentionné qu'’il y a équivalence entre les parties de la forme 7(7) ou T' C X x B"
est semi-analytique surconvergent par rapport aux variables de B", et les parties définies
par une combinaison booléenne d’inégalités |f| < |g| ou f,g € A((D)), A{(D)) étant la
plus petite algebre de fonctions contenant A, stable par 'opérateur D (qui correspond a
prendre des divisions) et stable par composition avec des fonctions analytiques surconver-
gentes, la classe ainsi définie étant celle des ensembles sous-analytiques surconvergents. Un
inconvénient de la seconde caractérisation est que les fonctions de A((D)) sont difficiles a
manipuler. Elles ne sont a priori pas continues, que ce soit pour la topologie de Berkovich
ou pour la topologie canonique sur I’ensemble des points rigides, a cause de 'opérateur
D. Pour contourner cette difficulté, nous utiliserons la démarche suivante : si f,g € A, on
considere

Y = M(A{T}/(f - Tg)) & X = M(A). (2)

Cela revient en un certains sens a éclater l'idéal (f, g), et ¢ induit un isomorphisme entre
{yeY | gly) # 0t et {z € X ||f(z)| < lg(y)| # 0}, et swr ces domaines, D(f,g)
correspond & la nouvelle fonction T'. C’est cette remarque permet de remplacer 1'utilisation
des fonctions de A((D)) par une construction plus géométrique : nous appelons donnée
constructible un morphisme X’ % X obtenu comme une composée

X, 2 X — = X1 2 X

ou chaque ¢; est un morphisme du type (2) et Xo = X (en pratique la définition est
plus complexe, puisqu’il faut tenir compte du phénomene de surconvergence intrinseque a
A((D))). On dit alors qu'un ensemble S C X est constructible surconvergent s’il s’écrit
©(S) ot p : X' = X est une donnée constructible, et S est un ensemble semi-analytique
convenable de X'.

Theoréme 1. Une partie S C X est sous-analytique surconvergent si et seulement si S
est constructible surconvergent.

7. Plus généralement d’un espace affinoide.
8. Ou sous-analytiques surconvergents, localement semi-analytique, sous-analytique...



18 INTRODUCTION

Ce théoréme n’est autre que 'équivalence (1) < (3) de [Sch94a, Quantifier élimination
theorem p.270], modulo le fait (prouvé en 1.1.7) que les constructibles surconvergents et
les combinaisons booléennes d’inégalités |f| < |g| entre fonctions de A({(D)) coincident.
Cependant la preuve que nous donnons utilise de maniére essentielle la compacité des
espaces k-affinoides et est en ce sens nouvelle. Pour ce faire, nous démontrons en 1.1.3 des
résultats de type préparation de Weierstrass au dessus d’un anneau de Banach et pour un
rayon arbitraire. En 1.1.6 nous donnons des résultats analogues en autorisant des inégalités
|f] < Alg|, avec A € Ry qui sont valables méme quand le corps est trivialement valué.

Dans la partie 1.2, nous donnons des contre-exemples aux autres résultats de [Sch94a]
concernant les propriétés locales des ensembles sous-analytiques surconvergents. En par-
ticulier la proposition [Sch94a, 4.2] stipule que si {X;} est un recouvrement affinoide fini
de X, et S C X, tel que SN X; est sous-analytique surconvergent dans X; pour tout i,
alors S est sous-analytique surconvergent dans X. Nous montrons dans la partie 1.2.2 que
¢a n’est pas le cas. En fait nous prouvons méme un résultat plus fort (proposition 1.2.4) a
savoir qu’il existe des ensembles semi-analytiques rigides qui ne sont pas sous-analytiques
surconvergents. Le contre-exemple que 'on présente utilise un point de B? qui n’est pas
rigide (c’est le point de Gauss d’une courbe plongée dans B? non prolongeable) ainsi que
les bénéfices géométriques de la caractérisation des ensembles sous-analytiques surcon-
vergents en terme de constructibles surconvergents. Ainsi les ensembles sous-analytiques
surconvergents ne peuvent pas se recoller pour la topologie des recouvrement affinoides
finis, mais nous expliquons que c’est la topologie de Berkovich qu’il faut considérer

Proposition 2. Soit S C X, alors S est sous-analytique surconvergent si et seulement si
pour tout x € X il existe un voisinage affinoide U de x tel que SN U est sous-analytique
surconvergent dans U .

Cette propriété nous permet d’étendre la définition des ensembles sous-analytiques
surconvergents aux bons espaces k-analytiques (plus nécessairement affinoides) et nous
étudions des propriétés globales en 1.1.5.

Dans [Sch94a] sont énoncées d’autres caractérisations des ensembles sous-analytiques
surconvergentes dont on montre par des méthodes similaires qu’elles sont fausses. Tout
cela est clarifié par la figure 1.1 page 82.

Les résultats erronés de [Sch94a] furent utilisés ensuite dans [Sch94c]| et [Sch94b], de
sorte que les preuves et méme certains des énoncés de ces articles sont faux. En 1.3 nous
corrigeons ainsi les énoncés et résultats de [Sch94b]

Theoréme 3. Soit X un bon espace k-analytique quasi-lisse de dimension < 2 avec k
algébriquement clos, et S C X. Alors S est sous-analytique surconvergent si et seulement
si S est localement (pour la topologie de Berkovich) semi-analytique.

Chapitre 2

On fixe un nombre premier ¢ # car(k).

Dans un premier temps, supposons k algébriquement clos. Si X est un espace k-
analytique, S C X et F' un faisceau étale sur X, Berkovich a défini des groupes de
cohomologie pour le germe (X, S)

Hg((Xv 5)7 F(X,S))

Si S est un fermé de Zariski dans un domaine analytique de X, Berkovich a prouvé que ces
groupes coincident avec les vrais groupes de cohomologie H{(S, F|g). Nous prouvons (pro-
position 2.2.3) que si X est un espace k-affinoide, et S C X un ensemble semi-analytique
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localement fermé, les groupes HZ((X, S),Z/¢"7Z) sont finis, puis ce résultat de finitude est
étendu aux cas suivants :

1. X est un espace k-analytique compact et S est semi-analytique rigide (proposition
2.3.1).

2. X = X* ou X est un k-schéma séparé de type fini et S une partie semi-algébrique
localement fermée de X2", qui est en fait un cas particulier de :

3. X = X2 ou A est une algebre k-affinoide, X est un A-schéma séparé de type fini, et
S est un sous-ensemble semi-algébrique localement fermé de X" (proposition 2.3.2).

4. X est un espace k-analytique compact et S une partie sous-analytique surconvergente
localement fermée de X (proposition 2.4.1).

Dans la section 2.6, on explique comment passer des coefficients de torsions Z/¢"Z aux
groupes HI((X,S), Q). Nous avons choisi d’en donner une preuve le plus simple possible,
faute de référence disponible dans la littérature. Tous ces résultats se résument ainsi

Theoréme 4. Soit A une algébre k-affinoide (k n’est pas forcément algébriquement clos),
X un A-schéma séparé de type fini de dimension d, U une partie semi-algébrique localement
fermée de X", On note X := X ™R,k et on pose m: X9 — X" et U = 7~ H(U).

1. Les groupes H:(U,Qy) sont des Qq-espaces vectoriels de dimension finis, munis d’une
Gal(k*°P /k)-action, et H(U,Qy) = 0 pour i > 2d.

2. Soit V. C U wune partie semi-algébrique ouverte dans U, et soit F = U\ V. Il y a
alors une suite exacte longue Gal(k*P /k)-équivariante

>H§(V, Qf) HH@(Uva)HHg(FvQE)*)Hé—H(Vv @5) >
3. Pour tout entier n il y a des isomorphismes canoniques Gal(k*P /k)-équivariants :

D HL(U. @) @g, 1 (V,Q0) ~ H! (TXV,Q)

i+j=n

Ce probléme nous a été posé par F. Loeser et a été utilisé dans [HL11] pour I’étude de
la fibre de Milnor associée a un morphisme f : X — A}C ou X est une variété complexe
algébrique. Le corps utilisé est & = C((t)). Notons que ces résultats sont également valables
si U est une partie sous-analytique surconvergente localement fermée d’un bon espace k-
analytique d’apres les résultats de la section 2.4.

Enfin dans la section 2.5, on explique comment les résultats de finitude pour Hq((X, S),Z/("Z)
ont des analogues en cohomologie étale des espaces adiques.

Chapitre 3

Ce chapitre est consacré a la dimension des ensembles sous-analytiques de B". Dans
[LROOa] la dimension d'un ensemble sous-analytique S de ((k*!2)°)" est définie comme le
plus petit entier d tel qu’il existe une projection selon des coordonnées 7 : ((k*8)°)" —

((kalg)o)d telle que 7(S) soit d’intérieur non-vide. Comme nous ’avons dit plus haut, & une
partie sous-analytique S C ((k*2)°)") correspond une partie sous-analytique de I’espace
de Berkovich B™ que nous noterons Spgerko. Nous donnons dans le théoreme 3.1.14 huit
caractérisations équivalentes de cette dimension, certaines déja présentes dans [LR00al,
d’autres nouvelles, citons en particulier
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Proposition 5.

dim(S) = max d(H(x)/k). (3)

TESBerko
Otisi k — K est une extension non archimédienne, d(K/k) = tr.deg.(K /k)+dimg(/[K*]//[k*]).

La preuve de (3) utilise de maniére essentielle les points x de B™ dits d’Abhyankar qui
réalisent le maximum d(#H(x)/k) = n. C’est sur I’égalité 3 que nous nous reposerons prin-
cipalement. Remarquons que cette égalité est naturelle dans le sens ol cette méme formule
donne la dimension des espaces k-analytiques [Ber93, 2.5.5]. Nous obtenons par exemple
une preuve sensiblement différente de celle de [LR00a] de l'inégalité

dim(S \ 9) < dim(S)

pour S une partie sous-analytique non-vide. Nous obtenons également des résultats nou-
veaux et qui nous serviront au chapitre 4 :

1. Soit § C ((k™£)°)"™™ une partie sous-analytique et 7 : S — ((k*£)°)" la premiere
projection, définie par (z1,...,%n,Y1,.--,Ym) — (T1,...,2y). Si toutes les fibres
non-vides de 7 ont la méme dimension d, alors

dim(S) = dim(7(S)) + d.

2. Si f: S — T est une application sous-analytique (i.e. dont le graphe est sous-
analytique), alors dim(f(S5)) < dim(S). En particulier, si S et T" sont en bijection
par une application sous-analytique, dim(S) = dim(7T").

3. dim(S x T') = dim(S) + dim(T).

Ces résultats sont fortement inspirés dans leur formulation et dans leur preuve de Iarticle
[vdD89] qui donne des résultats analogues pour la dimension des ensembles définissables

dans la théorie des corps valués algébriquement clos, que nous présentons dans la section
3.2.

Chapitre4

Le but de ce chapitre était initialement de montrer le théoreme B page 14 en utilisant le
théoreme d’élimination des quantificateurs de Lipshitz pour les ensembles sous-analytiques,
et en particulier le fait que 'on peut également éliminer les variables du groupe des valeurs
I' = |k*| € R%L. Nous montrons ce théoreme avec une approche plus générale. On
définit d’abord les ensembles sous-analytiques de ((kalg)o)m x I'". Pour n = 0, on retrouve
notre définition précédente d’ensemble sous-analytique de ((k*2)°)™ et pour m = 0, les
ensembles sous-analytiques sont juste les parties définissables pour la structure o-minimale
de groupe abélien totalement ordonné de I'; ce sont donc les combinaisons booléennes
définies par les inégalités de la forme Y 7' a;y; < Yivy bivi, avec a;,b; € N.

Nous définissons pour une partie sous-analytique S C ((kalg)o)m x I'"™ une dimension
dimpy(S) € NU —oo qui se comporte bien

Theoréme 6. 1. Si S C ((k%)°)", dimy(S) correspond d la dimension définie au
chapitre 3.

2. 851 S c (U {0})", dimn(S) est la dimension classique telle que définie pour les
structures o-minimales [vdD98].

3.8 f S — T est une application sous-analytique, dimy(f(S)) < dimy(S). En
particulier dimy est tnvariant par bijection sous-analytique.
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Le théoreme B est alors obtenu comme un corollaire (voir 4.3.1) de 3. et du théoreme
d’élimination des quantificateurs pour les parties sous-analytiques de ((k‘alg)o)m x '™,

En fait, la construction et les propriétés de 'invariant dimy sont obtenus grace a I’étude
d’un autre invariant plus fin. Si S est une partie sous-analytique de (K*9)™ x I on lui
associe une dimension mixte dim(S) C N2, qui est une partie finie de N2, stable par
< (par exemple (2,1) < (3,5) donc si (3,5) € dim(S), on a aussi (2,1) € dim(S)). De
maniere précise, (di,d2) € dim(S) signifie que S contient une sous-partie définissablement
isomorphe & un ouvert de ((k!8)°)% xI'%2. Nous établissons un théoréme de décomposition
cellulaire pour les ensembles sous-analytiques de ((k‘alg)o)m x I'™ qui nous permet ensuite
d’établir les bonnes propriétés de cette dimension mixte (qui est par exemple invariante
par bijection sous-analytique, cf. proposition 4.2.14(3)). La formule principale que nous
prouvons est la suivante :

Proposition 7. Si f : X — Y est une application sous-analytique entre parties sous-
analytiques de ((k™9)°)*T*, alors
dim(f(X)) < max ((dim(X)) + (~d, ). (1)

Par définition, dim(X) étant une partie finie de N2, dans la formule ci-dessus max
signifie en fait U.

Annexes

A force d’utiliser le théoréme d’élimination des quantificateurs pour ACVF, on finit
par se demander : au fait, quels sont les analogues Archimédiens ¢ Bien sir le théoréeme de
Tarski-Seidenberg est le bon analogue sur R, mais quid de C, qui est le seul corps Archi-
médien complet algébriquement clos 7 Disons qu’une partie S de C" est semi-algébrique
complexe si c’est une combinaison booléenne finie d’inégalités de la forme |f| < |g| avec
f,g € C[Th,...,T,]. Nous montrons que les ensembles semi-algébriques complexes ne sont
pas stables par projection. Bien qu’il s’agisse d’une simple remarque, ce résultat, qui a
notre connaissance ne figure pas dans la littérature, nous a semblé mériter d’étre explicité.

Questions en suspens

Théoréme de descente. On peut se demander s’il existe des résultats de descente
pour les partie semi-analytiques (resp., sous-analytiques (surconvergents)...). Précisément,
si k — K est une extension non archimédienne algébrique, X un espace k-affinoide, et
S C X une partie de X telle que Sk C X soit une partie semi-analytique (resp. ...) de
X . Alors est-ce que S est semi-analytique (resp. ...) de X ?

Faisceaux constructibles. On peut chercher a généraliser les résultats de finitude du
chapitre 2 dans deux directions.
Dans le cas absolu on peut espérer

Conjecture 1. Si k est algébriquement clos, £ # car(k), X est un espace k-affinoide et
S une partie sous-analytique localement fermée de X alors les groupes HA((X,S),Z/("7)
sont finis.

En adaptant les arguments de la preuve de 2.4.1, ce résultat serait une conséquence de
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Conjecture 2. Si k est algébriquement clos, { # car(l%), X est un espace k-quasi-
affinoide® alors les groupes HI(X,Z/0"7) sont finis.

Le corollaire 3.1.2 de [Ber13], va dans ce sens.

Dans le cas relatif, nous espérons convaincre le lecteur de ce travail que si 'on cherche
a définir la plus petite classe de faisceaux stable par R fi pour les morphismes entre espaces
affinoides f, un bon candidat pourrait étre de définir un faisceau sous-analytique comme
un faisceau étale sur X pour lequel il existe un recouvrement fini {S;} de X par des
parties sous-analytiques localement fermées de X tel que F|g, soit localement constant sur
le germe (X, S;).

Conjecture 3. Soit f : X — Y un morphisme d’espaces k-affinoides, F un faisceau
sous-analytique sur X. Alors R1fi(F') est un faisceau sous-analytique sur'Y .

Un tel résultat impliquerait les conjectures précédentes pour le cas absolu. Signalons
que dans cette direction, une idée pourrait étre d’adapter la preuve de [Hub98b].

Espaces quasi-affinoides fagcon Berkovich ou Huber. Comprendre les objets obte-
nus en appliquant les foncteurs M et Spa aux algebres quasi-affinoides (voir [Kapl2, sec-
tion 4] pour des remarques analogues). Quand k est de valuation discréte, les algebres
quasi-affinoides sont fortement noethériennes, de sorte que Spa nous donne bien un espace
adique [Hub94, théoréme 2.2], et on dispose donc du formalisme de la cohomologie étale
des espaces adiques [Hub96]. Ce genre de considération pourrait étre une des manieres de
montrer des résultats tels que la conjecture 3.

9. Voir la section 0.5.2 pour la définition d’un espace quasi-affinoide.



Chapitre 0

Préliminaires

0.1 Géomeétrie rigide, espaces de Berkovich

Un corps normé est un corps k& muni d’une valuation |- | : & — Ry telle que |zy| =
lz] - y|, |z +y| < |z| + |y| et |z] =0 < = = 0. Sl vérifie de plus la condition plus forte
|z + y| < max(|z|,|y|) on dit que la valuation est non archimédienne. C’est équivalent
au fait que |n| < 1 pour tout n € Z. Dans le cas contraire on dit que le corps k est
Archimédien. A isomorphisme prés tout corps Archimédien est un sous corps de C muni
de la norme |- [|* ot s €]0,1] et ||-|| est la norme euclidienne [Neu99, 11.4.2]. En particulier,
un corps Archimédien complet est R ou C, équipée de la norme || - ||*. Des pans entiers des
mathématiques sont consacrés a la géométrie analytique sur ces deux corps. On appellera
corps non archimédien un corps k complet pour une valuation non archimédienne'. Ce
sont donc tous les corps complets autres que R et C. Dans cette section, on va expliquer
différentes approches pour faire de la géométrie analytique sur un tel corps k.

On présentera d’abord 'approche de la géométrie rigide initiée par Tate [Tat71] et dont
un développement trés complet est donné dans [BGR84]. Les espaces ainsi construits sont
appelés espaces rigides et forment une catégorie notée Rig;. Ensuite nous présenterons
I’approche de Berkovich. Les espaces qu’il construit sont appelés espaces k-analytiques.
Huber a étudié d’autres espaces, les espaces adiques. Précisons qu’il y a deux foncteurs
pleinement fideéles (rappelons que 'on suppose la valuation non triviale) :

espaces strictement es .
) paces k )
k-analytiques > { rigides sur k >{ espaces adiques }
Hausdorff

Ces inclusions sont bien expliquées dans [Sch12, section 2]. Mentionnons également une
approche utilisant les schémas formels initiée par Raynaud [Ray74] et dont on peut trouver
les fondements dans [BL93a, BL93b, BLR95a, BLR95b, Abb11].

0.1.1 Géométrie rigide

Soit f = Z a, X" une série formelle de k[[X1,...,X,]]. Il y a équivalence entre

veNn
— Pour tout = = (x1,...,2z,) € (k°)", f(x) converge.
1. Sur un corps quelconque, lapplication  +— |z| = 1 pour z # 0 définit une valuation appelée

valuation triviale. Considérer des espaces de Berkovich sur ces corps s’est avéré un des atouts des espaces
de Berkovich ( [Thu07] par exemple), mais sauf mention contraire, nous supposerons que la valuation sur
k est non triviale.

23
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— Pour tout = = (21,...,7,) € ((k¥8)°)", f(z) converge.

La k-algébre des séries vérifiant ces conditions est appelée l'algebre de Tate et notée
k(X1,...,X,). Berkovich la note plutét k{Xi,..., X,,}. C’est un anneau noethérien, qui
est méme excellent, pour lequel on dispose d’un Nullstellensatz : ’application

(k&))" — Max(k(X1,..., X))
x = omy ={fek(Xy,....,X,) | f(z) =0}

est surjective et identifie Max(k(X1, ..., X,)) avec les orbites de ((k*#)°)" sous I'action
de Gal(k*P/k).
On munit k(X,...,X,) de la norme

|-1: kXq,...,Xn) — Ry
— v
f= ,,ezN:n a, X? max lay|

qui fait de k(X1,...,X,) une k-algebre de Banach. Une algebre k-affinoide A est une
k-algebre de Banach isomorphe & un quotient k(Xi,...,X,)/I, la norme sur A étant la
norme quotient héritée de k(Xy,...,X,) (il s’agit bien d’une norme, car on peut montrer
que tous les idéaux de k(Xi,...,X,) sont fermés). Comme k(Xi,...,X,) est noethé-
rienne, on peut supposer que I est engendrée par un nombre fini d’éléments, fi,..., fm €
k(X1,...,X,), et d’apres le Nullstellensatz, on a une correspondance bijective entre Max(.A)
et les Gal(k*%/k)-orbites de I'ensemble {z € ((k*8)°)" | fi(z) = 0, i = 1...,m}. Si
r=(r1,...,m) € V]EX]" alors on note k{r—'X} := k{r{**,...,r;1X,} Dalgebre des sé-
ries formelles " a, XV telles que |a,|r” — 0. C’est une algebre k-affinoide [BGR84, 6.1.5.4].
Plus généralement, si A est une algebre k-affinoide et r = (r1,...,7,) € \/[EX]" un poly-
rayon, on notera

Afr X} = Al X, U X )
lalgebre des séries Y, a, XV telles que |a, |r¥ — 0, et c’est donc aussi une algebre affinoide.

Définition 0.1.1. Si A est une algébre k-affinoide, on note Sp(A) := Max(A) [’ensemble
des idéaur maximauzr de A, qu’on appelle ’espace affinoide associé a A.

On aimerait que X soit une variété analytique sur k, et que A soit ’ensemble des
fonctions analytiques sur X. Si ¢ : A — B est un morphisme entre algebres k-affinoides,
on obtient une application Sp(¢) : Sp(B) — Sp(A).

Définition 0.1.2. Une partie U C X est un domaine affinoide de X s’il existe une algébre
k-affinoide Ay, un morphisme d’algébre affinoides A — Ay tel que pour tout morphisme
d’algébres affinoides ¢ : A — B vérifiant im(Sp(yp)) C U il existe un unique morphisme
Ay — B rendant commutatif

A— Ay

EN

B

Dans ce cas, le morphisme induit Sp(Ay) — Sp(A) induit une bijection entre Sp(Ar)
et U, et factorise de maniere unique tous les morphismes d’espaces affinoides vers X
d’image incluse dans U. Ainsi, Ay est unique, a un unique isomorphisme pres, et on la
note aussi Ox (U).
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Si U,V sont des domaines affinoides de X, U NV aussi; et si U C V, alors U est
également un domaine affinoide de V.

Soit f1,.--y fm,G1s---39n € A€t p1,.oo . Pmy QL -5 qn € V/]EX]. Avec des inégalités
faisant intervenir les f;, gj, on définit des parties de X, qui s’averent étre des domaines
affinoides :

—{ze X ||fi(z)| <pi, i=1...m} est appelé un domaine de Weierstrass.

~{z e X ||fi(x)| <pi, lgj(@)| > q;, i =1...,m, j =1,...,n} est appelé un domaine

de Laurent.

— Siles f; n’ont pas de zero commun, {z € X | |fi(z)| < |fi(z)|, i =1,...,n} est un

domaine rationnel .
Un domaine de Weierstrass est un domaine de Laurent qui est lui méme un domaine ration-
nel, et ce sont tous des domaines affinoides [Bos, 1.6.11], [Ber90, 2.2.2]. Par exemple, 1’al-
gebre affinoide de {z € X | |fi(x) < p;, i = 1...m} est isomorphe & A{p; ' T4, ..., 0 T}/ (fi—
T).

Théoréme 0.1.3 (Théoreme d’acyclicité de Tate). Soit {U;}i<i<n un recouvrement fini
de X par des domaines affinoides. La suite

A — H AUi — H -AUmUj

i=1 1<i<j<n
est exacte.

Sur X, on appelle topologie faible la G-topologie dont les ouverts admissibles sont les
domaines affinoides, et un recouvrement admissible de U est un recouvrement fini par
des domaines affinoides. La propriété universelle des domaines affinoides fait de Ox un
préfaisceau pour cette topologie, qui est méme un faisceau grace au théoreme d’acyclicité.
En revanche, Ox n’est pas un faisceau pour la topologie usuelle héritée de celle de k. Par
exemple, si I’on suppose k algébriquement clos, on peut recouvrir le disque unité fermé
par les boules ouvertes de rayon 1, qui sont en nombre infini, indexées par k, et disjointes.
Si 'on recolle des fonctions constantes sur chacune de ces boules, on obtient une fonction
qui ne provient pas de k{T'}.

0.1.2 Espaces de Berkovich

V. Berkovich associe a une algebre k-affinoide I'espace X = M(A) des semi-normes
multiplicatives bornées sur .A. Précisément ce sont les applications |-|: A — R telles que
£ +9] < [f1+1gl, 19 = |fllgl (semi-norme) et || < || (bornée). Si = € M(A), on note
|f(z)] ;== z(f). On munit X de la topologie la plus faible rendant continue les applications
lfl : X - R,  — |f(z)|. Dit autrement on considere sur X la topologie engendrée par
les ouverts {z € X | a < |f(z)| < b} pour f € A, a,b € R. Le fait remarquable est que
X est un espace compact [Ber90, 1.2.1], et localement connexe par arcs [Ber90, 3.2.1]. De
maniére naturelle, M(A) contient Sp(A) : si z € Sp(A) correspond a un idéal maximal
m, alors K := A/m est une extension finie de k d’apres le Nullstellensatz, la norme de k
se prolonge donc & K de maniére unique, et cela définit par composition avec A — A/m
une semi-norme multiplicative sur \A. On appelle un tel point de M(.A) un point rigide.
On notera 'espace affinoide correspondant a la boule unité fermée

B := M(k(T))
et plus généralement le polydisque unité :

B" = M(k(Ty, ..., T,).
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Parfois, pour éviter toute ambiguité sur le corps de base, on les notera B et Bf.

Si z € X, notons p, := {f € A | |f(z)] = 0}. C’est un idéal premier de A et la semi-
norme z induit une norme sur A/p, (car p, est fermé), et donc sur son corps des fractions
Frac(A/p,). On note H(x) son complété, qu’on appelle le corps résiduel complété de
x. Remarquons que x est un point rigide si et seulement si H(z) est une extension finie de
k.

Par construction, on obtient alors un morphisme (qui est continu) x : A — H(x) obtenu
comme la composée A — A/p, — H(x), de sorte que si f € A, |f(z)| = [x(f)lp() Cela
justifie que ’on note souvent f(x) = x(f).

Réciproquement, appelons caractére de A un morphisme d’anneaux y : A — L ou
L est une extension non archimédienne de k et ou y est bornée. A un tel caractere, on
associe une semi-norme multiplicative bornée :

-y A — R
foe Pl (1)

qui est donc un élément de M(A). Deux caracteres x; : A — Ly, x2 : A — Lo sont dits
équivalents g’il existe un troisiéme caractere y : A — L et des plongements de corps non
archimédiens L1 — L et Ly — L rendant commutatifs

I

Ly ——=L~<~—1~Ly

Cela définit bien une relation d’équivalence sur ’ensemble des caracteres, et la formule (1)
induit une bijection :
{Caracteres sur A}/ ~ LN M(A)
X =k

Démonstration. Cette application est surjective car si z € M(A), le caractére A — H(z)
est un antécédent de = par ¢. De plus, si x : A — L est un caractere, ker(x) := {f €
A | x(f) =0} est un idéal premier de A et on obtient des factorisations

A —— A/(ker(x)) — Frac(A/ ker(x))

RN

L

Si on note K le complété de Frac(A/ ker()) pour sa norme induite, alors K est isomorphe
a H(x), ou x est 'image par ¢ de . Ainsi, par propriété universelle de la complétion, on
a une factorisation

A—— H(x)
L
et cela prouve que ¢ est injective. O
Une derniere remarque. Si £k — L est une extension non archimédienne, on a une

bijection
{ Les caracteres x : k(X1,...,X,) = L } “ (L2)™.



0.1. GEOMETRIE RIGIDE, ESPACES DE BERKOVICH 27

A un point (z1,...,2,) € (L°)" est associé le caracteére

kX1, X, — L
f = f(x)

et réciproquement, au caractére x on fait correspondre le n-uplet (x(X;));. On en déduit
une application 7 : (L°)" — B}. Cette application n’est en général pas surjective.

Si L = k™ par exemple, son image est I’ensemble des points rigides de B"™ et donc 7
n’est pas surjective. Cependant il existe des gros corps L pour lesquels 7 est surjective.

De méme 7 n'est pas injective en général. Si L = k2 toujours, les éléments d’une
méme orbite sous Gal(k*P/k) ont méme image. On verra méme en 3.1.13 des points de
(L°)"™ ol 7 est localement constante 2.

On définit comme pour les espaces rigides la notion de domaine affinoide de X, et en
utilisant le théoréme d’acyclicité de Tate, ’espace affinoide X est muni d’un faisceau Ox
qui fait de X est espace localement annelé [Ber90, 2.3].

Recoller les espaces affinoides n’est alors pas évident : les espaces affinoides étant com-
pacts, ils ne seront en général pas ouverts dans leur espace ambiant. Dans [Ber90, Chapitre
3] un procédé de globalisation est expliqué. Les espaces ainsi obtenus sont les bons espaces
k-analytiques. Dans [Ber93, 1], la catégorie plus générale des espaces k-analytiques
est définie. Dans ses articles, Berkovich parle d’espaces k-analytiques. Certains auteurs
parlent d’espaces de Berkovich, mais il s’agit bien des mémes objets. Signalons que les
bons espaces k-analytiques sont les espaces k-analytiques tels que tout point x ait une base
de voisinages affinoides. C’est le cas par exemple quand X est affinoide. Méme si X n’est
pas bon, tout point admet un voisinage qui est une union finie de domaines affinoides.

Pour finir signalons que 'un des intéréts des espaces de Berkovich est de pouvoir utiliser
des rayons r ¢ /|k*|, ce qui permet notamment de traiter le cas ou la valuation sur k
est triviale. Nous n’utiliserons pas cette propriété sauf mention du contraire. Nos espaces
seront strictement k-analytiques en général.

0.1.3 Foncteur d’analytification

Si X est une k-schéma de type fini, on peut lui associer un espace k-analytique X'?"
[Ber90, 3.4.1] pour lequel les théorémes de type GAGA sont valables [Ber90, 3.4.9-3.4.14].
Si X = Spec(A), alors X*" correspond aux semi-normes multiplicatives

||A—)]R+

qui prolongent la norme de k. En particulier, (A})*" correspond aux semi-normes | - | :
k[X1,...,X,] — Ry prolongeant la norme de k, et s’identifie & I'union croissante U,~oB}".

Si A=k[Xq,...,Xu)/(f1, -, fm),
X ={ze (AD)™ | filz) =0, i=1...,m}
et de maniere équivalente,
X = Ups oM (K{r 1 X0, . r 7 XL ().

Plus généralement, si A est une k-algebre affinoide, X = Spec(A) et Y un X-schéma de
type fini, on peut de maniére analogue, lui associer un espace k-analytique au dessus de
X = M(A) [Ber93, 2.6.1]. Par exemple, (X xj A™)*™ =~ X X3, (A})*.

2. Nous voulons dire par cela qu’il existe un point 2 € (L°)", et V un voisinage de z tels que )y est
constante.
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0.1.4 Intérieur, bord

L’un des avantages des espaces de Berkovich est de matérialiser de maniére tan-
gible des phénomeénes de bord. Soit ¢ : A — B un morphisme d’algebres k-affinoides
qui induit un morphisme d’espaces k-affinoides f : X — Y. Alors il existe un épimor-
phisme 7 : A{r~'T} — B. Par exemple, si ¢ : k{Ty,...,T,} — B est un épimorphisme,
©QVA{Ty,..., Ty} — B est bien un épimorphisme. Il induit une immersion fermée ¢ d’es-
paces k-affinoides

Y —% X x
X l
X

ou la fleche verticale est la premiere projection.

Bn

Définition 0.1.4. L’intérieur relatif de ¢, noté Int(Y/X) est la partie de Y formée des
points y tel qu’il existe un épimorphisme w : A{T\,..., T} — B pour lequel t(y) tombe
o

dans (B)", i.e. |T;(y)| < 1 pour tout i. Le bord relatif, noté O(Y/X) est le complémentaire
de Int(Y/X).

Proposition 0.1.5. [Ber90, 2.5.9] Soit v : Z — Y et ¢ : Y — X deuxr morphismes
d’espaces k-affinoides, alors im(y) C Int(Y/X) si et seulement si il existe une factorisation

Yy > X xB"

N

X

o

ot ¢ est une immersion fermée telle que t(im())) C X x (B)"

(81 ey Sn) < (T1ye ey ).

Signalons également que si Y est un domaine affinoide de X et ¢ : Y — X le morphisme
associé, Int(Y/X) correspond a I'intérieur topologique de Y dans X [Ber90, 2.5.13]. Quand
X = M(k), on écrit Int(Y") a la place de Int(Y /M (k)) qu’on appelle simplement l'intérieur
de Y, et O(Y) := 0(Y/M(k)) le bord de Y. Les énoncés précédents deviennent :

Définition 0.1.6. Un point y € Int(Y') si il existe une immersion fermée v : Y — B, telle
que L(y) S IB%§ pour un polyrayon s < r.

Proposition 0.1.7. Si v : Z — Y est un morphisme d’espaces k-affinoides, im(1)) C
Int(Y') si et seulement si il existe une immersion fermée v : Y — B, telle que t(im())) C By
pour un polyrayon s < r.

0.2 Théorie de Weierstrass

La théorie de Weierstrass, que I’on va présenter ici, est un des outils qui permet d’établir
les bonnes propriétés algébriques des algebres k-affinoides telles que le lemme de normali-
sation de Noether, la noetheriannité, le Nullstellensatz... On renvoie a [BGR84, 5.2] pour
un traitement complet, et [Bos, 1.2] [FvdP04, 3.1,3.2] pour une présentation efficace.

On dispose d’une application de réduction

k(X1 ..., X)) — k[X1,..., X,

f = Z CLVXV — ZVEN" E;XV
veNn
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Sifek(Xy,...,Xp) et||f| =1,alors f est inversible si et seulement si f € k*. De maniére
générale, f = > a, X" € k(Xy,...,X,) est inversible si et seulement si |ag| > |a,| pour
tout v € N\ (0,...,0), et dans ce cas, si x € B", |f(z)| = |ag| = ||f||, de sorte que

x € B" — |f(z)| est constante égale a || f||.

Définition 0.2.1. Soit s € N et g € k(Xy,...,X,) qu'on écrit sous la forme g =
Z]‘?';O ngﬂ; avec pour tout j, g; € k(X1,...,Xn_1). On dit que g est X, -distinguée d’ordre
s si gs est inversible, pour j > s, ||g;| < ||lgs|| et pour j <'s, ||g;|| < |lgs|-

On dit que g est X, -distinguée s’il existe s tel que g est X,,-distinguée d’ordre s.

Définition 0.2.2. Soit aq,...,a,_1 € N. Alors Uapplication

(o k‘<X1,...,Xn> — k(Xl,...,Xn>
X Xi+ XY sii<n
! X, stti=mn
définit un automorphisme de k(Xy, ..., X,,) que l'on appelle automorphisme de Weiers-
trass.
I1 faut vérifier d’une part qu’il existe bien un unique morphisme de k-algebres k(X1, ..., X,) —
k(X1,...,X,) vérifiant ces conditions, et d’autre part que o est bien inversible. Son inverse

est donné par la formule X; — —X" pour i < n et X, — X,,.

Lemme 0.2.3 ( [Bos, 1.2.7]). Soit f1,..., fr € k(X1,...,Xy). Alors il existe un automor-
phisme de Weierstrass o tel que pour tout i o(f;) est X, distingué.

Théoréme 0.2.4 (Division de Weierstrass, [Bos, 1.2.8]). Soit g € k(X1,...,X,) une
série X, -distinguée d’ordre s. Alors pour tout f € k(Xy,...,X,), il exriste un unique
couple (¢, R) € k(X1,..., Xpn) X k(X1,..., Xs_1)[Xy] tel que

deg(R) < s
f=9q4+R
1F1l = max({lgll, [[RI]).

On obtient comme corollaire :

Théoréme 0.2.5 (Théoréeme de préparation de Weierstrass [Bos, 1.2.9]). Sig € k(X1,...,Xy)
est Xy, -distinguée d’ordre s, il existe un unique couple (e,w) € k(Xq,..., Xn)xk(X1,..., Xn—1)[Xn]
tel que e soit inversible et w est un polynome unitaire de degré s avec

g = ew.

0.3 Ensembles semi-analytiques, semi-algébriques et variantes
locales
0.3.1 Ensembles semi-analytiques
On fixe une algebre k-affinoide A, et ’on note X := M(A) l'espace k-affinoide associé.

Définition 0.3.1. Un ensemble S C X est semi-analytique si c’est une combinaison
booléenne de parties du type

{z e X [ |f(@)| <lg(=)|}
ou f,g € A.
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On définit de maniére analogue une partie semi-analytique de Sp(.A) en remplagant
X par Sp(A). On expliquera dans la section 1.2.4 qu’il y a une correspondance entre les
parties semi-analytiques de X et celles de Sp(.A). Signalons aussi que si 'on note X,..q
I'espace affinoide réduit associé a X (dont lalgebre affinoide est ATed), les parties semi-
analytiques de X et de X,.q sont en bijection.

Il est facile de voir que si f,g € A, les ensembles {z € X | |f(z)| < [g(z)|}, {z €
X | |f(z)] = |g(z)|} et {x € X | f(z) = 0} sont semi-analytiques. Si r,s € /[kX],
alors {z € X | r|f(z)| < s|g(x)|} est aussi semi-analytique : si on prend n € N tel que
", s" € |k*|, cette partie s’écrit aussi {x € X | r"|f"(z)| < s"|¢g"(x)|}. Prendre des valeurs
quelconques r € Ry ne marchera cependant pas 3.

Remarquons que X et () sont semi-analytiques. On voit facilement que les ensembles
Zariski-fermés de X sont semi-analytiques ainsi que les domaines rationnels. Ayons en téte
le résultat fondamental suivant

Théoréme 0.3.2 ( Théoreme de Gerritzen-Grauert [Bos, 1.8.12], [BGR84, 7.3.5] et pour
une approche avec des espaces de Berkovich [Tem05]). Tout domaine affinoide de X est
réunion finie de domaines rationnels de X.

Cela implique que tout domaine affinoide est semi-analytique.

Définition 0.3.3. Une partie S de X est semi-analytique basique si elle peut s’écrire

S={z e X | Ifi(z) > |gi(z)|}

=1

ot pour tout i, fi,g; € A et € {<,<}. Dit autrement, S est une intersection finie
d’inégalités de la forme |f| < |g| et |f] < |g].

Lemme 0.3.4. Toute partie semi-analytique de X est réunion finie de parties semi-
analytiques basiques de X.

Nous utiliserons fréquemment sans le préciser le résultat suivant qui découle de la
définition :

Lemme 0.3.5. Soit f : Y — X un morphisme d’espaces k-affinoides, et S C X une
partie semi-analytique de X. Alors f~1(S) est une partie semi-analytique de Y .

En particulier, si U est un domaine affinoide de X et S C X une partie semi-analytique
de X, alors SNU est une partie semi-analytique de X .

En revanche, si S est une partie semi-analytique de Y, f(.S) ne sera pas semi-analytique
en général. Il suffit de prendre 0 < r < 1 avec 7 € /[k*], puis une fonction f € k{r—1T} de
rayon de convergence exactement r, et telle que || f|| < 1. On considére alors le morphisme
d’espaces affinoides

p: B, — B2
z o (2 f(@)

Si l'on prend tout simplement S = B, (qui est bien une partie semi-analytique de B, ),
alors ¢(B,.) n’est pas une partie semi-analytique de B? (cet exemple sera expliqué en détail
dans la section 1.2.2).

3. Par exemple, soit r € R\ y/|k*| et supposons qu’il existe x € X tel que |f(z)| = r. Posons
alors S = {z € X ’ |f(z)] < r}. SiS était semi-analytique, alors d’apres le théoréme d’élimination des
quantificateurs de Lipshitz que nous présenterons en 0.5.1, |S|, I'ensemble des normes des éléments de S,

devrait étre définissable sur 4/ |k*|. Mais le sup de cet ensemble est r qui n’appartient pas a /|k*|. Donc
S n’est pas semi-analytique.
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C’est ce phénomene qui explique la figure 1 page 13 et que 'on doive prendre en
considération toutes les autres classes de parties.

Nous voudrions insister sur deux bonnes raisons de considérer les parties semi-analytiques
si 'on s’intéresse aux images de morphismes entre espaces affinoides.

La premiere est qu’ils sont ’analogue analytique des parties semi-algébriques réelles
qui ont de bonnes propriétés de stabilité par image.

La seconde est la suivante. Si X = M(A), et S = {z € X | |f(z)] < |g(z)|} avec
f,g € A, considérons B := A{T'}/(f—Tg) et Y = M(B). Le morphisme naturel d’algebres
affinoides A — B induit un morphisme d’espaces k-affinoides ¢ : ¥ — X pour lequel on
a:

p(Y) =25 (2)
Plus précisément, on a la trichotomie suivante. Si z € X et en notant Y, la fibre de ¢ en
x

Ve ~ M(H(z)) st |f(z)] < |g(x)] # 0
Vo = M(H(@){T}) = By(a) si f(2) = g(x) =0

Y, = 0 sinon, i.e.siz ¢ S

De maniere plus précise d’ailleurs, si on note

R:={zecX||f(x) < lg(x)| # 0},

alors
T (R)={y €Y [ g(y) # 0},
et R (resp. ¢ 1(R)) est un domaine analytique de X (resp. de Y). De plus,

Plo-1m) 9 (R) > R

est un isomorphisme d’espaces k-analytiques. Quoi qu’il en soit, I’égalité (2) implique
déja que toute partie semi-analytique de X s’obtient comme une combinaison booléenne
d’ensembles de la forme ¢(Y') ol ¢ est un morphisme d’espaces k-affinoides. Comme nous
I’avons cependant déja précisé, la réciproque n’est pas vraie : si ¢ : ¥ — X est un
morphisme entre espaces k-affinoides, ¢(Y) n’est pas semi-analytique en général.

0.3.2 Remarque strict/pas strict

Suivant [Duc03], nous aurions pu définir une partie semi-analytique de X par des
inégalités |f| 1 Alg| avec A € Ry, ou méme parler de parties A-semi-analytiques, avec
A un sous-groupe de R, en autorisant A € A. D’ailleurs, suivant la terminologie qu’il
est classique d’utiliser dans les espaces de Berkovich, nous aurions du appeler les parties
définies en 0.3.1 strictement semi-analytiques. Nous ne 'avons pas fait pour alléger la
présentation. Le lecteur qui souhaiterait utiliser des parties semi-analytiques définies par
des inégalités |f| pa A|g| avec A € Ry peut le faire, et tous les résultats de cette these
se transposent dans ce contexte. Cela découle du fait qu’en dernier ressort, nos résultats
reposent sur un théoréeme d’élimination des quantificateurs algébrique tel que [Duc03, 2.5]
qui autorise justement des constantes A € R. Nous détaillons cela dans la section 1.1.6.

0.3.3 Variantes locales

Définition 0.3.6. Une partic S C X est
- semi-analytique rigide s’il existe {X;} un recouvrement affinoide fini de X tel
que pour tout i, S N X; est semi-analytique dans X;.
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— localement semi-analytique si pour tout x € X il existe U un voisinage affinoide
de x tel que SN U est semi-analytique dans U.

Pour une partie S de X on a les implications suivantes :
S est semi-analytique = S est localement semi-analytique = S est semi-analytique rigide.

La premiere implication est claire. La seconde découle du fait que pour tout point x € X,
les voisinages affinoides de = forment une base de voisinage de z pour la topologie de
Berkovich sur X [Ber90, 2.2.3(iii)] et de la compacité de X.

Bien que nous ne 'utiliserons pas, mentionnons une autre variante :

Définition 0.3.7. Une partie S de X est semi-analytique bancale s’il existe {X;} une
famille finie de domaines affinoides de X et pour tout i, S C X; une partie semi-analytique
de X; telle que S = U;.S;.

On vérifie que cela équivaut aussi & dire que S est une combinaison booléenne de
parties semi-analytiques de domaines affinoides de X (c’est la définition de [LRO5, 6.1]).
On a clairement I'implication

semi-analytique rigide = semi-analytique bancal

et cette implication est stricte en général (cf. [LRO5, 6.2.(ii)]).

0.3.4 Ensembles semi-algébriques

Définition 0.3.8. [Duc03, 2.1] Soit X = Spec(B) ot B est une A-algébre de type fini.
Une partie S C X% est dite semi-algébrique si c’est une combinaison booléenne d’en-
sembles de la forme

{zex™ | |f(x)] < lg(x)l}

ou f,g € B.

Remarque 0.3.9. Précisons que cette définition dépend de la donnée de X et pas seule-
ment de [’espace k-analytique X*".
Par exemple, soit A=k et X = Spec(k[T1,Ts)) , de sorte que

X o AP (3)

Considérons S = {x € Ay™ | To(x) = 0}. Alors, S est semi-algébrique dans Ay™" par
rapport d la présentation (3).

Soit maintenant f =Y, >qan 1" une série avec a, € k dont le rayon de convergence
est infini, et supposons que f n’est pas un polynéme. On considére alors l’automorphisme
de Az"m défini par

: AT o AT
(T, T2) — (T, T+ f(T1))

Il est facile de voir que p(S) C Ai’an n’est pas semi-algébrique par rapport d la présentation
(3). En effet, o(S) est défini par l’équation Ty = f(T1). Si cette partie était semi-algébrique,
la partie définie par To = f(T1) et To = 0 devrait aussi étre semi-algébrique, cependant elle
est en bijection avec les zéros de f. Or une telle série entiére qui a un rayon de convergence
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infini et qui n'est pas un polynéme a une infinité dénombrable de zéros*. Et une partie
semi-algébrique (de (AL) en l'occurrence ici) ne peut étre infinie dénombrable.

Ainsi, pour étre précis, il faudrait dire que S est une partie semi-algébrique de X"
par rapport a X. Cependant, nous tairons souvent ce détail, la présentation algébrique
sous-jacente étant claire sutvant le contexte.

Lemme 0.3.10. Soit A une algébre k-affinoide, X un A-schéma affine de type fini et soit
X =U U...UU, un recovvrement affine de X. Si S C X", alors S est semi-algébrique
dans X" si et seulement si S NU est semi-algébrique dans U™ pour tout i.

Démonstration. Soit S C X%,

D’une part, il suit de la définition 0.3.8 que si S est semi-algébrique dans X", alors
S NUM est aussi semi-algébrique dans U™,

Réciproquement, si S NUM™ est semi-algébrique® dans U™ pour tout 4, alors d’apres
le théoreme d’élimination des quantificateurs 0.4.7, SNU"™ est aussi semi-algébrique dans
X Ainsi, S = U;S NUM™ est semi-algébrique dans X'". O

Lemme 0.3.11. Soit X un A-schéma de type fini, et S C X, Soit X =U U...UU,
un recouvrement affine de X. On a les équivalences suivantes :

1. Pouri=1...n, SNU" est semi-algébrique dans U".

2. Pour tout ouvert affine V C X, SNV est semi-algébrique dans V.

Démonstration. Supposons la condition (1) vérifiée. Soit V un ouvert affine de X. Alors
U; NV est réunion finie d’ouverts affines V; ; de V), et puisque S NU™ est semi-algébrique
dans U™, SN (Vi ;)" est semi-algébrique dans (V; ;)*". Puisque la famille {V; ;}; ; est un
recouvrement fini de V et comme S NV = U; ;S N (V; )", d’apres le lemme précédent,
S NV est semi-algébrique dans V", i.e. (2) est vérifiée.

Réciproquement, si 'on suppose (2), pour montrer (1) il suffit d’appliquer (2) avec
V =U,. O

Définition 0.3.12. Soit X un A-schéma séparé de type fini. Une partie S C X" est dite
semi-algébrique si elle satisfait 'une des conditions équivalentes du lemme 0.5.11.

Remarque 0.3.13. D’aprés 0.3.11, on peut vérifier si S C X est semi-algébrique en
prenant un recouvrement affine de X, et cela ne dépend pas du recouvrement. En particu-
lier, si X est affine, le lemme 0.3.10, permet d’affirmer que les deux définitions 0.3.8 et
0.3.12 d’une partie semi-algébrique sont équivalentes.

De méme on prouve sans difficulté la généralisation suivante du théoreme de projection
pour les semi-algébriques.

Proposition 0.3.14. Soit X et YV deuzr A-schémas séparés de type fini, f : X — Y
un A-morphisme, et S une partie semi-algébrique de X". Alors f(S) est une partie
semi-algébrique de Y.

Remarque 0.3.15. Nous voulons insister sur le fait que la définition 0.3.12 généralise a
la fois la définition d’une partie semi-analytique de X = M(A) et celle, plus classique des
parties semi-algébriques de X" ou X est un k-schéma affine de type fini.

4. Cela découle du fait qu’une telle fonction a forcément un zéro. Pour s’en convaincre, considérons
A € k™ tel que pour un n > 1, on ait |apA™| > |ao|. Alors si l'on considére f(AT) comme un élément de
k{T}, il est forcément distingué d’ordre s avec s > 1. D’apres le théoréme de préparation de Weierstrass,
on en déduit que f admet s racines dans le disque de rayon A.

5. Quand U est un ouvert affine principal de la forme D(s), cela se voit facilement.
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Remarque 0.3.16. Soit X un A-schéma affine de type fini, V un domaine affinoide de
X et soit S C X une partie semi-algébrique de X°". Alors SNV est semi-analytique
dans V.

Lemme 0.3.17. Soit X un A-schéma de type fini, séparé, S C X" une partie semi-
algébrique de X et V. un domaine affinoide de X°". Alors SNV est semi-analytique
rigide dans V.

Démonstration. 11 est possible de trouver un recouvrement fini de V' par des domaines
affinoides V' = U}, V;, et pour tout ¢ un ouvert affine ¢/; de X tel que pour tout 7 V; C U".
Alors SNV; = (SNUM™)NV;, et puisque SNUM est semi-algébrique dans UM et V; C UM,
S NV; est semi-analytique dans V; d’apres la remarque 0.3.16. O

En fait, SNV est méme localement semi-analytique. Nous ne savons pas s’il est méme
semi-analytique.

0.3.5 Le cas particulier de la dimension 1

On présente rapidement la situation particuliérement simple du disque unité fermé
X =B.

Lemme 0.3.18. Une partie S de B est semi-analytique si et seulement si elle est définie
par des inégalités polynomiales, i.e. de la forme |f| < |g| avec f,g € k[T].

Démonstration. D’apres le théoreme de préparation de Weierstrass avec n = 1, si f €
kE{T}, il existe un polynéme P € k{T'} et un élément inversible e € k{T'} inversible tel
que f = eP. Comme e est inversible, pour tout = € B, |e(z)| = ||e]| € v/|kX], et le résultat
en découle. O

Les parties sous-analytiques seront définies dans la section 0.5. C’est la seule bonne
classe que I'on connaisse qui contienne les images de morphismes entre espaces affinoides.
En regle général, elle contient strictement toutes les autres classes que nous mentionnons,
en particulier celle des parties semi-analytiques. Sauf en dimension 1 :

Proposition 0.3.19 ( [LR96, Corollaire 4.7]). Dans B les parties semi-analytiques et
sous-analytiques coincident.

0.4 Elimination des quantificateurs, théorie ACVF

On présente le théoréme d’élimination des quantificateurs pour ACVF, et on explique
en quoi ce théoreme équivaut a un énoncé de stabilité par image des semi-algébriques,
et comment des énoncés de théorie des modeles se traduisent en terme d’espaces k-
analytiques. Signalons dans cet esprit ¢ des résultats récents [HL10] de modération topolo-
gique d’analytifiés X'*" de variétés quasi-projectives, dont on peut trouver une exposition
dans [Ducl2b].

6. Mais avec une utilisation d’outils bien plus sophistiqués que I’élimination des quantificateurs.
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0.4.1 Théorie des modeéles de ACVF

On appelle corps valué un corps k muni d’une application | -|: k — I'U {0} ou (T, <)
est un groupe abélien totalement ordonné (que l’on note multiplicativement), vérifiant
lz] =0 < = =0, |z +y| <max(|zl],|y|) et |xy| = |z|ly|. Pour donner un sens a cela, on

prolonge l'ordre < a I' U {0} en posant 0 < = pour tout y € 'et 0y =~-0 = 0. On
suppose de plus que |k*| engendre le groupe I'. On appelle I' le groupe des valeurs de la
valuation. Quand (I', <) est isomorphe a un sous groupe ordonné de (R%, <) on dit que
la valuation est de rang 1 (cf [Bou98, VI.4] pour plus de détails), et cela revient a étudier
les corps non archimédiens (modulo le choix d'un plongement de I' dans (R, <)).

Si k est un corps muni d’une valuation & valeur dans I' et K un corps muni d’une
valuation & valeur dans A, un morphisme de corps valués est la donnée d’un morphisme
de corps k — K et d’un morphisme de groupe abélien ordonnés : I' — A (que ’on prolonge
en ' U {0} — AU{0} en envoyant Or sur 0a) rendant commutatif

= K

U0} —~ AU {0}

La fleche « est injective (car c¢’est un morphisme de corps), mais la fleche 5 ne 1'est pas
forcément. C’est le cas précisément quand on peut identifier £ & un sous-corps valué de K
et dans ce cas, on dit que K est une extension valuée de k.

On fixe un corps valué (k,|-|) . On appelle formule & parametres dans k une for-
mule obtenue avec des scalaires A € k, les opérateurs du corps 4+, —, - de k, des variables
Zi,...,Y1,-.., la fonction |- | et les symboles -, <, < sensés opérer sur le groupe ordonné,
le symbole =, les connecteurs logiques A, V,— et le droit de quantifier des variables, i.e.
d’écrire Vx, ... et Jy,.... Si on fixe une constante x € k, voici trois formules.

1 Jy,y* =

e2 Iy, (W2 =2(@ =)z +1) A (2] < 1))

©3 T+y=kK
On écrira ¢(z1,...,x,) pour exprimer que toutes les variables qui apparaissent dans la
formule ¢ sont dans {x1,...,z,}. Une formule est dite sans quantificateurs si elle ne fait

pas intervenir de quantificateurs 3 et V. Par exemple, seule (3 est sans quantificateurs.
Une variable z est dite libre dans la formule ¢ si elle ne dépend pas d’un quantificateur
dans . Par exemple dans 1 et o, x est libre, mais pas y et dans 3, x et y sont libres.

Soit ¢(z1,...,x,) une formule a parametres dans k, K une extension valuée de k, et
(a1,...,ay) € K™, on notera

K Ep(ay,...,ap)

si la formule ¢ ot on a remplacé les z; par a; est vraie. Par exemple si k = Q,,

Qp ¥ ¢1(p)

oil ©1(p) est la formule Jy,y? = p. En revanche

Cp E ¢1(p)-
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Théoréme 0.4.1 (Elimination des quantificateurs dans ACVF). Soit p(z1,...,2,) une
formule a paramétres dans k. Alors il existe une formule a parameétres dans k sans quanti-

ficateurs (x1, ..., xy,) telle que pour toute extension non trivialement valuée k — K avec
K algébriquement clos, et pour tout n-uplet (ai,...,a,) € K™,

K E p(ay,...,ayn) siet seulement si

K E¢(a,... ay)

Dit autrement, du point de vue de K les formules ¢ et ¢ sont équivalentes. Il est
fondamental que dans ce théoréme, la formule ¥y marche pour toute extension non
trivialement valuée algébriquement close K. Dit autrement, cette procédure est
uniforme en K.

Ce résultat est d’habitude formulé de la maniére suivante. On considére d’abord L4, =
{+,—,-,0,1,|} le langage des anneaux avec une valuation, c’est a dire que +,—,- sont
opérations binaires, 0,1 des constantes et | un symbole de relation. La théorie des corps
non trivialement valués algébriquement clos, Tacyr est I’ensemble des énoncés du premier
ordre dans le langage L4, constitués :

— des formules définissant un corps. Par exemple

vV, (z #0) — (y,xy = 1).

Il n’y a qu'un nombre fini de telles formules.

— des formules faisant qu’on a un corps non trivialement valué, ou la valuation est
défini par |z| < |y| si et seulement si z|y. Il n’y en a également qu'un nombre fini,
par exemple :

Va,y, 2 (zly A xlz) = 2l (y + 2)
Jz, (z # 0) A (= (z1)).

— des formules disant qu’on a un corps algébriquement clos. Il y a une infinité de
formules, les ¢, pour n > 1 :

1

on = Yag,a1,...,0p-1,3, 2" + ap_12"" "+ ...+ a1z + ag = 0.

Les modeles des Tacyr sont alors exactement les corps non trivialement valué algébrique-
ment clos. Le théoreme d’élimination des quantificateurs est alors

Théoréme 0.4.2. La théorie Tqovr élimine les quantificateurs. Dit autrement, pour toute
formule ¢ dans le langage L g4iy, il existe une formule sans quantificateur ¥ telle que

Tacvr | @ < . (4)

La formule (4) signifie que pour tout modele K de ACVF, i.e. pour tout corps non
trivialement valué algébriquement clos K, K = ¢ si et seulement si K |= 1. En vertu du
théoréme de complétude de Godel, cela signifie aussi que 1’équivalence ¢ < 9 peut étre
formellement déduite des axiomes de Tacvyr. Une référence que 'on trouve habituellement
pour ce théoreme est [Rob77|. Le lecteur francophone pourra consulter les notes de cours
[Cha08, chapitre 2]

Il nous faut conclure avec ces remarques tautologiques, mais qui font le lien avec des
aspects plus géométriques :

Fait 0.4.3. Soit S une partie de (A})™. On a équivalence entre
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- S est semi-algébrique dans (AZ)”'g

— Il existe une formule sans quantificateurs o(z1,...,Ty) 4 paramétres dans k telle
que, modulo ’identification de (AR)™ avec les orbites sous Galois de (k9)"

S ={(a,...,a,) € (k)" | k" = p(ay,...,a,)}.

De méme, si S est une partie de (A})*", on a équivalence entre
— S est semi-algébrique dans (A})*™
— Il existe une formule sans quantificateurs o(z1,...,Ty) 4 paramétres dans k telle
que
S = {z € (A)™ | H(x) = p(ar,..., o)}

ot dans la formule ci-dessus, on a noté pour x € (A})™, x; 'image de X; dans H(x)
par le morphisme d’évaluation k[X1, ..., X,] — H(z).
0.4.2 De la théorie des modeéles a des énoncés géométriques

On va détailler comment le théoreme d’élimination des quantificateurs dans ACVF se
traduit dans le langage des espaces rigides puis des espaces de Berkovich.

Proposition 0.4.4 (Projection des semi-algébriques, version 1). Soit 7 : (A}T™)™ —
(AR)™ la premiére projection et S une partie semi-algébrique de (ART™)™. Alors m(S)
est une partie semi-algébrique de (A7)"™.

Nous allons en donner une preuve, mais voulons insister sur le fait que c¢’est un corollaire
immédiat du théoréme d’élimination des quantificateurs dans ACV F.

Démonstration. D’apres la remarque 0.3.4 on peut supposer que S est semi-algébrique
basique, i.e. de la forme

N
§ = ({z € (W™ | [£i(=)] o |gi=) ]}

=1

avec fi,g; € k[X1,...,Xpn,Y1,...,Yy]. On lui associe alors la formule & parametres dans
k

N
(P($1, < ,.’En) = (Hyh‘ -y Ym, /\ |fi(x1a sy Tns Y1, ,ym)‘ DY ‘gi<$17 <oy Tpy Y1y - aym)’)
i=1
D’apres le théoreme d’élimination des quantificateurs dans ACVF, il existe une formule
A parametres dans k sans quantificateurs 1(x1,...,x,) qui soit équivalente dans k& &
(1, ..., @y). Or (AFT™)1E (vesp. (AR)8) s'identifie avec (k*18)" ™ (resp. (k!8)") modulo

I'action de Galois, et k*!# est une extension de corps valués k, et modulo ces identifications,

7(S) = {(xl,...,mn) € ke |
N

Elyla""ym € (kalg)m< /\ ‘fl(xla Ty Y1y - 7ym)‘ B ‘gi(xh'"’mnayl?' . aym)|)}
=1

et donc, toujours modulo 'action de Galois, on obtient
7(S) = {(xl, ) € KB | K = (. ,xn)}

qui est bien semi-algébrique (cf fait 0.4.3). O
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Proposition 0.4.5 (Projection des semi-algébriques, version 2). Soit 7 : (ART™)9" —
(A)9™ la premiére projection et S une partie semi-algébrique de (A7™)%™. Alors 7(S) est
une partie semi-algébrique de (A})*"

Démonstration. La preuve est trés proche, mais il faut rajouter une subtilité. On considere
donc”

S ={ze (AT | [f(2)palg(2)]}

avec f,g € k[X1,...,Xpn,Y1,..., Y] On lui associe alors la formule a parameétres dans k

go(xl,...,xn) = (Elyla"wym?’f(xlw")xnayl?"'aym” > ’g(xlw")xnayl?’"7ym)|)'

D’apres le théoreme d’élimination des quantificateurs dans ACVF, il existe une formule &
parameétres dans k sans quantificateurs ¢ (z1,...,2,) qui soit équivalente & ¢(x1,...,zy)
dans toute extension valuée algébriquement close K. A cette formule sans quantificateurs
1, on associe (fait 0.4.3) une partie semi-algébrique 7' de (A})*"

Soit maintenant z € (A?)*". D’une part, z € 7(S) < 7 (x) NS # 0. D’autre part
7n~1(x) s’identifie & (A%(m))an, et via cette identification, 7—!(z) N T s’identifie &

Se = {2 € (Afy))™ | fa(2)] >0 g2 (2) I}

ou on a posé
f$ :f(x17"'7xm7yl7"-7ym) EH(x)[YI,,Yn]

x; € H(z) correspondant a l'image de X; par le morphisme d’évaluation k[X1,..., X,] —
H(x) (et de méme pour g;). On est ramené a savoir si Sy C (A3 ,))™" est vide. En utilisant
I’équivalence entre les semi-normes et les caracteres, cela équivaut s’il existe une extension
non archimédienne K de H(x) telle que S, est un point & coordonnées dans K, et on peut,
quitte a prendre sa cloture algébrique, supposer que K est algébriquement clos. On a alors

zen(S) e S, 0
< il existe un extension non archimédienne algébriquement close K de H(x) telle que
El(yla‘ .. 7ym) S Km7 ’f('rl" s Ty Y1, - - 7ym)| > ’g(wla"'7mTZ7y17' 7ym)|
< il existe un extension non archimédienne algébriquement close K de H(x) telle que
(Unif)
K E (a1, 20)

Scel.

Ici I’équivalence a la ligne (Unif) vient de I'uniformité dans I’élimination des quantifica-
teurs : 1) marche indépendamment de K. Finalement, 7(S) = T est semi-algébrique. [J

Proposition 0.4.6 (Projection des semi-algébriques, version 3). Soit A une algébre k-
affinoide, X = M(A) lespace k-affinoide associé et m: X x (APT™)9" — X x (A7) la
premiére projection. Soit S une partie semi-algébrique de X X (AZ“”)“". Alors 7(S) est
une partie semi-algébrique de X x (A})*"

Démonstration. La preuve est encore similaire, mais il faut rajouter encore une subtilité.
On considére
S={ze (X x AT [|f(2)] > lg(2)]}

7. On devrait plutét considérer une intersection finie, mais on ne l’a pas fait pour alléger les notations.
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avec f,g € A[T1,...,Tn,Y1,...,Yy]. Ladifficulté pour appliquer le théoréme d’élimination
des quantificateurs est que f et g ne sont pas des formules a parameétres dans k, mais dans
A. Ce qu’on va faire, c’est qu’on va les considérer comme des formules & paramétres dans
les H(z) pour z variant dans X x (A})*"

Par définition, il existe I une partie finie de N telle que

f= Za,,Y”

vel

g= ZbMY“

oupour v, €I, a, et b, € A[Ty,...,T,].

Introduisons alors deux ensembles de variables {A,},er et {By}uer. D’apres le théo-
reme d’élimination des quantificateurs, il existe une formule sans quantificateurs ¢(A,, B,)v uer
a parametres dans k telle que pour toute extension valuée algébriquement close k — K
on ait I’équivalence dans K

1, .o ym € K™, ]ZA,,y”\ N|ZBuy“] & (A, By).
vel pnel

On associe alors & ¢(A,, B,) une formule & parametres dans k sans quantificateurs ¢ (A4,, B,,)
équivalente. On introduit alors la partie semi-algébrique R de X x (A})*" défini par la
formule v (a,,b,). On peut le faire car a, et b, € A[T1,...,T,].

Soit alors x € X x (A7)*". Il lui est associé un morphisme d’évaluation que I’on note

ATy, ..., T, — H(z)
a —  a(r)
Notons alors

fo= Z a,(x)Y"

vel

9z = Z ap(z)Y"

nel
Alors si 'on note
Sy ={z¢€ AH ) | | fz(2)] < g2 (2) [}

on a les équivalences

ren(T)& Sy #0
< il existe un extension non archimédienne algébriquement close K de H(z) telle que
H(yl,...,ym)EKm|ZaV y‘l><l|Zbuy“‘
vel pnel
< il existe un extension non archimédienne algébriquement close K de H(x) telle que
K = (ay(x), bu(a))

S reR
O

Théoréme 0.4.7 (Projection des semi-algébriques, version 4, [Duc03]). Soit A une algébre
k-affinoide, notons X = Spec(A), soit Y, Z deux X-schémas affines de type finis, f:Y —
Z un morphisme de A-schémas et S une partie semi-algébrique de Y. Alors f*(S) est
une partie semi-algébrique de Z".
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Démonstration. On considére d’abord ) (resp. Z£) comme un sous-schéma fermé de X' x A"
(resp. X x A™). Le graphe de f s’identifie alors & un sous-schéma fermé de X x A™*+",
Cela permet de se ramener au cas de la Version 3 ci-dessus. O

0.5 Ensembles sous-analytiques

0.5.1 Propriétés fondamentales

Pour rester fidele aux notations utilisées dans les articles [Lip93,LR00d], nous noterons
K notre corps non archimédien.

Les ensembles sous-analytiques que 'on va considérer tirent leur origine de [Lip88],
puis ont été plus précisément définis dans [Lip93] par L. Lipshitz. Ensuite, une étude plus
systématique a été faite dans [LROOd] et une série d’articles [LR96, LR98, LR99, LR00a].
Rappelons que T' dénote le groupe des valeurs de K%, c’est donc un groupe abélien
totalement ordonné et totalement divisible.

Les ensembles semi-analytiques n’étant pas suffisants pour décrire les images de mor-
phismes entre espaces affinoides, il faut trouver une autre idée. Celle développée par
Lipshitz dans [Lip93] (et dont on trouve un analogue pour les sous-ensembles de Qp
dans [DvdD88]) est d’introduire un ensemble de fonctions plus gros que k(X1,...,X,).
La définition précise qui va venir repose sur deux idées. La premiére consiste a faire des
divisions. Grossiérement, si f et g sont deux fonctions, on veut considérer quelque chose
comme %. La seconde consiste a introduire des anneaux de fonctions analytiques sur les
boules ouvertes. Plus précisément, pour m,n € N, Lipshitz introduit un anneau?® de fonc-
tions analytiques sur ((K22)°)" x ((K®#)°°)" qui est noté S, . Ces anneaux Sy, , sont
étudiés en détail dans [LROOd] et, & part pour le lemme de normalisation de Noether, ils
vérifient toutes les bonnes propriétés de k(Xi,...,X,), en particulier sont noethériens.
Nous renvoyons a [LR00d, p.9] ou une liste de ces propriétés est donnée.

Les anneaux Sy, , dépendent en fait du choix (cf [LR00d, 2.1.1]) d’un sous-anneau de
valuation discrete E' de K° et devraient donc plus rigoureusement étre notés S, »(E, K),
mais on les notera S, , quand E sera clair dans le contexte.

Soit {a;}icn une suite d’élément de K° qui tend vers 0. On lui associe le sous-anneau
de K° :

(E[ao’al’ ’ ]{aGE [ao,a1,.- ’ la|= 1})

Notons B 'ensemble des sous-anneaux de K° de cette forme.

Définition 0.5.1 ( [LR00d, 2.1.1] ).

Smn(E, K) = K o (lim (BXy,..., Xn)[[p1, - pall) )-
Be'B

On va donner des descrlptlons plus concretes dans certains cas.
Quand K est algébrique sur E, on a [LR00d, 2.1.3 (i)] :

Smn(B, K) = K&p(E(X1 ... X)llp1 - - pul])- (5)

Ainsi, quand FE vérifie 'hypothese 'K est algébrique sur E", on prendra le membre droit
de cette formule comme définition.

8. Dans [Lip93] ces anneaux sont notés K (X)[[p]]s ou la lettre s veut dire séparé.
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Quand la valuation sur K est discrete, il est donc tres naturel de prendre £ = K°.
Dans ces conditions, la formule (5) devient

Smnl(K° K) = K&eo (K*(X1,-.., Xn)llp1, -, pul] ) = K@xco (K*(X1, ., Xon) o1, pul])

Le cas géométrique

De notre point de vue, il est naturel de détailler le cas géométrique, i.e. le cas ou K
est algébriquement clos.

Dans [Lip93, 2.1], K est algébriquement clos, et les anneaux Sy, (qui y sont notés
K(z)[[p]]s) dépendent des choix suivants. On fixe un réel 0 < r < 1 avec r € |K*|, et
R, C K°, un sous-anneau de valuation discrete de K° tel que |R}| = N et R, = K°, et qui
soit maximal pour ces propriétés. Un tel R, existe toujours, mais n’est pas nécessairement
unique en général . Quoi qu’il en soit, on se fixe un tel R, et, pour revenir & nos notations
initiales, on pose E := R,. Alors, d’apres (5) on a

Sm,n = Smm(Ro, K) = K®RO (RO<X1 e Xm>[[p1 .. an)

Par exemple si K = C, et que I’on choisit r = [p|, nous nous trouvons dans la situation
ol R, est unique, en l'occurrence, R, = (Qg””)o = W((F,)®). D’aprés (5) pour K = C,
on posera

Smn = Cogzme (@ X1 .. X)lor - pal]).

Pour donner un autre exemple, si K = UnZOC((t%)) (qui est (C[[t]]“lg), alors si 'on
choisit r = |t[, C[[t]] est 'unique R, qui convient et qui contient C[¢]. Dans ce cas, on

posera
Sman = ClIP9B g (LN - Xond[p1 - - pal))-
En pratique, on on se fixe une bonne fois pour toute un E et on écrira S, , a la place
de Spn(E, K).
Les D-fonctions

Ensuite, Lipshitz définit inductivement une K-algebre de fonctions, ’algebre des D-
functions f: ((K*#)°)" — K9 ainsi :

Définition 0.5.2.
1. Si f € k(Xy,...,Xy), alors f: (K%)°)" — K9 est une D-fonction.

2. Si f,g: ((K%)°)" — K9 sont des D-fonctions, alors Do(f,g) et D1(f,g) sont des
D-fonctions ((K%9)°)" — K% on,

Do(f.g): ((K9p)" — Kl
L {ﬁisMWMSQuﬂ#o
0 sinon
Dif.g): (K)" = Kl
o &g si |f(@)] < lg(a)]
0 sinon

9. Nous voulons toutefois préciser que si K a un degré de transcendance fini sur son corps de base, alors
R, est unique.
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3. Soient fi1,..., fm,91,---gn des D-fonctions ((K“lg)o)p — K. Supposons que pour
tout x € ((K%9)°)’, et pour tout i,j on ait |fi(x)] < 1 et |gj(z)| < 1. Et soit
F e Sy Alors

F(fl,-..,fm7g1,...,gn): ((Kalg)o)P N Kalg
x = F(fl(l‘)v"-vfm($),gl($),...,gn(x))

est une D-fonction.

Définition 0.5.3. Une partie S C ((K)°)" est sous-analytique si c’est une combi-
naison booléenne de parties de la forme {x € ((K®9)°)" | |f(x)| < |g(z)|} ot f, g sont des
D-fonctions.

Lipshitz prouve [Lip93, th. 3.8.2] que les parties sous-analytiques sont stables par
projection. Ce théoreme a la conséquence suivante : si f : X — Y est un morphisme
d’espaces K-affinoides, et qu’on voit X (resp. V) comme des fermés de Zariski de la boule
((K218)°)" (resp. ((K®#)°)?), alors f(X) est une partie sous-analytique de ((K?®8)°)?.

Nous aurons besoin dans le chapitre 4 de la définition plus général suivante. Rappelons
que nous notons I" le groupe des valeurs du corps non archimédien K, défini par I' = /| K*|.
C’est une sous-groupe de R* .

Définition 0.5.4. Une partie S C ((Kalg)o)m x I'™ est sous-analytique si c’est une
combinaison booléenne de parties

{(@,7) € (K9)°)" < T | [f(2)ly"e < |g(=)[}

ot f,g sont des D-fonctions, u € Z™ et c€ I'. Sin =0, cela nous donne la définition que
l'on avait déja d’une partie sous-analytique S C ((K9)°)™.

Sim = 0, on obtient la notion d’ensemble définissable dans S C I'™ dans le langage des
groupes abéliens totalement ordonnés (nous renvoyons da 4.1.4 pour plus de détails).

Définition 0.5.5. Une formule dans le langage LD est une formule ¢(z,a) du premier
ordre en x,7, i.e. écrite avec les symboles |f| pour f une D-fonction, et les symboles
v75|7" | §)<7:)+'

Théoréme 0.5.6. [ [Lip93, 3.8.2] et [LROOb, 4.2] pour Uaspect uniforme] Soit ¢(x, o)
une formule dans le langage LD . Alors il existe une formule sans quantificateurs ¥(z, o)
telle que pour toute extension non archimédienne F de K, on ait

(F™)° = ¢ & 9.
Cet énoncé équivaut a

Théoréme 0.5.7. Soit S C ((K%9)°)™ xT'™ un ensemble sous-analytique, et w : ((K49)°)" x
" — ((K“lg)O)m/ x T une projection. Alors m(S) est une partie sous-analytique de
((Kalg)o)m/ x T, En particulier, si m' =0, w(S) est une partie de T définissable dans

le langage des groupes abélien ordonnés.

Remarque 0.5.8. D’aprés nos définitions, S C ((K®)°)™ x '™ est sous-analytique si
et seulement si il existe une formule du premier ordre sans quantificateurs avec des D-
fonctions telle que

S ={(x,7) € (KY)°)™ xT™ | p(x,7) est vrai}.
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Le théoreme ci-dessus affirme que si l'on autorise ¢ a avoir des quantificateurs, S restera
sous-analytique.
Si p(x,v) est une formule du 1° ordre dans le langage LL

s €6 K — L une extension
non archimédienne, on posera

P(L1) = {(2,7) € (LU9)°)™ x [L|" | p(w, ) est vrai}.

Remarque 0.5.9. Une remarque sur l'uniformité. Si ¢ est une formule du premiére ordre
sans quantificateurs dans le langage LE | alors elle définit une partie de ((K“lg)o)m x I,
Le théoréme d’uniformité nous dit que la validité de ¢ ne sera pas modifiée, que l’on soit
dans K49 ou FY9. En particulier, si S C ((Kalg)o)m x I'™ est une partie sous-analytique
définie par la formule ¢, i.e. S = @(K“lg), alors si K — L est une extension compléte, on
posera

S(L¥9) := (L), (6)

d’apres la propriété d’uniformité, cette définition ne dépendra pas de @ mais seulement de

S.

Remarque 0.5.10. Dans [Lip93, 3.8.2], la preuve n’est faite que pour l’élimination des
variables de (K9)° mais on peut vérifier qu’elle marche bien pour les variables de T.

Définition 0.5.11. i S C ((K9)°)"xI™ et T C ((K“lg)o)m/ xI™ sont sous-analytiques,
on dit que f : S — T est une application sous-analytique si son graphe, Graph(f) C
((Kalg)o)m+m x T est sous-analytique.

Géométrie quasi-affinoide
Expliquons comment géométriser cette théorie(cf. [LROOb, 2] et [LROOc]).

Théoréme 0.5.12 (Nullstellensatz). [LR00d, 4.1.1] Le spectre mazimal Max(Sy, ) est
en bijection avec les orbites des m + n-uplets (T1,...,Tm, Y1, Yn) € ((Kalg)o)m X
((K99)°°)" modulo Uaction de Gal(K).

Définition 0.5.13. Une algébre quasi-affinoide est une k-algébre isomorphe d un quo-
tient A= Sy n/I. Dans ce cas, X := Max(A) est appelé un espace quasi-affinoide.

Une partie semi-analytique de X est une combinaison booléenne d’inégalités {|f] < |g|}
avec f,g € A.

Pour simplifier les choses, oublions 'action de Gal(k**P/k), et assimilons une partie
sous-analytique & une partie S C ((K alg)o)ern, (c’est le cas si K est algébriquement clos).

Sil=(fi,...,fn) est un idéal de S, ,, alors on peut assimiler X aux m + n-uplets
(z,y) € ((K¥8)°)™ x ((K*8)°°)" tels que fi(x,y) =0 pour tout i. Si A = S,,,,/I est une
algeébre quasi-affinoide et f,g € A, on pose [LR00d, 5.3.1]

A(f/g) == Smirn/(L, f — Xiny19) et
Allf/9lls == Smm+1/IL, f = (pr+1)9)-
Ces définitions sont indépendantes de la présentation de A ( [LR00d, 5.2.6].

Définition 0.5.14.

1. On définit inductivement les anneaux de fractions généralisés A au dessus de
k(Xq,...,X,) comme une algébre quasi-affinoide A et un morphisme f : k(X1,...,X,) —
A
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- E(Xy,...,X,) d E(X1,...,X,) est un anneau de fractions généralisé.
- st k(X1,...,X,) — A est un anneau de fractions généralisé, et f,g € A, alors
E(Xy,...,X,) = A(f/g) est un anneau de fractions généralisé.

De méme, Al[f/g]]s est un anneau de fractions généralisé.

2. Soit k(X1,...,Xn) — A un anneau de fractions généralisé. On définit inductivement
le domaine de A, noté Dom(A) comme une partie de Max(A) :
- SiA=k(X1,...,Xn), alors Dom(A) = Max(k(X1,..., X)) = (K%)°)" /Gal(K).
—- Si A est un anneau de fractions généralisé, f,g € A,

Dom(A(f/g)) = {z € MazA(f/g) | |f(2)| < |g(x)| # 0}

Dom(A[[f/g]]s := {z € MazA[[f/g]ls | |f(x)] < lg(x)}

Remarque 0.5.15. Si A est un anneau de fractions généralisé, ¢ : Max(A(f/g)) —
Max(A) induit une injection sur Dom(A(f/g)) (de méme pour A[[f/g]]s). Cependant, ¢
n'est pas bijective au-dessus des points de Max(A) ou f et g s’annulent, les fibres étant
alors des disques fermés (ouverts si l'on considére A[[f/g]]s).

Pour résumer, Maz(A) — ((K%9)°)" /Gal(K), identifie Dom(A) avec son image dans
(K0)°)" [ Gal(K).

Proposition 0.5.16 ( [LROOb] ). Soit S C ((K9)°)". On a équivalence entre

1. S est sous-analytique.

2. Il existe Ay,..., Ay des anneaux de fractions généralisés de k(X1,...,Xy), pour
tout i une partie semi-analytique S; de Max(A;) contenue dans Dom(A;) telle que
3. Il existe Ay, ..., Ay, des anneauz de fractions généralisés de k(X1, ..., Xy), pour tout

i une partie Zariski-fermée S; de Max(A;) telle que S = U™, (Dom(A;) N S;).

Signalons que 'on peut généraliser tout ce qui a été fait aux parties d’un espace quasi-
affinoide X = Max(A) ou A est une algebre quasi-affinoide.

Définition 0.5.17. Si X = Maa(A) est un espace quasi-affinoide, A ~ Sp, /I une pré-
sentation de A, de sorte que l'on assimile X d une partie de ((K%9)°)™ x ((K%9)°)". Soit
une partie S C X. On dira que S est sous-analytique si c¢’est une partie sous-analytique

de ((K19)°)"™"™,

On peut s’assurer que cette définition ne dépend pas de la présentation de A.

0.5.2 Une extension du foncteur Sp

Ce qui suit découle directement des résultats de [LR00d], mais n’est pas vraiment
énoncé ainsi.

Considérons une algebre k-quasi-affinoide A = Sy, /1. On va expliquer comment lui
associer un espace k-rigide, que 1’on notera X = Sp(A). On fixe un 7 € k°°, m # 0. On
pose alors pour 7 € N*,

1 1
Xj:Sp(k{Xla'--aXmaOﬂ-‘j) 1p1a"'7(|7r|]) lpn}/I)

Ce sont des espaces affinoides vérifiant X; C Xs C ... les inclusions correspondant a des
inclusions de domaines de Weierstrass. On définit alors ’espace X ainsi :

X = Sp(A) = U X]‘.

Jj=1
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Ensemblistement, le Nullstellensatz pour les algebres quasi-affinoides [LR00d, 4.1.1] nous
assure que X = Max(A), 'ensemble des idéaux maximaux de A. De plus, on a pour tout
entier j > 1 un morphisme A — I'(X;, Ox;) qui induit un morphisme A — I'(X, Ox).

I1 nous faut comprendre pourquoi on obtient bien quelque chose de fonctoriel (et qui ne
dépend pas de la présentation choisie). On peut montrer que si B =S, ,/J est une autre
algebre quasi-affinoide, et Y = Sp(B) obtenu comme la réunion des Y}, et si ¢ : A — B est
un morphisme d’algebres quasi-affinoides, alors il existe un unique morphisme d’espaces
rigides Y — X rendant commutatif

A 4 B (7)

Pour ce faire, si I’on note

- 1
Bj=k{X1,..., Xp, (|n]) o1, (Iw]7) " pg} /T
I'algebre affinoide associée a Y}, on considere la composée.
©j - A— B— Bj.

Toujours grace au Nullstellensatz, cela induit une application Y; = Max(B;) — Max(A) =
X.Siy €Y, etz est son image dans X par cette application, alors pour tout ¢ =1...n,
l0i(pi)(y)| = |pi(x)| < 1 d’apres [LRO0d, 5.1.8] appliqué & p;. Alors, d’apres le principe du
maximum appliqué & I’algebre affinoide Bj, il s’ensuit que ||¢;(p;)|| < 1. Il existe donc un
indice [ € N* qui dépend 1? de j tel que ||¢;(pi)(y)]| < szﬁ Cela implique que I'image de
Y; = Max(B;) — Max(A) = X tombe dans X;. Alors d’apres la propriété universelle des
domaines quasi-affinoides [LR00d, 5.3.5] (X; est un domaine quasi-affinoide de Max(A))
on peut factoriser de manieére unique

| ]
A ,

Cela induit un morphisme d’espaces affinoides Y; — X;. Ces morphismes sont donc bien
compatibles quand on fait varier j, et permettent de définir un unique morphisme d’espaces
rigides Y — X vérifiant (7).

On a ainsi défini un foncteur

| ———
3!

<

Algebres
quasi-affinoides

} — Espaces rigides (8)

A~ Spn/l——Sp(A) = Uj21 SP(AJ')

10. En utilisant le théoréme d’élimination des quantificateurs [Lip93, 3.8.1], on peut montrer qu’il existe
méme une constante kK € N* telle que [ = kj marche, i.e. que Y; tombe dans X, pour tout j.
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qui prolonge le foncteur Sp défini pour les algebres k-affinoides. Ce foncteur

{ Algebres

k-affinoides }*) Espaces rigides

Al Sp(A)

est pleinement fidele [BGR84, 9.3.1]. En revanche son extension (8) aux algebres quasi-
affinoides n’est pas pleinement fidele en général. 11 est fidele mais pas plein. Considérons
par exemple X = Sp(Sp,1) qui n’est autre que la boule unité ouverte. Par définition,
561 C k°[[p1]] et cette inclusion est stricte en général. Par exemple, si 'on prend une suite
{a;}ien telle que

a; € k°° et
|CLZ" — 1

1—00

9)

alors f = Y ;cnyaipi € k°[[p1]] \ S5, par exemple car f a une infinité de racines. La
série f induit un morphisme ¢ : X — X qui ne s’obtient donc pas comme un morphisme
So,1 — So,1. Remarquons que pour que les conditions (9) soient satisfaites, la valuation de
k ne doit pas étre discréte. Précisément, nous allons expliquer dans la prochaine section
(proposition 0.5.18) que si k est de valuation discrete, le foncteur Sp restreint aux algebres
quasi-affinoides réduites est pleinement fidele.

0.5.3 Le cas de la valuation discréte

On suppose k de valuation discréete, et on fixe 7 une uniformisante de k. Dans ce cas,
comme on l'a expliqué,

S =k @po k°(X1, ..., Xo)[[p1, -+, pml]]

et les espaces rigides Sp(A) pour A une algebre quasi-affinoide que nous avons introduits
dans la sous-section précédente apparaissent dans la littérature sous des noms et dans des
contextes différents [Ber96b, Ber96a, Con99,dJ95, RZ96, Kap10].

Soit A ~ Sy, »/(f1,..., fp) une algebre quasi-affinoide. Quitte a normaliser les f;, on
peut supposer que f; € k°{X1,..., X;n}p1,--.,pm]] et alors

A k@ (KXt X)llor, o omll/(fr, - £)).

Le foncteur de Berthelot

On munit k°(Xq,..., Xmn)[[p1,--.,pm]] de la topologie (m, p1,, ..., pn)-adique, qui est
alors un anneau noethérien adique (i.e séparé et complet). Suivant [Ber96a, 1], on appelle
k°-algebre spéciale une algebre adique de la forme k°(X1, ..., X)) [[p1,-- -, pm]]/I dont
un idéal de définition est (m, p1,,...,pn). On note X = Spf(A) le k°-schéma formel adique
associé. Si A est une k°-algebre adique et a un idéal de définition, on a les équivalences
suivantes [Ber96a, 1] :

— A est une k°-algebre spéciale.

— Pour tout n € N, A/a™ est de type fini sur k.

— A/a? est de type fini sur k.

— A est noethérien et A/a est de type fini sur k.
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Chez [Ber96b,dJ95, Con99], on considére X un k°-schéma formel affine adique noethérien
tel que X, est de type fini sur k. Cela équivaut donc & dire que X = Spf(A) pour A une k°-
algebre spéciale. Berthelot [Ber96b, 0.2.6] a le premier remarqué que ’on pouvait associer
fonctoriellement & un tel X un espace rigide noté ! X&. Plus généralement, en notant
F'Sio la catégorie des k°-schémas formels adiques X localement noethériens et tels que X,
est localement de type fini sur k, on obtient un foncteur FSjo = Rig;.. Nous renvoyons

a [Ber96b, 0.2.6] et [dJ95, 7.1] pour les détails de cette construction. Ce qui nous importe
est que le diagramme suivant est commutatif :

{ ko—ailg'ébres } Spf, FSpo (10)
spéciales
k®jo0 l rig
algebres )
quasi-affinoides Sp Rigy,
sur k

La commutativité de ce diagramme découle directement (voir par exemple le début de
[dJ95, 7.1]) des définitions de rig et Sp. Cela nous donne au passage une définition du
foncteur rig.

Le foncteur k®yo n’est pas fidele, mais il est surjectif sur les objets. Le foncteur Spf
est lui pleinement fidele. Le foncteur rig n’est pas pleinement fidele. Nous voulons insister
sur le fait que

Proposition 0.5.18 ( [Kap|). La restriction de Sp aux algébres quasi-affinoides réduites

algebres Sp )
quasi-affinoides > Rig,
sur k réduites
est pleinement fidéle.
Démonstration. Ce résultat découle de la proposition 0.5.20 ci dessous. O

Nous allons montrer la proposition 0.5.20 en nous appuyant principalement sur le
résultat suivant :

Théoréme 0.5.19 ( de Jong, [dJ95, 7.4.1]). Soit A une k°-algébre spéciale plate et nor-
male, et soit X = Spf(A) . L’application naturelle A — T'(X™, O%rig) €8t un isomorphisme
ou on a noté 0%, le faisceau des fonctions analytiques dont la valeur absolue est bornée
par 1.

En tensorisant par k, on en tire le corollaire suivant, dont la preuve nous a été donnée
par C. Kappen :

Proposition 0.5.20 ( [Kap]). Soit A une algébre k-quasi-affinoide réduite et notons X =
Sp(A) Uespace rigide associé. Le morphisme naturel

A—={fel(X,0x) | |fllsup <1}

est un isomorphisme.

11. Dans [Ber96b] il est noté Xj. Nous optons ici pour la notation de [Con99,dJ95].
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Démonstration. On considére A une k°-algebre spéciale réduite et plate telle que A =
k ®po A, de sorte que A s’identifie & un sous-anneau de A (pour obtenir un tel A, on
commence par choisir une k°-algeébre spéciale A’ telle que A = A’ Qo k, puis on définit A
comme le quotient de A’ par son 'idéal de torsion). Remarquons que si A est normale, le
résultat découle du théoreme de de Jong. On va expliquer comment s’y ramener.

On note B la normalisation de A. D’apres les résultats d’excellence de [Val75, Val76], B
est une k°-algébre spéciale. Alors [Con99, 2.1.3] X = Sp(k ®pe B) = (Spf(B))"S est la
normalisation de X au sens de [Con99, 2.1], et on note p : X = X le morphisme de
normalisation. On a alors le diagramme

A B

| |

P(X,0x) —~T(X,05)

qui s’insére dans la diagramme suivant :

A B

| |

F(X, Ox) 4>F(X, Ox) ®AB

N

I'(X,05)

Soit donc f € I'(X, Ox) une fonction bornée. Alors p*(f) est bornée sur X aussi, et comme
B est normal, d’apres le théoréeme de de Jong, p*(f) provient d’un élément de B.

On remarque d’abord que ¢ est injective, ce qui découle des propriétés de normali-
sations. Ainsi comme par hypothese ¢((f) ® 1) = p*(f) = ¢(1 ® b) on en déduit que
fel=1xhb.

On remarque ensuite que I'(X,Ox) est fidélement plat sur A. Pour ce faire, notons

1 1
Aj =k{X1,.... X, (I7]7) " p1,...,(I7|7) " tpn}/I et considérons le foncteur

6 : A-modules finis — I'(X,Ox)-modules
M — m Aj@a M
J=>1
Ce foncteur est exact. Pour le montrer, on utilise le fait que les A; sont plats sur A et
conclut comme dans la preuve [Bos77, 2.1]. On en déduit que si M est un A-module fini,
O(M) = I'(X,0x) ®4 M (car c’est vrai pour M = A et 6 est exact). Comme A est
noethérien, I'(X, Ox) est donc une A-algebre plate. Il est alors facile de voir qu’elle est
fidelement plate (en utilisant le Nullstellensatz sur A).
Puis on considére B comme un A-module, et A C B comme un sous A-module de
B (vrai car A est supposée réduite; c’est le seul moment ou on utilise cette hypothese).
Comme I'(X, Ox) est fidelement plat sur A, I'(X,Ox) =I'(X, Ox) ®4 A s’identifie & un
sous-module de I'(X,Ox) ®4 B et via cette identification :

(I'(X,0x) ®a A) N ((F(X, Ox) ®aB)N(A®a B)) =A®s A=A

Cela découle du résultat [Bou98, I 3.5 Prop 10(ii)] en vertu duquel si C — C’ est un
morphisme d’anneaux fidélement plat, N un C-module et N’ C N un sous C-module,
alors N @cC'NN = N'.

En particulier on en déduit les égalités f R 1 =10b€ A®4 A. Donc f € A. O
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Si A n’est pas réduite, le résultat n’est plus vrai. Prenons par exemple, A = S;1/(p3?)

. -2
qui n’est pas réduite. On vérifie que la fonction f = > 57/ p) X1 est une fonction
bornée (car nulle en tout point) de I'(X, Ox) qui ne provient pas de A.

0.6 Cohomologie étale en géométrie non archimédienne

0.6.1 Cohomologie étale des espaces k-analytiques

Berkovich définit [Ber93, 3.3.4] la notion de morphisme étale d’espaces k-analytiques
comme un morphisme quasi-fini non-ramifié et plat; ils sont stables par composition,
changement de base... Une immersion ouverte est étale, mais I'immersion d’'un domaine
affinoide n’est pas en général étale (car pas quasi-fini). La site étale sur X est alors défini
comme dans le cas des schémas. C’est la site sur la catégorie Et(X) des morphismes étales

au dessus de X engendré par les recouvrements {U; f# U}i €1 tels que Uier fi(U;) = U.
On définit alors la catégorie des faisceaux étales sur X, S(X) et on définit pour F' € S(X)
des groupes de cohomologie étale que I’on notera H4(X, F'). Si s € I'(X, F') est une section
de F, on peut définir le support [Ber93, p.87] de s, noté supp(s) C X qui est un fermé de
X. Alors, si X est Hausdorff, le foncteur

Ie: S(X) — Ab
F — {seD(X,F) | supp(s) est compact}

est un foncteur exact a gauche dont on notera H(X, F) le g-ieme foncteur dérivé. Quand
I’espace X est compact, on obtient donc un isomorphisme canonique :

HY(X,F) S HI(X, F).

Parmi les nombreuses propriétés démontrées dans [Ber93], citons
— Théoréemes de comparaison.Si X est un k-schéma de type fini séparé et F' un faisceau
étale de torsion sur X alors [Ber93, 7.1] H(X, F) = HI(X» Fa%) si de plus F est
constructible et de torsion premiére a la caractéristique de k alors d’apres [Ber95],
HI(X,F) S HI(Xxa fan),
— Une dualité de Poincaré pour les morphismes lisses, des théorémes de changement
de base propre et lisse, une formule de Kiinneth.

0.6.2 Cohomologie étale des espaces adiques

R. Huber a introduit et étudié une autre catégorie d’espaces, les espaces adiques. Leur
construction peut se résumer ainsi.

Etape 1. Dans [Hub93] est définie la notion d’anneaux affinoides [Hub93, 3], il s’agit
d’une paire A = (A", AT) o A” est un anneau topologique d’un certain type (appelé
anneau f-adique [Hub93, 1]) et AT un sous-anneau de A” ouvert et intégralement clos. On
associe & un anneau affinoide A un espace topologique Spa(A), 'ensemble des valuations
continues de A” majorées par 1 sur AT dont on montre que c’est un espace spectral (de
maniére équivalente, isomorphe a Spec(B) pour un anneau B [Hoc69)).

Etape 2. Dans [Hub94], les espaces X = Spa(A) sont munis d’un préfaisceau'? Oy,
qui est un faisceau [Hub94, 2.2] quand A est un anneau fortement noethérien, i.e. quand
AP{Ty,...,T,} est noethérien pour tout n.

12. qui n’est en général pas un faisceau, voir [Hub94, p.520-521] pour un contre-exemple.
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Etape 3. On définit V comme la catégorie dont les objets sont des triplets (X, Ox, (vz)zex)
ou (X,Ox) est un espace localement annelé en anneaux topologiques complets et pour
tout z, v, est une valuation sur Ox .. Quand Ogp,(a) est un faisceau, Spa(A) devient
naturellement un objet de V, appelé espace adique affinoide.

Etape 4. Un espace adique est alors un objet de V localement isomorphe & un espace
adique affinoide.

Ils forment une classe tres générale d’espaces. Si k est un corps non archimédien, il
existe un foncteur 7, : Rig;, — {Espaces adiques} qui est pleinement fidele [Hub94, 4.3] et
un foncteur

t- Schémas formels - -

. Espaces adiques
local’ noethériens

qui est également pleinement fidele [Hub94, 4.1]. Signalons que si A est une algebre k-
affinoide, 'espace adique associé & Sp(A) par r est Spa(A,.A°), la paire (A, .A°) étant
bien un anneau affinoide, et A étant fortement noethérien.

Dans [Hub96, 1.6.5] est définie la notion de morphisme étale entre espace adiques '3, ce
qui permet de définir [Hub96, 2.1,2.3] le site étale d’un espace adique X comme pour les
schémas, et pour F' un faisceau étale sur X on a de nouveau des groupes de cohomologie
HY(X,F). Pour définir une cohomologie a support propre, il faut en revanche procéder
comme pour les schémas en compactifiant les morphismes. Il est montré que tout mor-
phisme d’espaces adique raisonnable f : X — Y a une compactification [Hub96, 5.1.11]
ce qui permet de définir le foncteur R™ f; [Hub96, 5.4.3] pour ces morphismes raison-
nables et méme un foncteur Rfy pour des morphismes trés raisonnables [Hub96, 5.5.4].
Si f: X — Y est un morphisme d’espaces rigides sur k, alors si f est séparé et taut !
(cf [Hub96, définition 5.6.6]) le morphisme d’espaces adiques associé est raisonnable.

Une dualité de Poincaré, des théorémes de changement de base propre et lisse sont
démontrés. Si X est un espace k-analytique Hausdorff, F' un faisceau étale sur X, on peut
lui associer un espace rigide X™& puis un espace adique X?¢ et un faisceau étale X24. On
dispose du théoréme de comparaison [Hub96, 8.3]

HY(X,F)~ HI(Xx Fad),

En revanche, les groupes de cohomologie a support compact HI(X, F') ne sont pas iso-
morphes aux groupes de cohomologie a support propre HZ(X ad 3Ld) (par exemple quand
X est le disque unité, cf remarque 2.5.1).

0.6.3 Théoremes de constructibilité déja existants

Dans cette partie, on va supposer que tous nos faisceaux F' sont de torsion premiére a
car(k) et sauf mention contraire, on supposera k algébriquement clos.
On veut présenter, dans l'ordre chronologique de leur apparition, les résultats de

constructibilité qui existent déja.

1. Si¢:Y — X est un morphisme séparé de A schémas de type finis, et F' un faisceau
de torsion sur ), alors [Ber93, 7.1.4]

(wa(F))an x RI(p™), F2".

13. Les morphismes étales entre espaces adiques different de ceux définis par Berkovich. Par exemple,
dans le monde des espaces adiques 'immersion d’un domaine affinoide est étale (car c’est une immersion
ouverte dans la catégorie des espaces adiques), alors que ce n’est pas le cas chez Berkovich.

14. En pratique, la plupart des morphismes de la vie courante sont taut.
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Si o : Y — X est un morphisme de k schémas de type finis, et F' un faisceau
constructible sur ) de torsion premiere a car(k), alors [Ber95]

~

(Rlpu(F))™ 5 RI(p™). F™.

Pour ces énoncés, on n’a pas besoin de k algébriquement clos.

. Si X est un domaine affinoide de X*" ou X est un k-schéma de type fini, et F' un
faisceau constructible sur X', alors [Ber94, 5.5] les groupes H(X, F*") ~ HI(X, F’*")
sont finis, et donc les groupes H?(X?4, F24) aussi. Ce résultat découle d’un théoreme
de comparaison de cycles évanescents [Ber94, 5.3]

R4, (F) 5 RU(F). (11)

. Le théoreme [Ber96a, 3.1] généralise la formule (11) & une classe plus importante
de schémas formels, obtenus en complétant un k°-schéma de type fini le long d’un
sous-schéma ) de Xj.

. Dans le méme genre, Huber définit une notion de faisceau constructible pour les
espaces adiques [Hub96, 2.7] et montre que si X est un domaine affinoide de X ad ot
si F' est un faisceau constructible de Z/¢"Z-modules sur X, les groupes H1(X, F') et
HY(X, F) sont finis [Hub96, 6.1.1,6.2.1].

De plus si f : X — Y est un morphisme [isse et quasi-compact d’espaces adiques
analytiques, et F' un faisceau constructible sur X, alors les faisceaux RYfiF sont
constructibles sur Y, voir [Hub96, 6.2.2] plus la remarque dans [Hub07, 7.1].

. Si X est un espace adique analytique, la catégorie des faisceaux quasi-constructibles
est introduite dans [Hub98b, 1.1] et il est montré [Hub98b, 2.1] que si f : X — Y
est un morphisme d’espaces adiques provenant d’un morphisme d’espaces rigides,
séparé et quasi-compact, si k est de caractéristique 0, et dim(Y) < 1 alors si F est
quasi-constructible sur X, les faisceaux RYfiF' sont quasi-constructibles sur Y.

Cela implique que si X est l'espace adique associé a un espace k-affinoide et si
car(k) = 0, alors les groupes H(X, F') sont finis. Cela généralise le résultat 4.

. Si X est un espace adique, la classe des faisceaux oc-quasi-constructibles sur
X est définie dans [Hub98a, 1.2] et il est montré [Hub98a, 2.2] que si f : X — Y
est un morphisme d’espaces adiques provenant d’un morphisme d’espaces rigides,
quasi-séparé et quasi-compact, si k est de caractéristique 0, et dim(Y’) < 1 alors si
F' est oc-quasi-constructible sur X, les faisceaux R?f,F sont oc-quasi-constructibles
sur Y.

Cela implique que si X est l'espace adique associé a un espace k-affinoide et si
car(k) = 0, alors les groupes H%(X, F) sont finis. Cela généralise les résultats 4 et 2.

. Pour X un espace adique, une classe de faisceaux C(X) qui contient la classe des
faisceaux quasi-constructibles est construite dans [Hub07, 4.2], qui vérifie une cer-
taine stabilité [Hub07, 5.1] par R?fi, toujours pour f quasi-compact et dim(Y) <1,
mais sans restriction sur la caractéristique de k.

. J. Poineau a montré [Poi08] que si X est un espace k-affinoide irréductible et f € A,
alors les domaines de Laurent définis pas | f| > ¢ sont irréductibles pour € assez petit.

. Dans [Berl13] les résultats de [Ber94, Ber96a] sont généralisés. Il est prouvé [Berl3,
1.1.1] que si X est un espace k-affinoide et F' un faisceau provenant d'un faisceau
constructible sur Spec(.A), alors les groupes HY(X, F) (et donc aussi HI(X, F')) sont
finis. Ce résultat utilise un théoréeme d’uniformisation récent de Gabber [ILO12].
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De plus, un théoréme [Berl3, 3.1.1] de constructibilité pour les faisceaux de cycles
évanescents R, F' est prouvé, qui est valable quand % est de valuation discrete et
X = Spf(A) avec A un k°-algebre spéciale.



Chapter 1

Overconvergent subanalytic sets

Introduction

Let us start with a definition :

Definition 1.0.1. Let P be the data, for each k-affinoid space X, of a family Px of
subsets of X. If S is a subset of a k-affinoid space X, we will say that S satisfies the
property P if S € Px. We will say that
— The property P is a G-local property if for all k-affinoid spaces X and any subset
S of X, S satisfies the property P if and only if for all finite affinoid covers {X;} of
X, SN X; satisfies the property P relatively to X; (i.e. SNX,; € Px;).
— the property P is a local property if for all affinoid spaces X and any subset S of
X, S € Px if and only if for all € X, there exists an affinoid neighbourhood U of
x such that SNU € Py.

Note that using the compactness of affinoid spaces, saying that P is a local property
is equivalent to requiring that for all k-affinoid spaces X and any S C X, S satisfies P if

[¢]
and only if for any finite affinoid covering {X;} of X such that {X;} is also a covering of
X,then SNX; € PXi'
As a consequence, if P is also a G-local property, then it is a local property.

Ezample 1.0.2. A consequence of Kiehl’s theorem [BGR84, 9.4.3] is that the class of Zariski-
closed subsets of affinoid spaces defines a class which is G-local.

Organisation of the chapter

In section 1.1, we define constructible data of X, in order to define overconvergent
constructible subsets. Note that we do not assume that k is algebraically closed contrary
to [Sch94a]. In section 1.1.2 we introduce overconvergent subanalytic subsets. In section
1.1.3 we have tried to carefully treat Weierstrass division, trying to be as general as possible
(namely our results hold for an arbitrary ultrametric Banach algebra, and an arbitrary
radius of convergence). In section 1.1.4 we prove that overconvergent constructible and
overconvergent subanalytic subsets are the same. The proof of this result which appears
in [Sch94a], is here simplified by the use of Berkovich spaces: in particular, the quite
technical section 2 of [Sch94a] A combinatorial lemma is replaced by a simple compactness
argument (see theorem 1.1.38). In 1.1.5 we try to handle the following problem: how to
pass from a definition that works only for k-affinoid spaces to a more local definition, with
the hope that in the affinoid case the local and the global definitions would coincide. As
we said earlier, trying to do this with the G-topology will not work. If in contrary we do

93
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this with the Berkovich topology, the definitions will be compatible. This can be summed
up by:

Theorem. Let S be a subset of the strictly k-affinoid space X. The following properties
are equivalent:

1. S is overconvergent constructible.
2. S is overconvergent subanalytic.

3. There exists v > 1, an integer n, T' a locally semianalytic subset of X x B} such that
S=m(TN(X xB")) where 7 : X x B" — X s the natural projection.

4. S 1is, locally for the Berkovich topology, an overconvergent constructible subset.

(1) & (2) is theorem 1.1.38, (1) < (3) is corollary 1.1.48, and (1) < (4) is proposition
1.1.44. In section 1.1.6, we explain how these results can be extended to k-affinoid spaces
(by opposition to strictly k-affinoid spaces). In addition, in that case, we can allow the
field k to be trivially valued.

In section 1.2, we give some counter-examples to erroneous statements of [Sch94a].
Precisely, in [Sch94a] five classes of subsets were defined: globally strongly subanalytic,
globally strongly D-semianalytic, strongly subanalytic, locally strongly subanalytic and
strongly D-semianalytic subsets. The three last classes were defined from the first two
ones by adding "G-local" at some point. In [Sch94a] it was claimed that these five classes
agree. We explain that this is not the case, namely from these five classes, the first two
ones indeed agree, but not the last three ones, which are larger (see figure 1.1, p. 82).
What the above theorem says is that if one replaces "G-local" by "locally for the Berkovich
topology", the results of [Sch94a], for instance the theorem on p. 270, become true. Let
us give one of the counter-examples that we study:

Example 1.0.3. Let X = B? be the the closed bidisc, 0 < r < 1 with r € /[kX], f €
kE{r~'z} an analytic function whose radius of convergence is exactly r and such that
||f]l < 1. We then define

S = {(x,y) €B? | [a] <r and y = f()}.

Then (see proposition 1.2.4) S is rigid semianalytic, but not overconvergent subana-
lytic. The Berkovich approach is here helpful since to prove this, we use a point 7 of the
Berkovich bidisc which is not a rigid point, and some properties of its local ring Ox ;.

Finally, in section 1.3 we correct the proof of [Sch94b] (which rested on the erroneous
results of [Sch94al, and [Sch94c]) and restrict the hypothesis of it. Namely, we prove that
when k is algebraically closed, and X is a good quasi-smooth (equivalently rig-smooth)
strictly k-analytic space of dimension 2, then overconvergent subanalytic subsets are in fact
locally semianalytic. Not only do we give a correct proof of this theorem, but moreover,
this result is more general than the result of [Sch94b], where X was the bidisc and where
is was assumed that the characteristic of k was 0.

Contribution of this chapter

We want to stress the fact that section 1 is highly inspired by the work of H. Schoutens.
In particular, the definition we give of a constructible datum, and the resulting definition
of an overconvergent constructible subset, is a geometric formulation of what is done
in [Sch94a] concerning D-strongly semianalytic subsets. In particular, the proof of theorem
1.1.38 is very close to the proof of [Sch94a, Th 5.2]. We have however decided to include
a proof of theorem 1.1.38 for three reasons. First, the compactness argument that we
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use in theorem 1.1.38 seems to us enlightening, and a way to see that Berkovich spaces
are relevant in this context!'. Secondly, we have the feeling that replacing the strongly
D-semianalytic subsets of [Sch94a] by our overconvergent constructible subsets is more
geometric and gives a better understanding of the situation. Finally, the mistakes in
[Sch94a], that we explain in section 2, have the following consequences: most of the
statements of [Sch94a] become false. For instance, [Sch94a, Theorem 5.2] is false as we
prove in section 2. In this context it seemed to us relevant to write section 1.

The same remarks hold for section 3. A statement analogous to theorem 1.3.12 was
claimed in [Sch94b]. However, in this article, it was assumed, and used in the proofs, that
the five classes of subsets introduced in [Sch94a] were the same; but since we prove that
this is not the case, the proofs of [Sch94b] are erroneous.

Finally, let us mention that another proof of theorem 1.1.38 has also been given in
[CL11, 4.4.10].

1.1 Overconvergent subanalytic sets

With a few exceptions that will be specified, A will be a strictly k-affinoid algebra,
and X the strictly k-affinoid space M(A).

1.1.1 Constructible data

Definition 1.1.1. Let X be a k-affinoid space whose k-affinoid algebra is A. A subset
S of X is called semianalytic if it is a finite boolean combination of sets of the form
{z € X | |f(z)|] < |g(z)|} where f and g € A (by finite boolean combination, we mean
finitely many use of the set-theoretical operators N, U and ©).

A subset of the form {x € X | |fi(z)| b<; |gi(x)| Vi =1...n} with f; and g; € A, and
;€ {<, <} will be called basic semianalytic.

Remark 1.1.2. With a repeated use of the rule (AUB)NC = (ANC)U(BNC) one can
show that any semianalytic subset of X is a finite union of basic semianalytic subsets.

Definition 1.1.3. Let (X,S) be a k-germ in the sense of [Ber93, 3.4]; this just means
that S is a subset of X. An constructible!elementary constructible datum of (X, S),

is the following datum. Let f,g € A. Let also r and s be two real numbers such that
r>s>0ands € /|k*. Let

Y = M(A{r~'t}/(f — tg)) & M(A) = X
and let R CY be a semianalytic subset of Y. Let us set
T:=p '(S)N{y € R| g(y) # 0 and | f(y)| < slg(y)[}-

Then (Y, T) % (X, S) is an elementary constructible datum. If ¢ : (Y, T") ~ (Y, T) is an
isomorphism of k-germs, and (Y, T) LN (X, S) is an elementary constructible datum, if we

set ' = o1, then we will also say that (Y’,T") 2 (X, S) is an elementary constructible
datum.

1. However, it has to be noted that we could have written this proof in the context of adic spaces, and
used a similar argument of quasi-compactness.



56 CHAPTER 1. OVERCONVERGENT SUBANALYTIC SETS

Remark 1.1.4. If (Y,T) % (X, S) is an elementary constructible datum, then o(T) C S,
and ¢ realizes a homeomorphism between T' and its image ¢(7T). Moreover

{yeY | |f(w)| < slgly)| # 0}

is an analytic domain of Y, and can be identified through ¢ with the analytic domain of
X

{z € X | |f(x)] < slg(z)] # 0}.
Definition 1.1.5. Let (X,S) be a k-germ. A constructible datum of (X,5) is a
sequence

(Y, T) = (Xn,Sn) w—”) (Xn,l,Sn,l) — e = (Xl,Sl) ﬂ) (X(],S()) = (X, S)

where for i = 1...n, (X;,S;) RN (Xi—1,Si—1) is an elementary constructible datum. Let
@Y =@10...0p,. Then we will denote this constructible datum by

(Y, T) -%> (X, S).
We will say that the complexity of ¢ is n.

In the particular case S = X, i.e. (X,S) = (X,X), we will denote the constructible
datum by:

v, T) -5 X,

and we will call it a constructible datum of (X,S). This is actually the case that will
mainly interest us, but partly for technical reasons we have chosen to use k-germs.

Remark 1.1.6. If (Y, T) %5 X is a constructible datum, it follows easily from the above
definitions that T is a semianalytic subset of Y.

Remark 1.1.4 implies that if (Y, T) -2 (X, S) is a constructible datum, ¢y : T ALY

induces a homeomorphism between 7" and ¢(T"). It is also clear that if (Z,U) R (Y, T)

is a constructible datum and (Y,T) 2 (X, S) is another one, then (Z,U) i (X,9) is

also a constructible datum.
We want to point out that in the definition of a constructible datum, n cannot be
recovered from ¢ alone.

Definition 1.1.7. Let (X;,S;) RN (X,S), i = 1...m be m constructible data of the
m

k-germ (X, S). We will say it forms a constructible cover of (X, S) if |J :(S;) = S.
=1

=
Definition 1.1.8. Let X be a k-affinoid space. A subset C of X is said to be an overcon-
vergent constructible subset of X if there exist m constructible data (X, S;) X

for i =1...m such that ) ¢;(S:) = C.
=1

Remark 1.1.9. Using the notations of definition 1.1.3, when (Y,T) % (X,S) is an ele-
mentary constructible datum, with Y = M(A{r~'t}/(f —tg)), then T (and hence ¢(T))

are defined with the function £ which mimics the function =, when it has a sense and its
norm is < s. In addition the condition r» > s is here to make sure that the new func-

tions of B are overconvergent in t = i, that we see as a function on the analytic domain
g

{z € X | [f(2)| < slg(x)] # 0}
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The following three results are formal consequences of the previous definitions.

Lemma 1.1.10. If (Y,T) % (X, S) is an elementary constructible datum and (Z,U) %>
(X, S) is a morphism of k-germs, let us consider the cartesian product of k-germs:

(Y, T) - (X,5)

I

(Y, T) x(x.5) (2,U) —— (Z,U)

Then, (Y,T) x(x,5) (Z,U) (L/> (Z,U) is an elementary constructible datum. Moreover if
we set

(K T) X(X,8) (Za U) = (Y,7T,)
then, (p o ¢)(T") = o(T) NY(U).
Corollary 1.1.11. Let (Y, T) % (X, S) be a constructible datum
(Y, T) = (Xn, Sn) £ -+ £ (X0, S) = (X, )

and let (X', S") N (X, S) be a morphism of k-germs. Let us consider the cartesian product

(Y, T)- -~ = (X, 9)

A4,

(1) - £ - (X',5)
Then (Y',T") s (X', 8") is a constructible datum and (1 o @' )(T") = o(T) NY(S’).

Corollary 1.1.12. Let (X1,T1) -2 (X,8) and (X2,T3) R (X, S) be two constructible
data (with the same target). Let us consider the fibered product

(X1,Ty) -2 = (X, 9)

A A
n P
\ , \
(2,U0) = % > (X2, Tv)
Then (Z,U) N (X1,Ty) and (Z,U) s (Ya,Tz) are constructible data. Moreover (p o

WIU) = (o @) (U) = e(Th) Np(T).

Proof. Lemma 1.1.10 is a direct consequence of definition 1.1.3. Corollary 1.1.11 is then
proved by induction on the complexity of ¢ using lemma 1.1.10. Similarly, corollary 1.1.12
is proved by induction on the complexity of 1 using corollary 1.1.11. O

Proposition 1.1.13. 1. If T C X is a semianalytic subset of X then T is an overcon-
vergent constructible subset of X.

2. Let C C T be an overconvergent constructible subset of Y and let (Y, T) Ly X bea
constructible datum. Then ¢(C) is on overconvergent constructible subset of X.

3. The class of overconvergent constructible subsets of X is stable under finite boolean
combinations.
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Proof.
1. Consider the elementary constructible datum (X, T') UNy's
2. By definition, there exist some constructible data (Y;,T;) RN Y, fori = 1...m,

such that C' = U vi(T;). Now if we define 1; := ¢ o ¢;, then (Y;,T;) —1& X are m

i=1
m m
constructible data, and ¢(C) = gp(U vi(Y;)) = U ¥i(T;), so it is an overconvergent
i=1 i=1

constructible subset of (X, .5).

3. Stability under finite union is a direct consequence of the definition 1.1.8, as for in-
tersection, it is a consequence of corollary 1.1.12. And if C C X is an overconvergent
constructible subset of X, let us show that X\ C'is also overconvergent constructible.

m

By definition, C' = U ©i(S;) where (X;, S;) %5 X are some constructible data. We
i=1

do it by induction on ¢, the maximum of the complexity of the ¢;’s.

If ¢ = 0, then C is a semianalytic subset of X so X \ C is semianalytic, hence
overconvergent constructible.

If ¢ > 0 and we assume the result for ¢’ < ¢, then

m m
X\NC =X\ (Jwi(5)) = X\ ¢i(S))
i=1 i=1
so we can assume that m = 1, that is to say, we can assume that C' = ¢(7T") where
(Y, T) %5 X is a constructible datum of complexity ¢. Then
_ /. ¢’ 1o Y
p=1vog :(YV,T) - (Y, T) = X

where the complexity of ¢’ is c—1 and 1) is an elementary constructible datum. Now

X\ @(T) = (T \ (1)) U (X \ (1))

because cpTT and 17 are injective maps. By induction hypothesis,
T\ (T) =T N (Y"\¢(T))

is an overconvergent constructible subset of Y’ thus according to (1), so is (1" \
¢'(T)).

Finally, if the elementary constructible datum 1 is associated with f, g, and s, by
definition,

T'={yeR|I[f(y) <slg(y) # 0}

for some semianalytic subset R of Y. And if we define

T={yeY'\R||f(y) <slg(y) # 0},

then

X\ (T =pT)U{y € X | [f()] > slgw)} U{y € X | gly) =0}

Thus, it is also overconvergent constructible in X.
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Let z € X, and U be an affinoid neighbourhood of z. Shrinking U if necessary, we
can assume [Ber90, 2.5.15] that U is a rational domain of the form X(f_lg) ={p €

X | fi(z)| < rilg(x)|} such that X ((%)_1 g) still contains x. For each i, we pick a
real number s; such that 3§ < s; < r; and s; € /|k*|. For each i, we consider the
clementary constructible datum (X, S;) 2% X defined by X; = A{r; 't;}/(f; — tig), and
Si ={p e Xi||filp)| < silg(p)| and g(p) # 0}. One checks that ¢;(S;) is a neighbourhood

of . Now if we take the fibered product of all these elementary constructible data, we
obtain (using corollary 1.1.12) the following constructible datum:

(<))

Here ¢ just corresponds to the embedding of the affinoid domain X (z_lg). Moreover

® (X(g_lg)), that we might identify with X (g_lg), is a neighbourhood of . We can
sum up this in the following lemma:

Lemma 1.1.14. Let X be a strictly k-affinoid space. Let x € X and U be an affinoid
neighbourhood of ©. Then there exists a constructible datum (Y,T') %5 X such that T is
an affinoid domain of Y, ¢ is the embedding of an affinoid domain Y — X such that Y
is in fact an affinoid subdomain of U, and o(T') is an affinoid neighbourhood of x.

Corollary 1.1.15. Let X be a strictly k-affinoid space. Being overconvergent constructible
in X s a local property.

Proof. First, if S C X is overconvergent constructible, and U is an affinoid domain of X,
then S N U is overconvergent constructible.

On the other hand, let us assume that locally for the Berkovich topology, .S is overcon-
vergent constructible, that is to say, let us assume that for all x € X there exists an affinoid
neighbourhood U of x such that S N U is overconvergent constructible. Then according
to lemma 1.1.14, there exists a constructible datum (Y,T") %5 X such that Y & X is
the embedding of an affinoid domain, Y C U, and T is an affinoid neighbourhood of x.
Then, since T C U, »~1(S) N T is overconvergent constructible in T, and then o(T) N S
is overconvergent constructible in X (see proposition 1.1.13 (2)). But since ¢(7') is an
affinoid neighbourhood of x, by compactness of X we conclude that S is overconvergent
constructible. O

1.1.2 Overconvergent subanalytic sets

We will denote by B (resp. B, for » > 0) the closed disc of radius 1 (resp. r), and if n
is an integer, B™ and B! will denote the corresponding closed polydiscs.
More generally, if r = (r1,...,7,) € R{" is a polyradius, we will denote by

B, = M(k{r 't}) = M(k{r{'t1,..., 7 tn})

the polydisc of radius r, and B(r) the corresponding open polydisc. When the number
n will be clear from the context, we will write 1 for (1,...,1) € R™, and 0 or 0 for
(0,...,0) € R™. Finally, p > r will mean that p; > r; fori=1...n.

Definition 1.1.16. Let X be a strictly k-affinoid space. A subset S C X is said to be an
overconvergent subanalytic set of X if there exist n € N, » > 1, and T C X x B a
semianalytic subset such that S = 7(T' N (X x B")) where 7 : X x B — X is the natural
projection.
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Lemma 1.1.17. Let f : Y — X be a morphism of strictly k-affinoid spaces and S
an overconvergent subanalytic subset of X. Then f~1(S) is an overconvergent subanalytic
subset of X . In particular, if V is a strictly affinoid domain of X and S an overconvergent
subanalytic subset of X, then SNV is an overconvergent subanalytic subset of V.

Proof. Let r > 1 and T'C X x B} be a semianalytic subset such that S = 7(T'N (X xB")).
Let us consider the following cartesian diagram:

Y x B Lo x xBr (1.1)
y — 1 . x

Then f~1(S) = f~H#(TN(X xB"))) = 7' (f~1(TN(X xB"))). The last inequality holds
because (1.1) is a cartesian diagram. Now 7/(f/~1(TN(XxB"))) = «'(f~HT)N(Y xB")) =
7~ HT' N (Y x B")) where T/ = f~1(T) is a semianalytic subset of Y x B". Hence
f7HS) =7 (T' N (Y x B")) is an overconvergent subanalytic subset of Y. O
Lemma 1.1.18. Let ¢ : X — Y be a closed immersion.

1. If ¢ is a morphism of affinoid spaces, and S is a semianalytic subset of X, then
©(S) is a semianalytic subset of Y.

2. Let S be an overconvergent subanalytic subset of X, then ¢(S) is an overconvergent
subanalytic subset of Y.
Proof.

1. Write Y = M(A) and X = M (A/Z) where Z = (aq,...,a,) is an ideal of A.
Then, if S = {z € X | |fi(z)| > |gi(z)|, i =1...n} with f;,9, € A/Z, we can find
functions Fj, G; € A such that F; = f; and G; = g;. In that case one checks that,

e(S) ={y €Y | |[Ei(y)| > |Gi(y)], i=1...n}n{y €Y | a;(y) =0, j=1...m},

which is indeed semianalytic.

2. Since the problem is local on Y, we can assume that Y is affinoid, and hence, X is
also affinoid. By definition, this means that there exists 7' C X x B} for some r > 1
such that S = w(T N (X x B™)). We then consider the following cartesian diagram:

X xB' 2>V xB"

A

X L Y

But ¢’ is also a closed immersion, so according to (1), 77 = ¢/(T) is a semianalytic
subset of Y x B}'. Then one checks that

(TN xB")=a (' (T)N Y xB") =7 (¢'(TN(X xB")) = o(r'(TN(XXB")) = ¢(9).
O

Lemma 1.1.19. Let us assume that s € \/[kX[". Then, k{s™' X} is a strictly k-affinoid
algebra (see [Ber90, 2.1.1] and [BGR84, 6.1.5.4]). For the same reasons, ifr > s, and T C

X x B, is a semianalytic subset, then (T N (X x By)) is an overconvergent subanalytic
subset of X.
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Proof. Indeed let s € \/|k* ]n and r € R" such that s < r, and T'C X x B, a semianalytic
subset of X x B,. Let us show that 7(7 N (X x By) is overconvergent subanalytic in the
sense of definition 1.1.16. To avoid complications, we assume that n = 1 (but the proof is
similar for an arbitrary n). Let then s € \/|k*| and r > s. Up to multiplication by some
p € k* small enough, we can assume that s < 1. Since s € /|k*|, there exist A\ € k* and
m € N such that s™ = |A|. Then in

B zym = M, (()m)l &

let us consider the Zariski-closed subset defined by y™ = At, i.e. V(y™ — At). Then, the
map:
B2 Bom

M

T = (x,/\)

identifies B, with the Zariski closed subset V' (y™ — At) and moreover, since s < 1

B, — B?
T (az,%)

identifies B, with the Zariski-closed subset of B2, V(3™ — At). Taking the fibre product
with X we then obtain:

XX&FQiV@m—MﬁJQXXB@@W)

,

X X By —=V(y™ — \)———= X x B2

\ /
X
Hence if 7' C X x B, is semianalytic, T := «(T') is also semianalytic in X x B, zym)
and o(T) N (X x B?) = B(T N (X x By)). So (TN (X xBs)) =7(T' N (X x B?) is well
overconvergent subanalytic in the sense of definition 1.1.16. 0

We now take a few lines to explain an alternative definition which emphasizes the
relevance of k-4 erms in this context.

Definition 1.1.20. Let (X, S) be a k-4 erm [Ber93, 3.4]. A subset T' C S is a semianalytic
subset of (X, S) if there exists a representative (W, S) of (X, 5), with W a k-affinoid space,
and R C W a semianalytic subset of W such that T'= 5N R.

Lemma 1.1.21. Let W be a neighbourhood of X x B™ in X x Ap"*". Then there exists
r > 1 such that W 2O X x B

Proof. If necessary, we can assume that W C X x B? with s > 1 and also assume that
W is open. In that case, Z := (X x BY) \ W is a compact subset of X x B?, and by
assumption Z N (X x B™) =0, so

zc|JUlpe X xB2 | |Tip)| > r}.
1=1r>1

n

Hence by compactness, there exists 7 > 1 such that Z C J{p € X x B? | |T;(p)| > r},
i=1

which says that W 2 X x B O
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Hence S is an overconvergent subanalytic subset of X if and only if there exist an
integer n, and T a semianalytic subset of the k-Zerm (X x A", X x B™) such that
S =n(T).

1.1.3 Weierstrass preparation

In this section, A will be a (ultrametric) complete normed ring i.e. satisfies the in-
equality [|abl| < [la][[b] and [la+ b]| < max(]jall, [b]}) [BGRS4, 1.2.1.1].

If r > 0, on A{r~! X} we will consider the following norm: if g = 3 a,X" € A{r~1X}
neN
h - n,
then [g]] = max la,

If m € N, we will denote by A,,[X] the subset of A[X] made of the polynomials of
degree less or equal to m.

Definition 1.1.22. An element u € A is a multiplicative unit of A if u is invertible
and for all a € A, [|ual| = ||u||||a].

Note that if v and v are multiplicative units, so is uv.

Lemma 1.1.23. An element u € A is a multiplicative unit if and only if u € A* and
[t = flufl 1

Proof. If u is a multiplicative unit, 1 = ||uu™"(| = ||u||[[u="]], so |u=t|| = [Ju|~ .
Conversely let us assume that u is invertible and that |[u~!|| = |Ju| . Let then a € A.
The following holds:

lall = [l (ua)l| < [lu™ [[[luall = [[u] =" |ual.

So ||lua|| > ||ul/||a||. Since in any case the reverse inequality |ua| < ||ul/||a|| holds, we
conclude that [|ual| = ||u||||a]|. O

Remark 1.1.24. As a consequence, if v € A and ||u]| < 1, then (1 + u) is a multiplicative
unit because

Ntull=1=[> (-w)"[ =10 +u)~"

n>0

Let us note also that if u is a multiplicative unit, for all x € M(A), |u(x)| = ||u|. Indeed,
the definition of M(.A) implies that

Ju(@)] < ull; (1.2)

hence 1 = |u(z)||u=(x)] < ||ul/|lu=!]| = 1. So the inequality (1.2) could not be strict, thus
u(a)] = ull

Remark 1.1.25. If ¢ : A — B is a contractive morphism of normed rings (i.e. |[¢(a)| <
la|]| for all @ in A), then ¢ sends multiplicative units to multiplicative units. Indeed we
have the sequence of inequalities:

1= llp()e(u) ™' < le@llle(a™)I < ulllu™] = 1.

So there were only equalities and o (u) is a multiplicative unit because [|¢(u)| = ||u||, and
()Ml = lu='|l = lull=! = [le)]|

This remark will apply in the following context: when A is a strictly k-affinoid algebra
and we look at a morphism ¢ : A — B = A{r~1X}/I with I any ideal, and B is equipped
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with the quotient norm inherited from A{r~!X}. In this situation, ¢ is contractive. This

is the case when we consider ¢ the morphism of a constructible datum (Y, T) 75X,
Note that if ¢ is not contractive, multiplicative units are not necessarily preserved.
For instance consider A = k{t} and B = k{2 'z,y}/(y — 2?) that we equip with the
residue norm. These k-affinoid algebras are isomorphic through ¢ : ¢t — z, and if we
choose 7 € k such that 1 < || < 1, then u := 1+t is a multiplicative unit of A, but not
©(u). Note however that if the field k is stable (for instance in our situation, where k is a
non-Archimedian complete field, k is stable if char(k) = 0, or if it is algebraically closed,
or a discrete valuation field [BGR84, 3.6.2]), one might say that any morphism of reduced
affinoid algebra is contractive. Indeed, if k is stable, and A is a reduced affinoid algebra,
then it is a distinguished affinoid algebra [BGR84, 6.4.3], i.e. the supremum seminorm is a
residue norm on A. If B is also reduced, so that the supremum seminorm is an admissible
norm on it, and ¢ : A — B is a morphism of affinoid algebras, then ¢ is contractive.

Definition 1.1.26. Let r > 0 be a real number and s € N. An element g = Y ¢, X" of
n>0

A{r='X} is called X-distinguished of order s if g, is a multiplicative unit, ||gs||r* = ||g||
and for all n > s, ||gn||7™ < ||gs||r®. Note that in that case, ¢ is necessarily a non zero
element since g5 # 0.

Remark 1.1.27. We can extend the previous remark saying that if ¢ : A — B is a con-

tractive morphism and g = Y. g, X" € A{r~'X?} is X-distinguished of order s, then
neN

0(9) = X ¢(gn)X™ € B{r~1X} and it is an X-distinguished element of B{r~1X} of
neN

order s. This applies in particular when ¢ is the morphism of a constructible datum
©
(Y, T) -=».

Lemma 1.1.28. Let g = Y gnX™ € A{r~'X} be X-distinguished of order s.
meN

1. Then for all q = kZquXk € A{r='X}, llgall = llgllllall-
S

2. Letus setgqg = Y. ¢ X", and let us assume that ¢ # 0. Let us denote by ko the greatest
leN

rank such that quOHT‘kO =

lgll. Then llgall = llcsirolr=+* and |lcsino |l = llgslllax, -

Proof. First, without any hypothesis, it is true that

lgall < llgllliall- (1.3)
Conversely, by definition,
Cotho = D Ymlk- (1.4)
m+k=s+kg

Let then m and k be two integers such that m + k = s + k.
If k > ko, by definition of ko, ||qx||7* < ||gk,||7". So, using that g5 is a multiplicative
unit, we obtain:

m-+k s+ko

gmarllr> 0 = Nl gmarllr™* < llgm ™ laxllr™ < llgsllr*llao 7% = llgsar, lIr

Thus,
HngkH < HgsCIkOH' (1'5)
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If k < ko, then m > s, and since || gp||7"™ < [|gs||r® (because g is X-distinguished of
order s), we obtain with the same reasoning, that

gmarll < 19sqx, |l (1.6)

Thus, (1.4)—(1.6) and the ultrametric inequality imply that |[csik, || = [|gsqk,||- And
since g5 is a multiplicative unit, ||gsqk, || = ||gs ||| gk |-

Finally we obtain that ||gq| > |lgs|7*|lqx,|I7*® = ll¢llllgll, which with (1.3) ends the

proof. O

Proposition 1.1.29. Weierstrass Division. Let g € A{r='X} be X-distinguished of
order s. If f = 3 fuX"™ € A{r~1X} there exists an unique couple (q, R) € A{r 'X} x
neN

As_1[X] such that
f =99+ R. (1.7)

Moreover

[f1I = max(llgllliqll, 12]])- (1.8)

Proof. First, let us show that if a couple (¢, R) satisfies (1.7), then it must satisfy the
equality (1.8). Because of the ultrametric inequality, || f]] < max(||g||||¢|l, || R||)- For the
reverse inequality, we distinguish two cases.

If lgqll # || R, then [|f]| = max([|lgqll, [|R]]) = max([lg]lllqll, R||[) according to lemma
1.1.28.

Otherwise [|gq|| = ||gll|l¢|l = || R]|, and we use again lemma 1.1.28 and its notations (so
gq = Y XY, We get [|gqll = ||csir,|lr*tT*0. Since R is a polynomial of degree d with
leN

d < s, and since f = gq + R, and d < s + ko, the coefficient fs,y, of f is cs4,, hence
LA = llessnllr+o = llgllial.

This finally proves that || f|| = max(|g| ], | 2]).

From this we can conclude that the couple (g, R) is unique because if f = g¢’ + R’ is
another decomposition, we have 0 = g(q¢ — ¢') + (R — R’) and since ||g|| # 0, |l — || =
|IR—R'|=0,ie. R=R and ¢ =¢.

Let us now show the existence of such a decomposition. Let us set

S
g = Z gmX™.
m=0
In particular, ||g|| = ||¢’|| because g is X-distinguished of degree s. Let us set

max(|[gm|r™)  max({|gml|r™)

lgsllrs gl

Since g is X-distinguished of order s, k < 1. Actually, if K = 0 (which would mean that
g=¢'), replace r by 3. In any case |lg — ¢'|| < s[lg| and « €]0,1].
Next, let N € N and let us set

N
f=>" fix".
k=0

Let us assume that NN is big enough to fulfil || f — f'|| < &||f]|. In particular, || f'|| = || f||-
By definition and hypothesis, ¢ € A[X] is of degree s and possesses an invertible
dominant coefficient, which is gs. Hence in A[X], one can carry out euclidean division
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by ¢’ [Lan02, 4.1.1], which gives f' = ¢’¢ + R, with R € As;_1[X] and ¢ € A[X]. We
can then apply the norm equality (1.8) that we have shown in the first part of the proof,
(because ¢’ is also X-distinguished of order s): ||f'|| = max(||¢'|||l¢ll, ||R]|)- In particular

i sl
lall < g = gy S0 that

lglllall < 1I£1]-
Moreover ||R|| < ||f'|l = || f]|- Thus the following holds:

f=r+-f=ga+R+(f-f)=9a+R+(f-f)+(d -9
By definition of ¢’ and of , ||¢' — g|| < &||g]|, so

Itg" = 9)all < llgllllalls < & £ (1.9)

In addition, by hypothesis,
Lf = £l < &l A1 (1.10)
Hence if we set
hi=f—f+(~9a=Ff~-(9a+R),

according to (1.9) and (1.10), we obtain that ||h] < & f]|.
To sum up, we have found some « €]0, 1[ such that

Vf € A{r~1X}, there exist ¢ € A{r !X}, R' € A,_1[X]such that || f—(9¢'+R)| < &/ f]|.
(1.11)
This allows us to define by induction two Cauchy sequences (¢') € A{r~1X} and (R?) €
As_1][X] such that ||f — (g¢° + RY)|| < &%||f|| in the following way.
We start with (¢°, R®) = (0,0).
In order to perform the induction step, let ¢ > 0 be given and let us assume that
(¢, RY) is defined. We set h' := f — (gq' + R'), which by induction hypothesis fulfils
|hY| < KY|f|l. According to (1.11), we can define ¢ € A{r 71X} and R’ € As;_1[X]

such that h' = g¢' + R’ + b’ with ||¢/| < % < /@i”%”, and |R'|| < ||R¥|| < %|f]| and
|P']] < ||| < &L f]|. Then we set ¢' ™! := ¢' + ¢’ and R*™! := R' + R'.

Then |f — (9¢™! + Ris1)|l = |4 — (g + R)|| = |W| < s+ f]|. By construction
g+t = ¢f|| = |¢]| < s ML and ||R7*Y — Ri| = | R|| < K||£], so these sequences are well

llgll
Cauchy sequences. This ends our induction.

Now, by completeness of A{r~'X} and A, 1[X] the sequences (¢*) and (R’) have a
limit, that we denote by ¢ € A{r~'X} and R € A, 1[X], which satisfy f = g¢ + R as we
wanted. ]

Corollary 1.1.30. Weierstrass Preparation. Let g € A{r~'X} be a X-distinguished
element of order s. There exists an unique couple (w,e) € As[X] x A{r='X} such that w
is a unitary polynomial of degree s, e is a multiplicative unit of A{r='X}, and g = ew.

Proof. Using Weierstrass division, we can write X*° = gg+R with || X*|| = max(||g||ll¢ll, || R]]),
and R € A[X]s_1. Let us set
w:=X°—R=gq.

So w € As[X] is a unitary polynomial. Since g is X-distinguished of order s, according
to lemma 1.1.28, and if we denote by ko the greatest index such that ||, |7 = ||¢||, and

S
w; X', we obtain
=0

w =
l

s+ko — s+ko

lwll = llgqll = 1(9@)s+oll7 st [l
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But since w € A4[X], necessarily, s + kg = s and ko = 0. Hence, by definition of kg, for
all k> 0, [lqol| > [lqkllr*.
The coefficient of degree s in gq being 1, (because gg = X* — R), we have the equality

1=g0gs +91qs—1 + ...+ gsqo

and since kg = 0, and ¢ is X-distinguished of order s, we obtain, with the same reasoning
that we have already used in the course of the proof of lemma 1.1.28, that ||gsqo| >

lgs—iqill for i = 1...s. So |lgsqoll = [|1| = 1, and gsg0 = 1 — (gs—1q1 + - .- gogs), With
llgsq1 + - --gogs|| < 1. Thus, gsqo is a multiplicative unit. Moreover, since gs is also a
multiplicative unit, qo is also a multiplicative unit, and ||go|| = ||gs||~*. Hence
g=ql+3x+.  +%xki ) (1.12)
q0 q0

and since ko = 0 (so ||qi||r* < ||ql| for i > 0) and go is a multiplicative unit, H%Hri <1
for all 4 > 0. Hence
1+ 8x 4 Tk
q0 qo0

is a multiplicative unit of A{r~! X}, and according to (1.12), ¢ is also a multiplicative unit.
So g = ¢ '(X® — R), with ¢~ a multiplicative unit and X® — R a unitary polynomial of
degree s. So if we set e := ¢~ !, and w = X® — R we have the expected result: g = ew.

As for the uniqueness of this decomposition, if ¢ = ew, e and w being as in the
statement of the corollary, then w = X°® + R with R € A;_1[X], and X* = w - R =
e 1g + (—R) which is the Weierstrass division of X® by g. Hence e and R are unique and
w too because w = X° + R. O

Let us assume that A is a k-affinoid algebra, let (r1,...,7,) be a polyradius, and let
us set A = .A{rl_le, . ,r;}an_l}. Then if we set r = 7, A{rl_le, o X, ) =
A{r~'X}, and we can introduce the notion of an element X-distinguished, apply Weier-
strass theory to them, which corresponds to the classical one, especially if A = k, where
we find the classical Tate algebra k{r'X1,..., 7' X, }.

Now we state a result that we will need in the next section.

Lemma 1.1.31. Let € > 0 be given and r > 0 be a polyradius. Let us assume that A is
noetherian, and let us consider

f=> fX"eAlr X}

veNn

Then there exists a finite subset J C N", and for all v € J, a series ¢, € A{r~'X}
satisfying ||¢y|| < €, such that
f= ZfV(XV+¢V)
veJ
and such that in the ¢,’s, not terms X* with p € J appear. Moreover, if we fix some
w € N* we can assume that p € J.

Proof. Let us denote by Z the ideal generated by the family {f, },enn. Since A is noethe-

rian, there exists J a finite subset of N such that Z = A.(f,),es. So for all p € N*\ J

one can find a decomposition f, = > f,a;, with aj; € A. In fact, using [BGR&4, 3.7.3],
veJ
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we can even assume 2 that there exists a real constant C' > 0 such that

Vp e N, Vv e J, |lag|l < Ol full- (1.13)
Then, let us define for v € J
Oy = Z a, X"
nENP\J

Since |[a|| < Cfull, ¢» € A{r~'X}. Hence, in A{r !X}, the following equality is
satisfied:

F=YL(X+ > anX') =3 f(XY+ ). (1.14)
veJ uN7A\J vedJ
Now, if vg ¢ J we set J' = J U {wo}, ¢y, := 0, and for v € J, ¢}, ;== > a;X". One
pENT\J7

checks that the properties mentioned above still hold, namely [|a%| < C||f.|, where the
constant C' has not been changed, and

F=> [(X"+4)).
velJ’

Moreover,

Cll fullr" ———0,
pl—=+o0

so there exists a finite set KX C N" such that
Ve, Vupe N\ K, [la,] <e.

Hence if we increase J adding the elements of K \ J to J, we will manage to obtain a
decomposition

[= Z fV(XV + ¢V)

velJ
such that ||¢,|| < e for all v € J. O

1.1.4 Equivalence of the two notions

From now on, A will be a k-affinoid algebra, and r € R%™ a polyradius such that r > 1
and we will set A{r~'X} = A{r{'Xy,..., 7 X, ). If v € N we will set

XV = XX XEn,

If v=(v1,...,vn) € N" we will set

If r € RE™ and v € N, we will set

2. Indeed, consider

v
(aV)VGJ - Zaufu

ved

According to [BGR84, 3.7.3.1], Z is a complete normed A-module, and ¢ is a continuous map of normed
A-modules. Hence there exists a constant C' such that ||¢(z)|| < C||z|| for all z € A”.
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When p,v € N we will say that p <je, ¥ when p is smaller than v with respect to the
lexicographic order, that is to say when there exists an index m such that p,, < v, and

Hm—-1 = Vm-1,..., 1 = V1.
If Ais a k-affinoid algebra, f = > a, X" € A{r !X} and x € M(A), we will denote
veN?

by f. the element of H(z){r ' X} defined by

fz= Z a,(x)X".

veNn
Since A is noetherian, we can apply lemma 1.1.31 to it.
Proposition 1.1.32. Let f = Y. f,X" € A{r~'X}. There exists a constructible cov-
veNn
ering of X, (X;,S;) BaR X, i = 1..N, such that, if we consider the following cartesian
diagrams:
(Xi,81) % - =X

WiT WT
¢
XixB,-->X xB,

and if we denote by A; the k-affinoid algebra of X;, for all i = 1..N, there exist a; € A;
and a function

gi = Z gin X" € Ai{r X}
veNn?

such that
— For all i, the family {giy}venn generates the unit ideal in A;.

— For all i, 902*(f)|7r;1(5'i) = (aigi>|n;1(si)'
Proof. According to lemma 1.1.31, we can find a finite subset J C N”, and for v € J some
¢, € A{r~'X} with ||¢,|| < 1, such that:
f= 2:.ﬁ&)(yﬁ‘¢u)

veJ
Let us fix any r > 1, and for each v € J, let us consider the constructible datum
(X, Ty) s X where the affinoid algebra of X, is A{T_lt“}uej\{y}/(fu —tufy), and

T, ={ze Xy | |fe@)| <|fu(z)| Yk e J\{v}and f,(z) # 0}

This gives rise to the following cartesian diagrams:

(X, T,) -~ -~ X

7r’ T WT
@y,

X, x B, - ==X xB,

Now,
G =f X+ o+ D tu(XF+ ).
neJ\{v}
For v € J, we set
gy = X"+ v+ Z tu(XM + @bu)
ne\{v}
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Hence,
‘Plu*(f) = fvgv-

Moreover, if we set g, = > g,,X*, according lemma 1.1.31, the coefficient of index
peEN?

V, guw, is 1, so the coefficients of g, generate the unit ideal. Finally, let us denote by Z

the ideal of A generated by the family (f,),ecs. By construction, Z also equals the ideal

generated by (f,),enn. Then, according to the definition of the T} s:

U ¢u(T}) = {z € X | Jv € J such that f,(z) # 0} = X \ V().
ved

Thus, if we set T' = V(Z), then (X,T) Yy X is an elementary constructible datum and
id*(f)ir = fir = 0.

Now if we regroup the constructible data (X,, 7)) RAN X, forv e J, with (X,T) 4 X,
we obtain the desired constructible cover. ]

Definition 1.1.33. Let r € (R%)" be a polyradius and dy,...,d,—1 some integers such
that

Vi=1...n—1, r% <. (1.15)
Then
! X — Xi—i—Xfll" for1<i<n-1 (1.16)
X,— X,

is an automorphism of A{r 1X}. We will call such an automorphism (as well as the
automorphism it induces on the k-analytic space B,) a Weierstrass automorphism.

Remark 1.1.34. If r > 1, we will use that o induces a ’classical’ Weierstrass automorphism
of A{Xy,...,X,}, hence of X x B"™.

Remind the following classical result. If f € k{X1,..., X, }, then there exists a Weier-
strass automorphism o of k{Xi,...,X,} such that o(f) is X,-distinguished. Roughly
speaking, the next lemma says that if A is a k-affinoid algebra, f € A{Xy,...,X,} is
overconvergent, then locally on X = M(.A), we can obtain an analogous result.

Proposition 1.1.35. Let A be a k-affinoid algebra. Let X = M(A) and let x € X. Let
r € R" be a polyradius such that r > 1.

1. Let f € A{r='X} such that f, # 0. Then there exist an affinoid neighbourhood V =
M(B) of x, a polyradius p such that 1 < p < r, and o a Weierstrass automorphism
of B{p~'X} such that in B{p~*X}

o(f) = ag

where a € B and g € B{p~' X} is X,,-distinguished.

2. More generally, let us consider m functions f1,..., fm € A{r=1X} such that for all
i (fi)e # 0. Then there exist an affinoid neighbourhood V.= M(B) of x, a polyradius
p such that 1 < p <r, and o a Weierstrass automorphism of B{Ble} such that for
all 1
o(fi) = aigi
where a; € B and g; € B{p~' X} is X, -distinguished.
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Proof. We first prove (1).
Step 1. Let us write

f=> fX"eAlr'x}

veNn

Let us consider u € N™ the greatest index with respect to the lexicographic order such
that

max |f,(x)| = | fu(z)|.

veNn

Since by assumption f, # 0, it is true that f,(x) # 0. According to lemma 1.1.31, there
exists a finite set J C N™ such that u € J, and for each v € J a series ¢, € A{r 1X}
which satisfies [|¢y || 4¢,-1x} < 1 such that

F=Y" fu(XY + ¢y). (1.17)

ved

Step 2. Let us consider some v € J and let us assume that

(@) < [fu(2)]-

Then we pick some a,b € R such that

[fo(@)| < a <b<|[fuz)]

Next, let us introduce the affinoid domain of X:
W:={2€ X | |f,(2)] <aand b <|f,(2)|} = M(B).

By construction, W is an affinoid neighbourhood of z, f, is invertible in B and

fl/ a
= — < 1.
‘fu s b
So we can write:
Ju(XY + éy) = fu (?/(XVJFQM)).
o

Next we consider some polyradius 1 < p < r. Clearly

pr— 1
= pl

So we can chose some p close enough to 1 such that

Since we already knew that ¢, ||z,-1xy < 1 it follows that

fu(XV +¢u> = f,LL (;V(XV +¢u)> 5
I

oo
e

<1

B{p~1X}

Jv v
f“(X + ¢u)

< 1.
B{p~tX}

But since
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if we set

we still have that ||¢),[|5(,-1x} <1 and

Fu(XF 4 dp) + (XY + @) = fulXF + 6,).

Hence we can remove v from J and replace ¢, by ¢L. The equality (1.17) will still be
satisfied.

If we repeat this process for each v € J such that |f,(x)| < |fu.(z)|, we can assume
that

Vv e J, [fu(z)| = |ful@)]-

Thus, according to the definition of u, this implies that u is the greatest index in J with
respect to the lexicographic order.
Step 3. Then we set
d:= 1+ max |v|.
veJ
Since by assumption 1 < r, if we take s > 1 which is close enough to 1, we can assert that
1< (s77 7 s s) <. (1.18)

We fix a number s > 1, which satisfies (1.18), and we set
L qan—1 an—2 d
pi=(s" ,s% ,...,5%s). (1.19)

In these conditions, it is easy to check that p satisfies condition (1.15) of definition 1.1.33
(actually, p has been defined in (1.19) to further this goal), so

X, — X4+ Xx4
X; = Xi+ X4

anl = anl‘i'Xg
X, — X,

defines a Weierstrass automorphism of B{p~*X}. Then, for v € J \ {u}

U(fu(XV + ¢V)) = fV(U(XV) + U(¢1/)) = f,u (jzz(U(Xy) + J(¢V))> .

Since [|o(¢v)llBo-1x} = ll@wllB{p-1x3 < 1, we can chose s close enough to 1, so that
sl < 1. (1.20)

Then we make the following calculation. If v € J:

n v (i”kdnik)
v v n—k k
lo(X)s1xy = X7 sy = [T (s )" =s 452 0 (121)
k=1



72 CHAPTER 1. OVERCONVERGENT SUBANALYTIC SETS

n
Moreover, we remark that > v,d” ¥ is nothing else but the integer encoded by v in base

k=1
d. Since by assumption, for all v € J \ {u} we have v <j., p, it follows that for all
v e\ {u}

n n
SovdF 1< pd™
k=1 k=1

As a corollary,
sllo(X)sge-1xy < lo(XH)llBgp-1x3- (1.22)

Let us now consider some s’ € R, such that 1 < s’ < s and let us consider

Vi={ze X |WweJ\{u} [f(x) <5fu(2)]}

Then by construction, V is an affinoid neighbourhood of z. Let us then replace B by the
affinoid algebra of V. Then by construction still, for all v € J \ {u},

s <o <
So according to (1.22)
H;:U(Xy)’l?{p_lX} < sllo(X)Bgp-1x3 < llo (X gp-1x3-
So, according to (1.20), we can assume that
||£l:o-(¢V)||B{p_lX} < s'llo(@)llsp-1xy = §'lovllsp-1xy <1 < lo(XY)]).
Thus f
o(fu(XY +¢y)) = fu(?:(U(XV) +o(¢v)))
where F
HJT:(O'(X”) +0 (o)) llso-1xy < llo(X*)llg(o-1x3-
Step 4. So
o(f) = fu (U(X“) +o(du)+ ) ?’(U(X”) +0(¢u)))
veJ\{u} ¥
Hence if we set s
¢=0(¢u)+ D f(U(X“) +0(dv))
ve\{u} *H

the preceding inequalities imply that [|¢[|z(,~1x} < [[o(X*)||5{,~1x}, and by construction

o(f) = fulo(X*) + ¢)).

It follows that o(X*) + ¢ is X,,-distinguished of order 3}_; urd”*, which ends the proof
of (1).

For the proof of (2), it suffices to remark that we could have handled the proof of (1)
simultaneously for all the f/s. The main point being that in step 3, we have to take some
d big enough that works for all f/s simultaneously. O
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Remark 1.1.36. The main idea of the above proof is to take a function f € A{r=1Xy,...,r71X,}
for some r > 1 and to decrease the radius and apply a Weierstrass automorphism so
that f becomes X,-distinguished. To this end, in the proof, we introduce a polyradius

r = (ry,...,ry) such that 1 < r < (r,...,r), and one might think that this is an extra
complication, and that it would have been sufficient to take some 1 < s < r with s suffi-
ciently close to 1, and then to consider the polyradius (s,...,s). But the problem is that
with a polyradius such as (s, ..., s), the transformation o of (1.16) (which should be our
Weierstrass automorphism) would not be correctly defined.

Lemma 1.1.37. If S is an overconvergent constructible subset of X, then S is an over-
convergent subanalytic subset of X.

Proof. 1t is sufficient to prove that if (Y, T) -%5 X is a constructible datum, then o(T) is
overconvergent subanalytic in X.

We claim that if ¢ is a constructible datum of complexity n, there exist some polyradii
s, € R™ such that s € /|k* ]n and 0 < s < r, and some closed immersion ¢:

Y4 X x B,

such that «(T") C X x B,. Indeed this follows from the definition of a constructible datum,
and is proved easily by induction on the complexity of the constructible datum ¢.
Hence ¢(T') = w(¢«(T')), and since ¢(T') is a semianalytic subset of X x B, such that

uT) C X x By
it follows from lemma 1.1.19 that 7(¢(7")) is an overconvergent subanalytic subset of X. [

Proposition 1.1.38. Let S C X. If S is overconvergent subanalytic, S is also overcon-
vergent constructible.

Proof. Let S be an overconvergent subanalytic subset of X. By definition, there exist
r > 1, T a semianalytic subset of X x B! such that S =7 (TN (X x B")). We then show
by induction on n that .S is overconvergent subanalytic.

If n = 0, there is nothing to prove since in that case, X is then a semianalytic subset
of X, in particular it is an overconvergent constructible subset.

Let then n > 0 be given and let us assume that the theorem holds for integers
< n. In order to prove the theorem, we can actually assume that 7' is a basic semiana-
lytic subset (see remark 1.1.2), i.e. that there are 2m functions fi,..., f;,91,-.-,9m €
A{r71Xy,...,r71X,,} and ;€ {<, <} for j = 1...m such that

T={zcX xB} | |f;(x)| b9 |gj(a)] j=1...m}. (1.23)

Step 1. According to proposition 1.1.32 we can find a constructible covering (X;, S;) RN

X where X; = M(B;) which induces the following cartesian diagram

X; x B —~ X x B?

1k



74 CHAPTER 1. OVERCONVERGENT SUBANALYTIC SETS

such that forall j=1...m

(p (f )| ;1(51) (a F? )‘ ~1(5,) (1.24)
@l*(g )| 71(S’L) (bZGZ)‘ 71(5) (1.25)
where a],bz € B, Fl G’ € B;{r 'X}, and the coefficients of F]z (resp. of G;) generate

the unit ideal in B;. Then for each 7 we set
T, = {x € X; xIB%”||a ()] >y |bZG§(x)|j:1...m}
So (1.24) and (1.25) imply precisely that

T, 0w (S = o (T) N ' (S)).

(2

So if we set

U, := WZ(E N (Xz X Bn))
then,

901(51 N Uz) = QOZ(S@) ns

hence since the ¢;(.S;) form a covering of X
U (SiNUy).

So if we prove that ¢;(S; N Uj;) is overconvergent constructible, we are done.

But actually, since each S; is overconvergent constructible in X; (it is even semianalytic,
see remark 1.1.6) if we prove that U; is an overconvergent constructible subset of X;, then it
will follow that S; NU; is an overconvergent constructible subset of X;, and then according
to proposition 1.1.13 (2), ¢;(S; NU;) will be overconvergent constructible in X. Thus, we
restrict to prove that U; is overconvergent constructible in X;.

Step 2. We can then replace X by one of the X;’s and assume that T is defined by

T ={ze X xB} | |a;fj(x)| > |bjg;(2)] j=1...m} (1.26)

with aj,b; € A, f;,9; € A{r 1 X} such that for all j, the coefficients of f; (resp. of g;)
generate the unit ideal of A. In this situation we must show that S is overconvergent
constructible in X where

S=n(TnN(X xB")).

Let then € X. The above property of the f;’s and g}s implies that (fj), # 0 and
(9j)2 # 0. So we can apply proposition 1.1.35 to them. Thus there exist an affinoid
neighbourhood V' = M(B) of x, some polyradius 1 < p < (r,...,r) and some Weierstrass
automorphism o of B{p~! X} such that for each j,

o(fj) = o;F; (1.27)

o(gj) = B;G; (1.28)
where «j,3; € B and F},G; are X,,-distinguished elements of B{Ble}. Let us then
consider the following commutative diagram:

VxB,—=VxB, —X xB}

7.r/
s
7|'”

X
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where ¢ is the embedding of the affinoid domain V' x B, in X x B}!. Then let us set
T =, YT) and T" := o (. 1(T)).
First it is clear that

SNV=n

(T (X xB"))
=7 )

TN

TNV xB")
=7(T' N (V x B"))

=7"(T" N (V x B")) (1.29)
For the last equality (1.29), we use that the Weierstrass automorphism o induces an
isomorphism of V' x B™ as noticed in remark 1.1.34.

But since we know that being overconvergent constructible is a local property (see
corollary 1.1.15), if we prove that S NV is overconvergent constructible, then since x has
been taken arbitrarily, and since V is an affinoid neighbourhood of z, this will conclude the
proof. So we can restrict to prove that #” (7" N (V x B™)) is overconvergent constructible
in V. Now according to (1.26)—(1.28), T” is a semianalytic subset of V' x B, defined
by inequalities between functions aja;Fj, b;j3;G;, where aj,a;,b;,3; € B and F;,G; €
B{p~'X} are X,-distinguished.

Step 3. So replacing p by r, X by V, T by T”, aja; by aj, bj3; by b;, F; by f; and
G by gj, we can assume that

T ={z € X xBy | |a;fj(x)| vx; bjgj ()| j=1...m}. (1.30)

where a;,b; € A and F};,G; € A{r~1X} are X,, distinguished in A{r 'X?}. Then, we
apply the Weierstrass preparation theorem 1.1.30 to f; and g;. So there exist ej,e;- €
/

A{r~1 X} some multiplicative units, and w;, w); some unitary polynomials of Alr7 X, () T X1 X

such that
fi = ejw;
gj = e;wj.
So if we set
Pj = ajw;
Qj = bjw},

we have that P;,Q; € A{ri'Xi,..., (rp—1)""X,—1}[X,]. In addition, since ej, €} are

multiplicative unit, for all x € X x B,, |e;j(z)| = ||e;|| € v/|k*|. So we finally obtain that

T ={ze€X xB, | |a;fj(@) > |bjgj(x)| j=1...m}
= {2z € X x B, | llejll[P;()] o5 [lef[1|Q;(x)| j =1...m}. (1.31)

Let us consider the projection along the last coordinate of B,.,
XxB ™ X xBpy -2 X

according to [Duc03, 2.5] 71 (7N (X x B") is a semianalytic subset of X x B
by induction hypothesis,

) So

T1ssTn—1

7T2(7F1(Tﬂ (X X Bn))

is overconvergent constructible in X. Since mgom; = 7, this proves that .S is overconvergent
constructible and ends the proof. O
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Remark 1.1.39.
We have then proved

Theorem 1.1.40. Let X be a strictly k-affinoid space, and S C X. Then S is overcon-
vergent subanalytic if and only if S is overconvergent constructible.

Hence thanks to this theorem we can use some obvious properties of overconvergent
subanalytic (resp. constructible) subsets to prove less obvious results about overconvergent
constructible (resp. subanalytic) subsets. For instance we can obtain the non-trivial result
concerning overconvergent subanalytic subsets:

Proposition 1.1.41. Let X be a strictly k-affinoid space. The class of overconvergent
subanalytic subsets of X is stable under finite boolean combination®.

Proof. This was proven for overconvergent constructible subsets in propositionl.1.13. [

In the same way, we obtain a non-obvious stability property for overconvergent con-
structible subsets:

Corollary 1.1.42. Let r € R" be a polyradius such that r > 1, and S € X x B, be an
overconvergent subanalytic (or constructible) subset of X x B,. Then 7 (SN (X x B")) is
an overconvergent subanalytic (or constructible) subset of X.

Proof. If S is an overconvergent subanalytic subset of X x B,, by definition, there exists
s > 1, an integer m and T' a semianalytic subset of X x B, x BY* such that S = mo(T N
(X x B,) x B™)) where mp : (X x B,) x B]* - X x B, is the natural projection. Hence
T(SN(X XB")) = ma(TN((X xB")xB™)) = ma(TN(X xB"™) where w3 : X xB, xB" — X
is the natural projection (so mg = mom;). Hence S is an overconvergent subanalytic subset
of X. O

1.1.5 From a global to a local definition

Definition 1.1.43. Let X be a good k-analytic space. A wide covering of X is a covering
{X;} such that the X/s are affinoid domains of X and {X;} is also a covering of X.

Proposition 1.1.44. Let X be a strictly k-affinoid space, and S a subset of X. The
following assertions are equivalent:
1. S is an overconvergent subanalytic subset of X.
2. For all wide covering {X;} of X, X; NS is an overconvergent subanalytic subset of
X;.
3. There exists a wide covering {X;} of X such that X;NS is overconvergent subanalytic
i X; for all .
4. For all x € X there exists an affinoid neighbourhood V of x such that VNS is

overconvergent subanalytic in V.

5. Forallxz € X there exist Vi, ...V, some affinoid domains of X such that V1U... .UV,
is a neighbourhood of x and such that V; NS is overconvergent subanalytic in V; for
all 1.

The property (4) implies that the class of overconvergent subanalytic subsets is local in the
sense of definition 1.0.1.

3. In fact, the only non-trivial result is that overconvergent subanalytic subsets are stable under taking
complementary.
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Proof. (1) = (2) is obvious and is a consequence of lemma 1.1.17.
(2 ):>( ) is clear.
(3) & (4) follows from the compactness of X.
(4) = (1) follows from the analogous statement for overconvergent constructible sub-
sets (corollary 1.1.15) and theorem 1.1.40.
O

Definition 1.1.45. Let X be a good strictly k-analytic space. A subset S C X is
called overconvergent subanalytic if for all x € X there exists V a strictly affinoid

neighbourhood of z such that S NV is overconvergent subanalytic in V' (according to
definition 1.1.16).

According to the last proposition, when X is a k-affinoid space, this definition 1.1.45
is compatible with the previous one (definition 1.1.16).

Definition 1.1.46. Let X be a good strictly k-analytic space. A subset S of X is called
locally semianalytic if for all z € X there exists V' some strictly affinoid neighbourhood
of z such that V' NS is semianalytic in V.

Corollary 1.1.47. Let X be a good strictly k-analytic space. The class of locally semi-
analytic subsets of X is contained in the class of overconvergent constructible subsets of

X.

Corollary 1.1.48. Let X be a strictly k-affinoid space and let S C X be a subset of X.
Then S is an overconvergent subanalytic subset of X if and only if there exist v > 1, an
integer n, and T'C X x B} a locally semianalytic subset, such that S = 7(T' N (X x B")).

Proof. The first implication is true because a semianalytic subset of X x B is in particular
a locally semianalytic subset of X x B;.

Conversely, if S = 7(T'N (X x B™)) where T is a locally semianalytic subset of X x B},
then according to corollary 1.1.47, T is overconvergent subanalytic in X x B, so according
to corollary 1.1.42, w(T'N (X x B™)) is also overconvergent subanalytic. O

Lemma 1.1.49. Let ¢ : X — Y be a morphism of good strictly k-analytic spaces, and
S CY be a locally semianalytic subset. Then ©~*(S) is locally semianalytic.

Proof. Let x € X, y = p(x). There exists an affinoid neighbourhood V' of Y such that
V' N S is semianalytic in V. Let W be an affinoid neighbourhood of = in ¢~*(V). Then
W N 1(9) is semianalytic in W. O

Theorem 1.1.50. Let ¢ : Y — X be a morphism of strictly k-affinoid spaces, and U
an affinoid domain of Y such that U C Int(Y/X). If S is an overconvergent subanalytic
subset of Y then (U N S) is an overconvergent subanalytic subset of X.

Proof. According to [Ber90, Prop 2.5.9] there exist 7 > s > 0 and A{r~'t} — B an
admissible epimorphism which hence identifies Y with a Zariski closed subset of X x B,,
such that under this identification, U C X x B,. We can assume that s € VIEXT". If we

denote by I'(¢) the graph of ¢, this induces a Zariski closed embedding of Y ~ I'(p) =
X x B,. Now since S is an overconvergent subanalytic subset of Y, according to lemma
1.1.18, i(.S) is an overconvergent subanalytic subset of X xB,.). Finally, U is a semianalytic
subset of Y (because of Gerritzen-Grauert theorem), so i(U) is also semianalytic in X xB,,
and by assumption, i(U) C X xBy, soi(UNS) C X xB, is an overconvergent constructible
subset of X x B,, and according to corollary 1.1.42, 7(i(U N §)) is an overconvergent
subanalytic subset of X. But this set is precisely ¢(U N S). O
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Proposition 1.1.51. Let ¢ : Y — X be a morphism of good strictly k-analytic spaces,
S an overconvergent subanalytic subset of Y such that |S| — |X| is proper and |S| C
Int(Y/X). Then ¢(S) is an overconvergent subanalytic subset of X.

Proof. If X' is an affinoid domain of X and if we consider the cartesian diagram :

Scy-2 - Xx

i

S/CY/LX/

then ¢/~1(S) is closed in Y’ and contains ¢'~(S) = S’ so S’ C &' C +'~1(S), and since
properness is stable under base change, 1/'~1(S) — |X’| is proper, and since S’ is closed,
S — |X'| is proper. Moreover, '~ (Int(Y/X)) C Int(Y’/X’) ( [Ber90, 3.1.3 (iii)] ) so
ST Cy'=HS) CInt(Y'/X'). So S" and ¢’ fulfil the hypotheses of the proposition. Hence,
since the property we want to check is local on X, we can assume that X is a k-affinoid
space, hence that @ is compact.

Now for every y € |S| we can find an affinoid neighbourhood U such that U C
Int(Y/X), because Int(Y/X) is open. Then, ¢(U N S) is an overconvergent subanalytic

subset of X according to theorem 1.1.50. Since |S| is compact we can extract from this a
finite covering of |S|, which finishes to prove that ¢(5) is overconvergent subanalytic. [

Corollary 1.1.52. Let ¢ : Y — X be a proper morphism of good strictly k-analytic spaces.
Remind ( [Ber90, p.50]) that it means that || : |Y| — | X]| is proper and that 9(Y/X) = (.
Let S be an overconvergent subanalytic subset of Y. Then ¢(S) is an overconvergent
subanalytic subset of X.

Definition 1.1.53. A morphism ¢ : Y — X of good k-analytic spaces is locally extendible
without boundary if, for all y € Y, there exists an affinoid neighbourhood U of y, Y’ a
k-affinoid space that contains U as an affinoid domain, and 1 : Y’ — X that extends DU
such that U C Int(Y'/X).

Remark that using again [Ber90, 3.1.3 (iii)], this property is stable under base change.

Proposition 1.1.54. Let ¢ : Y — X be a compact morphism of good strictly k-analytic
spaces (i.e. |@| : |Y| — |X]| is proper [Ber90, p.50]) which is locally extendible without
boundary. Then o(Y') is an overconvergent subanalytic subset of X .

Proof. We can assume that X is a k-affinoid space, so Y is compact. Then for all y € Y
we can find an affinoid neighbourhood U of y and Y’ a k-affinoid space that contains
U, and ¢ : Y' — X that extends ¢y, such that U C Int(Y’/X). Then, according to
theorem 1.1.50, ¢(U) is an overconvergent subanalytic subset of X (take S =Y”). Hence
by compactness of Y, p(Y') is overconvergent subanalytic. O

1.1.6 The non strict case

In this section, k will be an arbitrary non-Archimedean field (possibly trivially valued).
One of the advantages of Berkovich’s approach is the possibility to use arbitrary A € R
to define inequalities. It is then natural to give the following definitions:

Definition 1.1.55. Let A be a k-affinoid algebra, and let us set X = M (A).
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1. A subset S C X is called non-strictly semianalytic if it is a boolean combination of
subsets

{ze X | |f(@)] < Ng(2)[}
where f,g € Aand A\ € Ry.

2. A subset S C X is called non-strictly overconvergent subanalytic if there exist an
integer n € N, a real number r > 1, a non-strictly semianalytic set 7' C X x B’ such
that S = w(T' N (X x B")) where 7 : X x B — X is the first projection.

Remark 1.1.56. Let X be a strictly k-affinoid space and let S C X. The following impli-
cation holds:
S is semianalytic = S is non-strictly semianalytic.

However, if \/|k*| C R%, the converse implication is false. Indeed, let r €]0, 1] such that
r ¢ k<], let X = B! = M(k{t}) and let S = {z € B | |t(z)| = r}. By definition, S
is a non-strictly semianalytic set of B!, but we claim that it is not semianalytic. Indeed,
we will see in 1.2.13 that semianalytic sets are entirely determined by their rigid points,
that is to say, if 57 and Sy are semianalytic subsets of X, then, S; = Sy if and only if
S1N Xpig = S2N Xyig. Since in our example, SN X,y = 0, if S was semianalytic, it would
then be empty, but S is not empty. Actually S = {n,}.

Definition 1.1.57. Let X be a k-affinoid space. Let (X,S) be a k-germ, f,g € A,
0 < s<r wherer,s €R, and

Y = M(A{r~'t}/(f - tg)) & X

and T = o L (S)NRN{y € Y | | f(y)| < s|g(y)| # 0} where R is a non-strictly semianalytic

subset of Y. Then we say that (Y,T) % (X, R) is a non-strictly elementary constructible
datum.

The only difference with definition 1.1.3 is that we do not assume any more that
s € v/|k*], and that R is allowed to be non-strictly semianalytic, that is to say defined
with inequalities involving some arbitrary A € R.

Then we mimic definition 1.1.5, and say that a non-strictly constructible datum (Y, T') %
(X,S) is a composite ¢ = @1 o...0 ¢, where each p; is a non-strictly elementary con-
structible datum. Finally, if (X;,S;) RN X,i = 1...n are n non-strictly constructible
data, we say that S := U ;;(S;) is a non-strictly overconvergent constructible set.

We claim that all results we have proven in this section for overconvergent subanalytic
(resp. constructible) sets remain valid for non-strictly overconvergent subanalytic (resp.
constructible) sets. For instance:

Theorem 1.1.58. Let X be a k-affinoid space. S C X 1is non-strictly overconvergent
subanalytic if and only if it is non-strictly overconvergent constructible.

In this context, we want to stress out that for instance propositions 1.1.44, 1.1.51 also
remain true.

1.1.7 A more functional-theoretical definition

In this section, we want to explain the links which exist between our definition of
overconvergent constructible subsets and the notion of (strongly) D-semianalytic subsets
which was studied in [Sch94al.
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In this section A will be a k-affinoid algebra, and X = M(.A) is the associated affinoid
space.

Let k£ be a valued field. The operator Dy, that we will denote by D if no confusion is
possible, is a function k2 — k defined by:

if y 0 and [2] < [y
otherwise

We will denote k{Xi...X,}' the Monski-Washnitzer algebra [GK00] of overconvergent
power series in n variables. By definition, it is the following inductive limit :

F{X1 . X =l ke XX

r>1

Likewise we can define

AT, T =i AL X T X )

r>1
Schoutens has introduced [Sch94a, 1.2.2]) the following k-algebra:
Definition 1.1.59. A((D)) is the smallest set of functions

faMA) = I Hx

zeEM(A)

such that for all z € X, f(z) € H(x), which satisfies:
1. It contains the functions induced by A.
2. A{(D)) is a k-subalgebra of the set of functions f: M(A) — ] H(z). In other

zeEM(A)
words, if f,g € A((D)), f+ g and fg € A((D)).
3. If f and g € A((D)), then D(f,g) too where D(f,g) = x = Dy (f(x),g(z)).

4. I F € A{Ty... T}, and fi...f, € A({(D)), such that for all i = 1...n, ||fi]| :=
sup |fi(x)] <1, then F(f1...fn) € A(D)).
zEM(A)
The aim of this subsection is to prove proposition 1.1.67.

Remark 1.1.60. 1. It is easy to prove that in the fourth case of this definition, we

could have allowed functions f; such that sup |fi(x)] < r; € /|k*| and F €
zeEM(A)

A{r7 My, .. YT} For simplicity we explain how it works for n = 1. In that
case, we are given some f € A((D)) such that || f|| <7 € /]k*| and F € A{r~ 1T}
and we want to prove that F(f) € A((D)). Let N € N such that v € |k*|, and
let A € k* such that 7 = |\|. Moreover, let u € k* such that ||f|| < |u|. We then
introduce the following series:

N—
G(X,Y) ZZ anj+if N XY
j=>0 =0

It is easy to check that G(X,Y) € A{X,Y}! and that F(f) = G(fN f)

2. We also want to point out that if ¢ : ¥ = M(B) - M(A) = X is a morphism of
affinoid spaces, considering for all x € X the morphism H(p(z)) — H(x), one can
define a morphism ¢* : A((D)) — B{D}!, this construction being functorial.
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3. Lastly, note that if f,g € A{(D)), then ©*(D(f,g)) = D(p*(f), ¢*(g)).

Definition 1.1.61. Let X = M(A) be a k-affinoid space. A subset S C X is called
overconvergent D-semianalytic if it is a finite boolean combination of subsets of the

form: {z € M(A) | |f(z)| > |g(x)|} where e {<,<,=} and f,g € A((D)).

In this definition one could have only authorized <€ {<}, and we will use this freely
in the rest of this section.

Remark 1.1.62. Let (X,S5) be a k-germ, f,g € A. Let us consider the following two
elementary constructible data of (X, S):

Let r > 1, s = 1, and B = A{r~'t}/(f — tg), Y = M(B), ¢ the natural morphism
Y5 X, and U ={y €Y | |f(y)l < lg(y)| and g(y) # 0} N~ (S). Then (Y,U) = (X, 5)
is an elementary constructible datum.

Secondly, let V. ={z € S | g(z) =0 or |f(z)| > |g(x)|}. Then (X,V) A, (X, S) is also
an elementary constructible datum. Moreover:

S=V][U, and

—id*(D(f,9))jv =0=0y

— ¢"(D(f,9))jv =ty where t € B.

In fact, D(f,g) is not a function of the affinoid algebra of X, but should be thought
of as a function that lives on some constructible data above X.

In all the statements and proofs which follow, if (Y, T") % (X,S) is a constructible
datum, we will constantly assimilate 7" and ¢(T") (see remark 1.1.4).

Proposition 1.1.63. Let (X,S5) be a germ, and f € A((D)). Then there exists an
constructible covering

(M(B),T}) = (X;,T;) -5 (X,S), i=1...m
and for all i some functions f; € B; such that (o} (f))r, = fir,-

Proof. We show it by induction on the definition of f.

If f € A, this is clear, taking ¢ = id.

To prove the induction step we distinguish the cases which appear in definition 1.1.59.

Case g + h and gh. For instance, if g,h € A{((D)) and f = gh. If we assume that
there exists a constructible covering (X;,T;) BaR (X,S), i=1...m and some g;, h; € B;
such that (07 (9)), = gir, and (¢ (h))ir; = hijz,- Then we set f; := gih; and then

(i (f)ir, = i, for all 4.
Case D(u,v). If u,v € A((D)) and we consider D(u,v). Then by induction hypothesis

and using corollary 1.1.12, one can find a constructible cover (X;, T;) 2 (X,S),i=1...m
and some functions u;,v; € B;, such that o (u)1, = wijz,, and ¢} (v)7, = vig, for all 4.
We can then conclude with remark 1.1.62.
Case F(f1,...fn). If fi € A((D)), i =1...n are n functions such that || f;|| < 1, and
F € A{Xy,... X}, we want to treat the case of F(fi...f,) € A((D)). Let r > 1 such
that F € A{r—'Ty,...,r~'T,}. By induction hypothesis we have in hand a constructible
covering of (X,5), (X;,S;) RN (X,S), i = 1...m, and some functions fi;...fn; €
A; = O(X;) such that fk,iwi = ¢ (fi)s,- Fori =1...m, k = 1...n, we set Al =
k
Afr T}/ (g = Tha), XE = M(AD), and SF = {& € XF| |fro(@)] < 1}. (X}, S5) 2
(X, S) is then a constructible cover. We then define for each i = 1...m a constructible

datum: (Y;,T;) BN (X,S) which is the fibered product of all the constructible data



82 CHAPTER 1. OVERCONVERGENT SUBANALYTIC SETS

k
(XE, Sk BER (X,S), k=1...n. Then one checks that on Y; the function F(T;1,...,Ti )

1~

is well defined and has the expected properties. ]

Lemma 1.1.64. Let f,g € A((D)). If we consider the functions 1, where B is one
of the D-semianalytic subset {x € X | |f(z)] = 0}, {z € X | |g(z)| < |f(x)|} and
{re X | lg()| <|f(x)]}. Then 1p € A{(D)).

Proof. First let us note that D(f,f) = 1yz. So 1 = D(f, f) = 15=0 € A((D)). In

particular D(D(f, g), D(f,9)) = Lp(s,9)20- Now D(f,g)(z) # 0 is equivalent to g(x) # 0
and |f(x)| < |g(x)| and f(z) # 0, which is also equivalent to f(x) # 0 and |f(z)| < |g(z)|.

So D(D(f,9), D(f,9)) = Lis0 and |f|<|gl}-
Likewise, one checks that D(f,g)D(g, f) = 14— |f|>0- Finally one can partition X in
the following way:

X = bl X1 X3 [ X4
={f=0} [[{r#0and|g =/} [I{f#0and|gl>|fl} [I{f#0and]|gl <|f]}

which gives 1 = 1x, + 1x, + 1x, + 1x,. We have seen that 1y, and 1x, € A((D)).
Moreover 1x, +1x; = 1520 and |g>|f)} € A{(D)). Hence 1x; € A((D)) and 1x, too. [

Lemma 1.1.65. If s € \/|k*|, and f,g € A{(D)), let us define

Ds(f,9) + X — 11 H(x)
rxeX

o {féi if g(x) # 0 and |f(z)] < slg(2)

0 otherwise

Then Ds(f,g) € A{(D)) and || Ds(f,g)|| < s.
Proof. Let pu € k* such that |u| > s, and A € k*, d € N* such that s¢ = |\|. For z € X,
Ia) g 0 and <
(4D g1)) (&) = {  if9(@) # 0 and |f(@)] < |pllg(x)|

g
0 otherwise

Let U= {z € X | |f(z)| < slg(z)|} = {z € X | |f¥(z)| < |(Ag?)(x)|}. According to lemma
1.1.64, 1y € A((D)), so Ds(f,9) = LupD(f, ng). O

Lemma 1.1.66. Let (Y,T) % (X,S) be an elementary constructible datum with Y =
M(B). Let h € B{D}!. There exists h' € A((D)) such that hyp = @*(h')7.

Proof. There exist f,g € A, some real numbers » > s > 0, d € N, A € k*, such that
s? = |\, and B = A{r~'t}/(f — tg).
We then make an induction on the number of steps in the definition of h.
If there is 0 step, h € B, so h has a representative F(t) = 3 a,t" in A{r~1t}. We
n>0

then define h' = F(Ds(f,g)). Then using lemma 1.1.65 ¢* (') = hyr suits.
To make the induction step, if h = hy + hg, hi.ha, p.hy or D(hy, hy) this works easily.
If h=F(f1,..., fn), with f; € B{D}! such that || f;]| < 1, and F € B{Xy,..., X,,}T,

ie. FF'= 3> b,X" such that ||byr”|| —— 0 for a polyradius r > 1. Since ideals in
veNn [v| =00

affinoid algebras are strictly closed [BGR84, corollary 5.2.7.8], and B = A{r~'t}/(f —tg),
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for all v € N", there exists a series > a, ,t™, that is a representative of b, in A{r=1t},
m>0

such that [[by]| = || 3 avmX™ | agr—15p = max|laym[r™. Then we define
m>0 m>0

G(X1,..., Xp,t) = > Ao X "

v=(v1,...,un,m)EN+1

Then G € A{r{ ' Xy,... 75
Hence using remark 1.1.60, ' = G(f1,..., fn,Ds(f,9)) € A{((D)). One checks that
hir = ¢*(h)r- O

Proposition 1.1.67. Let X = M(A). S C X is overconvergent D-semianalytic if and
only if it is an overconvergent constructible subset of X.

Proof. Let C' C X be an overconvergent D-semianalytic subset, and let us show that it
is an overconvergent constructible subset. Since overconvergent constructible subsets are
stable under finite boolean combination, we can assume that C = {z € X | | f(z)| < |g(=)|}
where f,g € A((D)). According to proposition 1.1.63, we can find a constructible covering
of X, (X;,S;) RN X,i=1...m, with X; = M(B;), and some functions f;,g; € B; such
that fiis, = ¢;(f))s; and g5, = ¢j(g))s, for all i = 1...m. For each i we define the

constructible datum (X, T;) %5 X where T} = {z € Si | |fi(x)] < |gi(z)|}, and since we
n

initially had a constructible cover, C' = |J ¢;(T;) so C' is an overconvergent constructible
i=1

subset of X. '

Conversely, if C C X is an overconvergent constructible subset of X, let us show
that it is overconvergent D-semianalytic. Let us actually prove that if (Y,T) Py X s
a constructible datum and if U C Y is an overconvergent D-semianalytic subset of Y,
then (U N T) is overconvergent D-semianalytic in X (this is more than enough since
the class of D-semianalytic subset contains the class of semianalytic subsets). In order
to prove this, we make an induction on the length of the constructible datum, and can
then restrict to an elementary constructible datum (V,T) % X, where Y = M(B), and
suppose that U C Y is overconvergent D-semianalytic. For simplicity, let us assume that
U={yeY ||fy) <lgy)|} with f,g € B{D}'. Then according to lemma 1.1.66 we
can find functions f',¢" € A((D)) that lift fj; and gjp. Then p(T'NU) = ¢(T) N C where
C ={x e X||f'(x)] <|g'(x)|} hence is overconvergent D-semianalytic. O

1.2 Study of various classes

1.2.1 Many families

In this section X = M(A) will be a strictly k-affinoid space. The aim of this sec-
tion is to first recall the definitions of the various classes of rigid/locally/strongly/D-
semianalytic/subanalytic subsets of X that are defined in [Sch94a].

We now give the following definitions. A subset S C X is called :

(a) semianalytic if it is a boolean combination of subsets of the form {z € X | |f(z)| <
l9(@)[}, with f,g € A.

(b) Locally semianalytic, if for all z € X there exists an affinoid neighbourhood V' of x
such that SNV is semianalytic in V.

(c) rigid semianalytic if there is a finite affinoid covering {X;} ; such that SN X; is
semianalytic in X; for all 4.

1X,,r~1}, and since (r1,...,7m,7) > (1,...,1,5), G € A{Xq,...

, X, sTTX M.
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(d) Overconvergent subanalytic has been defined in definition 1.1.8. As we proved in
the previous section, this corresponds also to overconvergent constructible subsets.
Moreover, our definition of overconvergent subanalytic subset is the same as the
definition of globally strongly subanalytic of [Sch94a, 1.3.8.1]. In [Sch94a] it is proven
and it is correct that this is equivalent to the class of globally strongly D-semianalytic
subsets [Sch94a, 1.3.2].

(e) G-overconvergent subanalytic if there exists a finite affinoid covering { X;} of X such
that S N X; is overconvergent constructible in X; for all ¢. This corresponds to the
notion of strongly D -semianalytic subset in [Sch94a, 1.3.7.1].

(f) Strongly subanalytic if there exist an integer n, r > 1, a subset 7' C X x B which is
rigid semianalytic, such that S = m(T'N(X xB")). This is definition [Sch94a, 1.3.8.1],
and we will give an equivalent definition in proposition 1.2.8.

(g) Locally strongly subanalytic if there exists a finite affinoid covering {X;} of X such
that SN X; is strongly subanalytic in X; for all 4. This is definition [Sch94a, 1.3.8.2].

In [Sch94a] it is stated that (d),(e),(f) and (g) are equivalent (equivalence of (e), (f), (9)
is stated in [Sch94a, Prop 4.2], and the equivalence of (d) and (f) is stated in [Sch94a, Th
5.2] ). These results rest on [Sch94a, lemma 4.1] which is false, and we will show indeed
that (d), (e) and (f) correspond in general to three different classes. More precisely the
aim of this section is to show that these classes satisfy the following relations:

Figure 1.1: The hierarchy

G—
semianalytic
~
Locally G- ¥ O
strongly ) Strongly 21 overconvergent ot " Locally
5
subanalytic subanalytic subanalytic %\) 0%\ semianalytic
2
overconvergent
subanalytic

In this figure, Class A 2 Class B, means that the class A properly contains the class B,
and Class A 2 Class B means that the Class A does not contain the class B.

In this diagram, all the inclusions are clear from the definitions, except the inclusion
7 which states that the class of overconvergent subanalytic subsets contains the class of
locally semianalytic subsets. But this is precisely the content of corollary 1.1.44. In
comparison with what was stated in [Sch94a], the most striking inequality is probably Q5
which asserts that rigid semianalytic subsets are not necessarily overconvergent subanalytic
subsets whereas according to [Sch94a, Th 5.2], they should be overconvergent subanalytic.
In other words, when you project overconvergent semianalytic subsets, you obtain a class
which is not G-local (but however local for the Berkovich topology).

In this section we will show that the inclusions (1)-(8) in figure 1.1 are all proper in
general (in the next section we will explain that if X is regular of dimension 2, overcon-
vergent subanalytic subsets correspond to locally semianalytic subsets). We do not know
if the inclusion on the left

locally strongly subanalytic O strongly subanalytic

is proper.

o8
=

semi—

analytic
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1.2.2 rigid semianalytic sets are not necessarily overconvergent suban-
alytic

Here we prove the inequality ¢5.

Lemma 1.2.1. Let n € X such that Ox, is a field, S C X a semianalytic subset. If
n €8S, then S is non empty.

Proof. Since

C:

Us-

we can assume that S is a basic semianalytic subset, i.e is of the form:

=1

5 = (ﬁ{xexuﬂ |<|gz<>r})ﬂ(ﬁ{xeX|rF |<\G<>\}>.

i=1 j=1
We use the following decomposition

{z e X [fi(x)] <lgi(@)]} ={z € X | fi(x) = gi(z) = 0}U{z € X | [fi(2)] < lgi(x)| # O}

and using again that the adherence is stable under finite union, we can assume that € S
and that S is of the form:

l
S= [z € X|hi(x) —O}H{JJGXHJ‘J )< lgj(x I#U}ﬂ{ZEEXHFk )| < 1Gr(2)[}-

i=1 j=1

Since the subsets {z € X | h;j(z) = 0} are closed, contain S and n € S, it follows that
hi (77) =0.

Since Ox 4 is a field we can find an affinoid neighbourhood V' of 1 such that h;y, =0
for all i. Hence V NS # () (because n € S) and we can remove the h/s, and assume that

VAS=(zeV | If@) < gl £0} eV | 1Rl < Gu)).
j=1 k=1

This defines a strictly k-analytic domain of X, which is non empty, so its interior is also
non empty, for instance its interior contains some rigid points. ]

Lemma 1.2.2. Letn € X and let us assume that Oxy, is a field. Let (Y,T) 2 (X, S) be an
elementary constructible datum with Y = M(A{r='t}/(f —tg)) where T = p=1(S)N{y €
R | |f(y)] < slg(y)| # 0} with0 < s <r, s € \/[kX] and R a semianalytic subset of Y.

Let us assume that n € p(T). Then

() 9(n) #0

(b) [f(m)] < slg(n)|.

(c) There exists a neighbourhood U of 1 such that =1 (U) 20O, 17 45 an isomorphism.

If we denote by 1 the only point of ¢~ (U) such that (') =n, then € T and Oy
s a field.

Proof.
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(a) If we had g(n) = 0, since Ox, is a field, there would exist an affinoid neighbourhood
of n, V, such that g, = 0. Since for p € T', g(¢(p)) # 0 we should have p(T) NV =0

which is impossible since n € o(T).

(b) The subset {z € X | |f(z)| < s|g(z)|} is a closed subset of X which contains ¢(T'),
hence by assumption also 7.

(c) If weset U ={y €Y | g(y) # 0}, ¢y identifies through an isomorphism U with
oU) = {z € X | |f(z)] < r|g(z)] # 0} which is an analytic domain of X, and a
neighbourhood of 1 according to the two preceding points. So n € ¢(U), let us say
n=¢(n') with ¥ € U. Now, Oy,y ~ Ox, is a field and o/ € T..

O]

Corollary 1.2.3. Let n € X such that Ox, is a field, and let U be an overconvergent
subanalytic subset of X. If n € U, then & # 0.

Proof. First, according to theorem 1.1.38, we can assume that U is an overconvergent
constructible subset. Then, using similar arguments as in the beginning of lemma 1.2.1,
we can assume that U = ¢(T) where (Y, T) -Z5 X is a constructible datum. Hence T is a

semianalytic subset of Y. A repeated use of lemma 1.2.2 allows us to say that there exists

P —
an open neighbourhood U of 7, such that o~(U) Tt @), U is an isomorphism. Thanks

to lemma 1.2.2 again, we can introduce 7', the only point of = }(U) such that ¢(n') =7,
and assert that Oy, is a field and that 1’ € T. Now if we consider V a strictly affinoid
neighbourhood of 7’ contained in o ~!(U), it is true that ” € TNV (the adherence is here
taken in V). Now, T'NV is a semianalytic subset of V' so according to lemma 1.2.1, TNV
has non empty interior in V. We can then deduce that T" has non empty interior in X
whence ¢(T') has also non-empty interior. O

Proposition 1.2.4. Let X = B? = M(k{Ty,T»}) be the closed bidisc, and let 0 < r < 1
with v € |k*|, say r = || for some ¢ € k, and let f € k{r~'u} be some function whose
radius of convergence is exactly r, and || f|| < 1. We then define

S={zeX ||T(z)| <rand Tr(z) = f(Ti(z))}.

Then S is rigid semianalytic but not overconvergent subanalytic. As a consequence, the
class of overconvergent subanalytic subsets is not G-local.

Proof. In more concrete terms, S is the set of points of the curve whose equation is
Ty = f(T1), restricted to the subset {|T1] < r}. Let us consider

B % X

u = (eu, f(eu))

and let us set n = ¥(g) where g is the Gauss point of B. Then S C ¢(B) and n € S.

According to [Duc, lemma 2.21] Ox,, is a field. Furthermore S = ) because S C Z :=
{z € B,y | To(z) = f(Ti(x))}, which is a Zariski closed subset of dimension 1 of By, 1),
which itself is of pure dimension 2, so Z is nowhere dense in By, 1y [Ber90, 2.3.7]. Hence
according to corollary 1.2.3, S is not overconvergent subanalytic. However, if we consider
the covering of X given by X1 = {z € X | |Ti(z)| < r}, Xo = {z € X | |Ti(z)| > r},
then S N X7 is indeed semianalytic in X7 and SN X =0, so S is rigid semianalytic.
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Now since the class of overconvergent subanalytic subsets contains the class of semi-
analytic subsets, if the class of overconvergent subanalytic subsets was G-local, it should
contain the class of rigid semianalytic subsets, but we have shown that this is false. Hence
the class of overconvergent subanalytic subsets is not G-local. O

Remark 1.2.5. Actually, this example gives directly a counterexample to [Sch94a, lemma
4.1] which in our feeling is the source of mistakes in [Sch94a).

As a corollary of this we obtain:

Proposition 1.2.6. Let 0 < s < r < 1 with s € \/[k¥], f € k{r~'u} whose radius of
convergence is exactly v such that ||f|| < 1, and let us set B> = M(k{Ty,Ty2}). Define :

S={reB® | |Ti(z)| < s and Tao(x) = f(Ti(z))}.
Then S is a locally semianalytic subset of B which is not a semianalytic subset of B?.

Proof. If S was a semianalytic subset of B2, we could find 7' C S which contains infinitely
many points of S such that T is a basic semianalytic subset, and even, a finite intersection
of sets of the form {z € B? | |g1(z)| < |g2(2)|}, {= € IB%2 | lg1(z)] < |g2(z)| # 0} and
{z € B? | h(z) = 0}. Since an intersection of the two first kind of sets is a strictly analytic

domain, and T' C S, and g‘ = (), in this intersection, there must be a non-trivial set of
the form {z € B? | h(z) = 0}. Now, let us consider in B, ;) = M(k{r~'T1,T5}) the
Zariski-closed subset Z = V(Ty» — f(T1), h). By assumption, it is infinite. Moreover, since
I fIl < 1, To— f(T1) is irreducible (see the lemma above) in M (k{r—'T1,T3}), so for reasons
of dimension, in M(k{r~1Ty,Ty}), V(T> — f(T1)) C V(h). But now if we introduce (as in
the preceding proof)

B, Y B2
u = (u, f(u))

and 7 = 1(g) where g is the Gauss point of B, then n € V' (h) (where we see now V' (h) as a

Zariski closed subset of B?), Oga , is a field, but V' (h) = (), and since V (h) is a semianalytic
(so overconvergent subanalytic) subset of B, 1), this contradicts lemma 1.2.1.

Let us now show that S is a locally semianalytic subset of B?. Indeed, take 0 < s <
t < r with ¢, € /]k*[, and consider X; = {z € B? | |Ti(z)| < r} and Xy = {z €
B? | |Ty(z)| > t}. They define a wide covering of B? and X; N S (resp. X2 N S) is
semianalytic in X7 (resp. X3), so S is well locally semianalytic in BZ. O

We have implicitly used:

Lemma 1.2.7. If f € k{r~'z} and || f|| < 1, then F(z,y) := y — f(z) is irreducible in
k{r—lz,y}.

Proof. As we have already seen, V(f) is isomorphic to B,, so is irreducible. O

1.2.3 The other inequalities

We will now explain the other inequalities appearing in figure 1.

The following proposition will be implicitly used in the rest of this section. In addition,
it illustrates that the mixture of overconvergence and rigid semianalytic subsets (which is
a G-local property), is somehow too strong, in the sense that in proposition 1.2.8 above,
the overconvergence condition seems to have disappeared.



88 CHAPTER 1. OVERCONVERGENT SUBANALYTIC SETS

Proposition 1.2.8. Let S C X. The following properties are equivalent:
1. S is strongly subanalytic.
2. There existn € N and T C X x B" a rigid semianalytic subset such that

(e}

S=n(TnN((X x(B)"))
where w: X X B" — X is the natural projection.

Proof. Let us show that (1) = (2). Let S be a strongly subanalytic subset of X, so there
exists r > 1, T'C X x B} a rigid semianalytic subset such that S = #(T' N (X x B")).
Decreasing r if necessary, we can assume that |r| € \/[k*]. In fact, using similar arguments
as the one given in remark 1.1.19, we can even assume that r € |k|. Then if we consider
the homothety, which is an isomorphism: h : X x B} =+ X x B", which can be defined
as multiplication of each coordinate of B}’ by %, this gives the following commutative
diagram:

X xB?—> X x B"

)

X

and S = 7(T'N (X x B") = 7/ (h(T) A (X x m)). Now T’ i= h(T) A (X x BY}) is a rigid

semianalytic subset of X xB™ such that 77 C X x(B)" and S = 7/(T") = #'(T'"N(X x(B)™)).

Conversely, let T'C X x (B)" be a rigid semianalytic subset of X x B"™ and S = 7(T).
For any r > 1, we can define Xo = X x B, and for i = 1...n, let X; = {(x,t1,...,t,) €
X x B} | [ti| > 1}. So {Xi}ic{o..n} is an admissible covering of X x B}'. By assumption,
T N Xy is rigid semianalytic, and TN X; =@ for i = 1...n. So T is rigid semianalytic in
X x B?, and if we note 7 : X x B — X, S ==w(T), so S is strongly subanalytic. O

Proposition 1.2.9. There exist strongly subanalytic subsets which are not G-overconvergent
subanalytic.

Proof. Letr > 1, X = M(k{z,y,2}) =B3, Y = M(k{x,y,z,t})and 7 : Y = M(k{z,y,2,t}) —
X = M(k{x,y, z}), the natural projection. We now choose f € k{t} whose radius of con-
vergence is exactly 1, and such that ||f|| < 1, and T = {(z,y,2,t) € Y | |{| < 1,z =
yt,z = yf(t)}. It is a rigid semianalytic subset of Y, and S = 7(T) is a strongly sub-
analytic subset of X according to the previous proposition. Since the family of closed
balls with center the origin is a fundamental system of neighbourhoods of the origin, if S
was G-overconvergent subanalytic, for some 1 > |u| = & > 0 small enough, S’ := SN B2
would be overconvergent subanalytic in IB%?. We then fix a yo € k* such that 0 < |yo| < ¢,

ie. % < 1 and define X" := {(z,y,2) € B | y = yo}. Now X’ is isomorphic to the
bidisc BZ = {(z,y) | |z| < e and |y| < e}, and S” := S N X’ should be overconvergent
constructible in X’ (somehow we use here lemma 1.1.18 (2)). If we make a dilatation of X’
by % it becomes the bidisc of radius 1: the new coordinates are 2/, 2z’ defined by x = uz’

and z = puz’. Now, in these new coordinates:

/
§" = {(, ) € B | ] < 2ol ana o7 = 20 p(Z

|l B Yo
should be overconvergent subanalytic in B2. If we put r := % < 1andg(2') = ‘%0 f (%),

then the radius of convergence of g is precisely r, ||g]| < 1 so $” = {(2/,2') € B? | |2/| <
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r and 2/ = g(2)}, S” should be overconvergent subanalytic in B2, but we proved the
converse in proposition 1.2.4. [

Proposition 1.2.10. There exist overconvergent subanalytic subsets which are not rigid
semianalytic.

Proof. Let 1 < r = ||, and f € k{r~'X} whose radius of convergence is exactly r, and
such that [|f]| < 1. We set X = B3 = M(k{x,y,2}), Y = M(k{x,y,z r1t}), and

T={(z,y,zt)eY |z=yt, z=yf(t), [t| <1}

and S = 7(T), where 7 : M(k{x,y,z,r"1t}) — M(k{x,y,z}) is the natural projection.
Then S is overconvergent subanalytic. If S was rigid semianalytic, there would exist u € k,
with 0 < € := |u| < 1 such that S’ = S N B? is semianalytic in B? (we again use that if
V is an affinoid domain of B? that contains the origin, then there exists € > 0 such that
B2 C V). Let us introduce yo € k* such that 0 < |yo| < £. In particular |y€—°| = |9 < 1
Then X' = {(z,y,2) € B | y = yo} is a Zariski-closed subset of B2, isomorphic to a bidisc
B2. Now, S” := SN X' is defined by

S = {(@2) € B2 | | 5] < 1and 2 = o f())
Yo Yo
As we said, X' is isomorphic to B? with coordinates (z',2’) where r = pz’ and z = puz’. In
these new coordinates, S” = {(2/,2) € B? | zy/—ﬂ <land z'p= yof(xy/—é‘)}. If we define

g(z') = yﬁof(a”y,—é‘) and s = |y€—°‘ = |8 < 1, then g has a radius of convergence which is
exactly p where s < p = ‘%‘)‘r < 1,and ||g| < |If]l <1, s0 8" ={(z/,2) € B | |2/| <
s and 2z’ = g(2/)}, should be semianalytic, but is not (see proposition 1.2.6). O

From this one can deduce:

Corollary 1.2.11. Let X be a strictly k-analytic space which contains a closed ball of
dimension > 3. Then there are overconvergent subanalytic subsets of X which are not
rigid semianalytic. In particular, the class of overconvergent subanalytic subsets of X
properly contains the class of locally semianalytic subsets of X.

In conclusion, in figure 1.1, we have shown inequalities 1,4,5 and 8. Now 2,3,6,7 are
set-theoretical consequences of 4, 5 and of the inclusions from the left to the right.

1.2.4 Berkovich points versus rigid points

Let X = M(A) be a strictly k-affinoid space. We denote by X, the set of rigid points
of X. When one deals with semianalytic or overconvergent subanalytic subsets S of X,
one can wonder if things change if we restrict to Syg = S N Xyie. Actually the following
two propositions show that there is no difference if one works with Berkovich spaces or
rigid spaces.

To be precise, let us denote by B be the free boolean algebra whose set of variables
consists in the set of formal inequalities {|f| < |g|}, {|f] < |g|} and {f = 0}, for f,g € A.
We denote by SAg the class of semianalytic subsets of X, and by SApe the class
of semianalytic subsets of the Berkovich space X. Then we define natural applications
a: B — SApe and 3 : B — SA; where for instance a({|f| < |g|}) = {z € X | |f(z)| <
lg(z)|} and B({|f] < |g9|}) = {z € Xuig | |f(z)| < |g(z)]}. In addition we consider the
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forgetful map ¢ : SAper — SAig: if S € SApe, is a semianalytic set, ¢(S) = SN Xyg. We
then obtain the commutative diagram:

B 0 SABer

N

SArig

Proposition 1.2.12. The map ¢ is bijective.

Proof. First, ¢ is surjective by definition.

Now if ¢(S1) = ¢(S2), we must show that S; = So. Considering S; \ S2 and Sa \ Si,
we can restrict to show that if S € SApe and ¢(S) = 0, then S = (. According to
what has been previously done, we can assume that S € SAp., is a finite intersection
of subsets of the form {z € X | |f(z)| < |g(z)] # 0}, {z € X | |f(z)| < |g(z)|} and
{z € X | h(z) = 0}, and that ¢(S) = SN X,i; = 0. Passing to Y = M(A/Z) where
is the ideal generated by the functions h appearing in the third case (h(x) = 0), we can
assume that S is a finite intersection of subsets of the form: {z € X | |f(z)| < |g(x)| # 0}
and {z € X | |f(z)] < |g(z)|}. But then it forms a non empty strictly analytic domain of
X 50 SN Xyig # 0. O

If we denote by C'D the family of finite subsets of constructible data of X, by OC
the family of overconvergent constructible subsets of X, and OC,ig the family of subsets
of X,ig which are the intersection of an element of OC with Xis, then we can define as
above the following commutative diagram:

CD—*-0C

RNy

Ocrig

To be precise, if D € CD is the set of the constructible data (X, T;) RaAND'¢ , then
n
a(D) = | ¢i(Ty).
i=1

Proposition 1.2.13. In the above digram, v is a bijection.

Proof. Since we showed that OC (and OC,i,) is stable under complementary, we can
restrict to show that if S € OC is such that ¢(S) = SN X,ig = 0, then S = (). To show this

we can even assume that S = ¢(T"), where (Y,T) -Z5 X is a constructible datum. But, if
T is a non empty semianalytic subset of Y, according to proposition 1.2.12, Ty;s # 0, so
since ¢ preserves the rigid points, ¢(T')yig = Srig is non empty.

O

1.3 Overconvergent subanalytic sets when dim(X) = 2

In this section, k& will be non-Archimedean algebraically closed field. In this context,
if X is a k-analytic space, it is equivalent to say that X is regular, or that X is quasi-
smooth [Duc, section 3]. We will rather use the second terminology.
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The aim of this section is to give a proof of theorem 1.3.12 which asserts that if
dim(X) = 2 and X is regular, overconvergent subanalytic sets correspond to locally semi-
analytic sets. In higher dimension, this result is false. For instance, the example given in
proposition 1.2.10 shows that when n > 3, there exist some overconvergent subanalytic
sets of B™ which are not rigid semianalytic, hence neither locally semianalytic.

We have included in this section for completeness, but most of the ideas contained in
it can be found in [Sch94b] and [LR96].

1.3.1 Algebraization of functions

Proposition 1.3.1. Let X, Y be two k-affinoid spaces, so that we can consider the carte-
stan diagram
X xY
7 K
X Y

Let z € X xY, and let us denote by z1 = m(2), 20 = ma(z). Let us assume that

29 € Y (k) = Yyig.

(a) Let V' be an affinoid domain of X XY such that z € V. There exists an affinoid
domain U of X (which contains z1) such that if W is an affinoid neighbourhood of zo
small enough, VN (X xW)=U x W.

(b) Let V be a neighbourhood of z. There exists U (resp. W) an affinoid neighbourhood
of z1 (resp. z3) such thatV D U x W

Proof. (a) [Sch94b, 2.2] Let us set X = M(A) and Y = M(B). First, using the Gerritzen-
Grauert theorem, we can assume that V is a rational domain of X x Y defined by:

V=A{zeXxY||filz) <|g(z)], i=1...nand |g(z)| > r}

where f;,g € A®,B, and r > 0. Since we assume that zy € Y (k), it has a sense to
evaluate the functions f;, g in 22, and we will denote by f;,,, g., the corresponding
functions, that we see as elements of A and of A®.B. In addition, since 2, is a rigid
point of Y, there exists an affinoid neighbourhood T of 25 in Y such that

Vi sup |(fi — fin,)(x)| <7 (1.32)
zeXXT

sup [(g — g=)(2)] <7 (1.33)
rzeXXT

Since g = gz, + (9 — g2, ), we conclude from (1.33) that if z € X x T,
9(x)| =27 < gz (x)] = 7 (1.34)

Then since also f; = fi,, +(fi — fi,,), from (1.32), (1.33) and (1.34), we conclude that
ifee X xT

(lg(x)] = r and |fi(z) < |g(2)]) < (|92, ()] = 7 and |fi., (@)] < |g:,(2)]).
Hence, if we set
U={z€X ||(fi)=()] < |g:(z)| and |g., ()| = 7},

then VN (X xT) =U x T. It then follows that if W is an affinoid domain of ¥ such
that W C T, then VN (X x W) =U x W.
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(b) We can assume that V = V is an affinoid neighbourhood of z. In (a), V N (X x W)
is still a neighbourhood of z, since W is an affinoid neighbourhood of zy (because
z9 is a rigid point). If we denote by s,, : X — X X Y the section of m defined by
Sz, (t) = (t, z2), then

s ((VN(X xW)=s H(UxW)=U

is an affinoid neighbourhood of x (since s,,(zr) = z). Thus U is also an affinoid
neighbourhood of z;.
O

Remark 1.3.2. Without the assumption that zo € Y (k) the previous corollary would be
false. Indeed assume that k is algebraically closed. Take for instance X = M(k{z}) and
Y = M(k{y}), and let ¢ : M(k{t}) — X x Y be defined by ¢(t) = (¢,—t). Let n be the
Gauss point of M(k{t}) and z := ¢(n). Let V = {p € M(k{z,y}) | |(z +y)(»)| < i}.
It is a neighbourhood of z. However, m(z) (resp m2(z)) is the Gauss point z; = nx
of M(k{z}) (resp. z2 = my the Gauss point of M(k{y}) ). It is then easy to see,
according to the description of an affinoid domain of the unit disc as a Swizz cheese, that
there does not exist an affinoid neighbourhood U (resp. W) of nx (resp. ny) such that
V O U x W. For instance for the reason that in U there would necessarily exist a rigid
point zg € {z € k | |z| < 1} such that Zop = 0 and in W a rigid point yo such that g =1
but (zo,y0) ¢ V (where T corresponds to the reduction of z in k).

Lemma 1.3.3. Let v € X = M(A), and let f = Y a,T" € A{r~'T}. Let us assume
neN

that fr # 0. Then there exist V.= M(B) an affinoid domain of X which contains x,
P € B[T), and u € B{r='T} a multiplicative unit such that fivxe, = uP.

Proof. Since f, = > an(z)T™ # 0, this series is distinguished of some order s > 0 for
neN
some s > 0. We remind that this means that |as(x)|r® = || fz|| and that s is the greatest

rank for this property.
We now use lemme 1.1.31 in our specific situation where the polyradius r is in fact the
real number r. Hence we can introduce a finite subset J C N such that s € J and some

series ¢, € A{r~1T} for n € J satisfying ||¢,|| < 1 such that f = > an(T™ + ¢n).
neJ
We then define V' as the rational domain:

V= {z € X | Jas(2)| = las(@)| and |ai(2)|r" < |as(a)|r* for i € T\ {s}}

and denote by B the affinoid algebra of V. It is then true that x € V. Moreover, on
V = M(B), one checks that as is a multiplicative unit, and it follows that in B{r 1T}, f
is distinguished of order s. One can then apply Weierstrass preparation (corollary 1.1.30)
to conclude. O

Remark 1.3.4. The previous result (lemma 1.3.3) is false if we remove the assumption

fx # 0.

Indeed, let us consider a real number r satisfying 0 < 7 < 1, and let f € k{r~'z} be
a function whose radius of convergence is exactly r and let us assume that || f|] < 1. Let
then A = k{y,t}, X = M(A) the unit bidisc, p the rigid point of X corresponding to the
origin, and let us consider

F(y.t.x) =y —tf(z) € k{y, t}{r "'z} = Alr~'X}.

Then we claim that there does not exist V' = M(B) an affinoid domain of X containing p
such that Fjy g, = uP where u is a multiplicative unit of B{r~'T'} and P € BI[t].
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Proof. Indeed otherwise, there would exist some closed bidisc V' of radius s = |A] € |k
where \ € k*, and some P € k{s~ !y, s~!t}[x] and a multiplicative unit u € k{s~ly, s~ 1t} {r 1}
such that

Fiyys, = uP. (1.35)

Let us fix t = X\. Then we consider
Gy, x) = F(y,\z) =y — Mf(z) € k{y,r 'z}

According to (1.35), G, xg, = u(y, A\, t)P(y, A\, t). Replacing y by % and f by Af, we then
obtain that
Gy, ) =y — f(x) € K{y,r "o}
G =uP

where u € k{y,r "'z} is a multiplicative unit, P € k{y}[z] and ||f|| < 1 has a radius of
convergence exactly r < 1. This implies that if we set

Si={(a,y) €B? | || <rand y = f(x)}

then
S ={(z,y) € B2 | |z| <7 and P(z,y) =0}

so S would be semianalytic in B2, but in section 1.2, we exploited many times that this is
not the case. O

Lemma 1.3.5 (Local algebraization of a function in a family of rings). Let n be an
integer and let us consider ay, ..., an some elements of {x € k | |z| < 1} and ro,..., 1,
some positive real numbers. Let Y C M(k{T'}) =B be the Laurent domain defined by

YV ={y € MKT}) [ (T —ao)(y)| <ro and (T — a;)(y)| =i, i=1...n},
and let X = M(A) be a k-affinoid space. Let
feOX xY)

and let
ze X XY

such that m(z) = x € X (k) and let us set y := ma(z). Assume that f, € H(z) @ O(Y) ~
O(Y) is non-zero*. Then there exist V.= M(B) an affinoid neighbourhood of z, and
Y' CY defined by

Vi={y e ME{T}) [ (T —bo)(y)| < s0 and [(T —b;)(y)| = si, i =1...m}
an affinoid neighbourhood of y such that
fvxyr = (uP)y <y

where the s;’s are positive real numbers, b; € k°, w is a multiplicative unit of V x Y’ and
PeB[T,(T-b) ..., (T—bn) .

Remark 1.3.6. Let us mention that in the proof we distinguish two very different cases.

1. If y is a rigid point then Y’ can in fact be chosen to be a closed ball, i.e. m = 0.

4. Here H(x) ~ k because x € X (k).
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2. Otherwise, if y is not a rigid point, then we can take so = rg, that is to say, we do
not have to decrease the radius of the ambient closed ball, but in counterpart, we
possibly have to remove some open balls.

Proof. If y is a rigid point, we can indeed find a closed disc Y/ which contains y and the
result follows from lemma 1.3.3.

If y is not a rigid point, f; € H(x) @ O(Y) ~ O(Y). Then according to classical results
on factorization of functions on rational domains of the closed disc (cf [FvdP04, 2.2.9]),
there exist aq,...,any € k, di,...,dy € N, g an invertible function of O(Y") such that

N

fo = [T — i)y (1.36)

i=1
We then set m =n+ N, b; = a; and s; =r; for i =0...n,and b,yj =a; for j=1...N
and we take s,4; small enough so that
{zeY | IT —aj|(z) > sptj, j=1...N}
is a neighbourhood of y (this is possible because y is not a rigid point). Then we (re)-define
Y':i={ye ME{T}) | (T —bo)(y)| < soand |(T —b;)(y)] > sii=1...m}.

Next, we set
N
G=f][(T - )% € O(X xY).
i=1

Then, according to (1.36) G5 = g which does not vanish on Y. So there exists an affinoid
neighbourhood V= M(B) of z such that G is invertible on V' x Y’ because the locus of
points x where G, is invertible is open. Now using the explicit description of O(V x Y”),
we can write

G = > by (T —bo)°(T — b))~ ... (T — b)) "™,
v=(vo,...,vn)ENM+1
Now for M > 0 set
Gy = Y by(T—b)" (T —b1) ™" ...(T —bp) "™
lv|<M
By definition, Gy € B[T, (T —b1)~ L, ..., (T — by)~!]. In addition,

Gy —— G,
M —oc0

so Gy is invertible for M big enough. For such a M,
G=Gy+(G—Guy) =Gyl +G3 (G —Gu)). (1.37)

at

Moreover, if we take M again larger, we can assume that ||G,/| = [|G7!|, and as a

consequence
—1 _
16 (G = Ga)l| 7= 0.
Thus, for M large enough, if we set
uy =1+ Gy (G — Gy)
then ups is a multiplicative unit, and according to (1.37)
N
f=Gyup H(T — Oéi)di’.
i=1

We then set u := uypr and P := Gy [IV, (T — ;)% to conclude. O
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1.3.2 Blowing up

From now on, X will be a quasi-smooth k-analytic space of dimension 2.
We now make two simple remarks that we will use in the proof of theorem 1.3.12.

Lemma 1.3.7. Let A be a k-affinoid algebra, X = M(A), 0 < r < s some real numbers
and h € A.

1. Consider the Weierstrass domain of X :
V={reX||h)]<s)
and let S be a locally semi-analytic subset of V' such that
SC{zeX | |h(z) <r}

Then S is a also a locally semianalytic subset of X.

2. Consider the Laurent domain of X :
V={zeX||h)=r)
and let S be a locally semi-analytic subset of V' such that
SC{ze X ||n(z)] > s}
Then S is a also a locally semianalytic subset of X.

Proof. Choose a real number ¢ such that r < ¢ < s.

1. Let us set W = {z € X | t < |h(z)|}. Then {V,W} is a wide covering of X, and
S NV is by hypothesis locally semianalytic in V', and by assumption, SNW = () so
is also locally semianalytic in W, hence S is locally semianalytic in X.

2. Likewise, let us set W = {z € X | |h(x)| < t}. Then {V,W} is a wide covering of
X, SNV is locally semianalytic in V and SNW = (), so S is locally semianalytic in
X.

O]

This lemma will be used jointly with the following remark:

Remark 1.3.8. Let us consider a k-affinoid space X = M(A), f,g € A, 0 < s <r and
(2,9) 5 X
the elementary constructible datum given by Z = M(B) where B = A{r~'t}/(f —tg) and

S={z€Z[|f(2)] < slg(2)| # 0}.

Moreover, let
(v,U) %> (2.9)

be a constructible datum.
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A.

Let us assume that g|f. In other words, there exists h € A such that f = gh. Let us
then consider C = A{r~'t}/(h —t) and V = M(C). Note that V is the Weierstrass
domain of X defined by

V={xeX| b)) <}
Let us denote by 8 the map of the immersion of the affinoid domain V inside X, and

let
T ={z eV | |hz)] <sand g(z)# 0}.

Since f —tg = g(h —t), (h — t)|(f — tg), and there is a closed immersion V % Z.
Moreover, a(T) = S.

Indeed a(T) C S, follows from their respective definitions. Conversely, if z € S,
(f —tg)(z) =0=g(2)(h —t)(2) but since g(z) # 0, (h — t)(z) = 0 which implies that
z € V, and by the definition of S, it follows that z € a(T).

Let us then consider the following cartesian diagram of k-germs:

Y.0) Y -(2,9F=X
A A
(Y, vy - (V1)

Here, (Y',U") S (V,T) is still a constructible datum according to corollary 1.1.12.
Since a(T) = S, it follows that a(¢/'(U"))) = (U), so

p((U)) = o(a@'U")) = B U")). (1.38)
Roughly speaking, we were starting with the constructible datum

(Y,U) %> (2,8) & X

such that the elementary constructible datum of ¢ was defined with functions f and
g such that g|f. And we have been able to replace ¢ by the constructible datum

v ) s v S x

where V is a Weierstrass domain. Note moreover that 7" and so also ¢/(U’) satisfy the
hypothesis of lemma 1.3.7 (1).

. If f|g, there exists h € A such that g = fh. Let then C = A{r~'t}/(1—th), V = M(C).

Note that V is the Laurent domain of X defined by
1
V=t{reX||h) >}

Let us denote by S the map of the immersion of the Laurent domain V inside X, and
let

T={zeV|[h)] > and g(x) #0}.

Since (1 — th)|(f — tg), there is a closed immersion V' = Z. Moreover, a(T) = S.
We then consider the following cartesian diagram of k-germs:

v, U) = (2,8) =X

| A

Y, v
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Here, (Y',U") Y (V T) is still a constructible datum. Since a(T") = S, it follows that
a(¥'(U")) = $(U), so

P (V) = (a(@'(U)) = B (U")). (1.39)

In that case, we were starting with the constructible datum (Y,U) BA (2,8) %
such that f|g, and we have been able to replace it by the following constructible datum

(Y, u’) Y, (V,T) B, X where V is a Laurent domain of X. Note moreover that T
and so also ¢'(U’) satisfies the hypothesis of lemma 1.3.7 (2).

Remark 1.3.9. We are going to use some blowing up of k-analytic spaces in the following
context: X will be a quasi-smooth k-analytic space of dimension 2, and we will blow up a
rigid point p of X. In particular, the resulting blowing up X will be still quasi-smooth. To
give a precise description of the situation, since k is algebraically closed, we can assume
that X = B2 and p is the origin. The blowing up can then be described with two charts
as follows. We consider

X, = M(k{z,t1}) = B2= M(k{z,y}) Xo = M(E{y,t2}) = B2 = M(k{z,y})
(z,t1) = (z,t17) (y,t2) (t2y,y)

Then B2 is obtained by gluing X; and X, along the domains U; = {z € X | t1(z) # 0}
and Uy = {z € X5 | t2(2) # 0} via the isomorphism

Ul — U2
(z,t1) = (at1,t7h).

Proposition 1.3.10. Let X = M(A) be a quasi-smooth k-affinoid space of dimension 2
and let f,g € A. Then there exists a succession of blowmg up of rigid points m : X 5 X
such that for all x € X, fzlgz or gz|fu. Remark that X s still quasi-smooth.

Proof. We may assume that X is irreducible. If f =0 or g = 0, there is nothing to prove,
so we may assume that f # 0 and g # 0. Likewise, if f = g, there is nothing to do, so we
may also assume that f —g #0

Let h = fg(f — g). Hence, h # 0. We can find a succession of blowing up of rigid
points 7w : X — X such that 7*(h) is a normal crossing divisor. Indeed, the classical proof
(see [Kol07, 1.8]) that works in the algebraic case, or the complex analytic case, can be
translated wverbatim in our context, and since we are dealing with a compact space, the
local procedure of [Kol07, 1.8] needs only to be applied to a finite number of points. Let
then z € X.

If z is not a rigid point, Oy  is a field or a discrete valuation ring and the result is
clear. 7

Otherwise, if x is a rigid point, its local ring is a regular local ring of dimension 2. By
assumption, h = fg(f — g) is a normal crossing divisor, thus can be written in O % 88

(f9(f = 9))2 = ueT & (1.40)

where &1, &9 is a system of local parameters around x and w is a unit in O % - Dividing by
the common divisor of f, and g, in O % v WE Can assume for instance that f, = v&] and
gz = wéd and f, — g, = 2£9€5 where v, w and z are units of OX,z
If p > 0 then modulo & we obtain f = 0, so f, — g, = w& modulo &. This implies
that a = 0 and that b = q. So f, = (fz — gz) + g» is divisible by &7, and this implies that
= 0. So g, is invertible and, g;|fs.
And if p = 0, then f, is invertible, so f;|gs. O
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Lemma 1.3.11. Let X be a good quasi-smooth strictly k-analytic space of dimension 2.

1. Let g € Xpyy and m : X — X the blowing-up of X at q, and let S C X be a locally
semianalytic subset. Then 7 (S) is locally semianalytic.

2. Ifm: X — X is a succession of blowing-up of rigid points, and S C X is locally
semianalytic, then w(S) is also locally semianalytic.

Proof. (2) is a consequence of (1) so we only have to show (1).

The problem is local on X, and since outside ¢, w is a local isomorphism, we can
restrict to an affinoid neighbourhood of ¢, and since X is regular at ¢, we can assume that
X = B? and ¢ is the origin.

Then 7 : X — X can be described with two charts, one of them being

T X1 = Mk{z,t}) — X =Mk{z,y})
(x,t) — (z,tzx)

The other chart being analogous we only consider ;. Now, changing S in SN X7, we can
restrict to show that if S is locally semianalytic in X7, so is m1(S5). Since 7 induces an
isomorphism between X; \ V(z) and {p € B? | |y(p | < |z(p)| # 0}, we only have to show
that 71(S) is semianalytic around g, the origin of BZ.

Now if for each p €= V(z) C X we can find U, an affinoid neighbourhood of p, and
ep > 0 such that w1 (U, N S) N IBSEP is semianalytic in ng C X, then by compactness of
V(z), we can extract Uy,...,U, a finite covering of V(x) and € > 0 such that

(m1(U; N S)) N B2 = 71(S) N B?

s

1

%

is semianalytic in B2.

So to conclude the proof, it is enough to fix p € V(z) and to find U an affinoid
neighbourhood of p, and & > 0 such that 71 (U N S) N B2 is semianalytic in B2.

Since S is locally semianalytic in X;, we can find U an affinoid neighbourhood of p
such that U N S is semianalytic in U. According to corollary 1.3.1, we can assume that °
U = B. x W where

W ={w e M(k{t}) | |(t — ao)(w)| <o and |(t — a;)(w)| >r;, i =1...n}

for some ag,...,a, € k° and rg,...,r, € R;.
We can also assume that S is of the following form:

S = ﬂ{vEU‘ | £ ()] 25 1g;(v)|}-

Since U = B. x W with B. = M(k{e~'z}), we can factor each f; and g; by the greatest
power of x which divides them, hence introduce some integers b;, ¢; such that

S= m{U€U| |5U]fj )| > |2 g (v)|}
J=1

where the series fj(O,t) and g;(0,t) are non zero, and f; = :Ubjfj,gj = 2% g;. To simplify
the notations, we will use f; (resp. g;) instead of f; (resp. g;), so that

S = ﬂ{vGUHxﬂfJ )| > |2 g (v)|}
J=1

5. Here we use the explicit description of affinoid domains of B.
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where the series f;(0,¢) and g¢;(0,¢) are non zero.

Then according to lemma 1.3.5 we can decrease € and W so that for j = 1,...,m
fi = ujF; (resp. g; = v;G;) where u; (resp. v;) is a multiplicative unit, and Fj (resp.
Gj) € k{e ta}t, (t —ar) ™t (t —an) 7).

Said differently, there exist an integer N, for j = 1,...,m some P;,Q; € k{e ‘z}[]
such that

P
((t—a1)...(t—an))V
Qj
((t—a1)...(t—an))V

where u; and v; are multiplicative units. Hence if v € U,

fi = .

5055 930 [us0) e

< [P (0)] <5 A5]Q;(v))]

’U'(’U) Qj(”)
Pt —ay)...(t—an)N(v)

>

where
[l
Moreover,
SNU=(SN{vel|zv)=0}H)U(SN{veU]|z()#0})
and m ({v € U | z(v) = 0}) = g, the origin of B2.

So, adding if necessary the origin to m (SN{v € U | v(z) # 0}) (which will not change
the fact that it is semianalytic), we can restrict to show that 7r1(S N{veU|v(z)#0})
is semianalytic around the origin. Moreover since on {v € U | v(z) # 0}, 7 is bijective,
the following holds:

m (ﬂ{v €U | [a% f;(v)| s |29 g;(v) [} N {v € U | a #0})

j=1
= N mi ({v e U | 2% f(v)] s 2 g;(0)[}) N {v € U | 2(v) # 0}
j=1

Now since y = tx and P; € k{e~ 'z }[t] there exists an integer M > 0 such that 2™ P; (ac t) €
k{e ta}ta] = k{e a}[y], ie. M Pj(x,t) = 7 (Pj(x,y)) for some Pj(z,y) € k{e Lyl
and such that M Q;(z,t) € k‘{e_lx}[ ], ie. 2MQ;(x, t) = 7(Qj(x, y)) for some Q;(z,y) €

k{e z}y].
Now if v € U and x(v) # 0 the following holds:
2% fi(v)| b |29 g ()] & |2MF f5(v)] by [ g5 (v))]
& [2% Py(m1(v))] 55 Ajla9Q (w1 (v))].
From that we conclude that

zEm (ﬂ{v e U | [2" fi(v)| > 2% g;(v) [} N {v € U | a( 7&0})

J=1
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sze N{zem) | 1% Bi()| 0 29Q;(=)} N {z € X | a(2) £ 0}.
j=1

Since m(U) is semianalytic in B2, we conclude that 71(S N {v € U | v(z) # 0}) is
semianalytic in B2, which ends the proof. O

Theorem 1.3.12. Let X be a good quasi-smooth strictly k-analytic space of dimension 2
with k algebraically closed, and S C X. Then S is overconvergent subanalytic subset if
and only if S is locally semianalytic.

Proof. Since the problem is local, we can assume that X is affinoid and that S = ¢(U)
where (Y, U) %5 X is a constructible datum, and just check that S is locally semianalytic.

We do it by induction on the complexity of ¢. So let (Y,U) -%5 X be a constructible
datum, that we decompose as

—wu) - z5x

where x is an elementary constructible datum, and v a constructible datum whose com-
plexity is one less than ¢. We can introduce f,g € A, 0 < s < r such that Z =

M(A{r= 1}/ (f—tg)). _According to proposition 1.3.10, we can find a succession of blowing-
up of rigid points 7 : X — X such that for all z € X, fzlgz or gz|fz. According to remark
1.3.9, X is still quasi-smooth. This gives us the following cartesian diagram:

(v,U) -~ ﬂf
v - X

Then p(U) = 7(¢'(U’)). Moreover, since X is compact, we can then find a finite wide
covering { X;}7_, of X by affinoid domains such that for all 4, (fix)(g1x,) or (91x,)1(fix;)-
We denote by m; : X; — X the composition of the embedding of the affinoid domain
X; — X with 7 : X — X. This gives the following cartesian diagrams:

wv,u) "oz Xox
TI';/T TI'; s
(Y;, Uy) i ez X x

9 (3 K3 1

Then
p(U) =n('(U)) =7 (U xz'(%(Ui)))

But (Y;, U;) ——-> Z; is a constructible datum of lower complexity than ¢, so that we would
like to use our induction hypothesis, and claim that ;(U;) is locally semianalytic. How-
ever, Z; is not necessarily still quasi-smooth so we cannot do that. Yet, since (f|x,)|(g)x,)
or (g9;x,)|(fx,), according to remark 1.3.8, we can in fact replace Z; by a Weierstrass (or
a Laurent) domain of X;, and hence assume that Z; is quasi-smooth. Thus by induction
hypothesis v;(U;) is locally semianalytic in Z;.
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Next we use lemma 1.3.7 to assert that x;(¢;(U;)) is locally semianalytic in X;. So

n

¢'U") = |Juwi(Us))

i=1

is locally semianalytic in X, since {X;} was a wide covering of X. Finally, according to
lemma 1.3.11, w(¢/(U’)) = S is locally semianalytic. O






Chapter 2

Cohomology of semialgebraic sets

We fix a prime number ¢ # char(k).

Introduction

Let X a separated k-scheme of finite type. One can define ¢-adic cohomology groups
Hi(x Q) which have good properties (in particular, they are finite dimensional vector
spaces when k is algebraically closed).

If U is a semi-algebraic subset of X", using the theory of k-germs developed in [Ber93],
it is possible to define cohomology groups with compact support of the k-germ (X, U),
that we will denote by H.(U, Q). We want to point out that in general, U is not equipped
with a structure of k-analytic space.

In this chapter, we generalize the finiteness property mentioned above to locally closed
semi-algebraic subsets of X%". More precisely, let k¢ be the completion of the algebraic
closure of k and let us set X := X “”@k@ and 7 : X — X% the natural morphism. If U
is a subset of X%, we set U := m~}(U). Our main result is:

Theorem. 2.6.18 Let X be a separated k-scheme of finite type of dimension d, U a locally

closed semi-algebraic subset of X", and £ #char(k) be a prime number.
1. The groups H:(U,Qy) are finite dimensional Qg-vector spaces, on which Gal(k**? /k)
acts continuously, and H:(U,Qy) = 0 for i > 2d.

2. If V.C U is a semi-algebraic subset which is open in U and F' = U \ 'V, then there
s a long exact sequence of Galois modules

>Hé(va Qf) HHé(Ua Qf) HHé(Fa Qf) 4>H2+1(V7 QE) >
3. For all integer n there are canonical isomorphisms of Galois modules:
P v (U,Q)eH! (V,Q)~ a1 (TXV,Q)
i+j=n

We prove more generally this result when X is a separated A-scheme of finite type
where A is a k-affinoid algebra. The above result corresponds to the case A = k.

This question was raised by F. Loeser and used in [HL11] where they study the Milnor
fibration associated to a morphism f : X — A(%: where X is a smooth complex algebraic
variety. The non-Archimedean field is then &k = C((¢)), and they use the analytic Milnor
fiber introduced in [NSO7].
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In fact, the main point in the above theorem is to prove that when k is algebraically
closed, the groups H(U,Z/{"Z) are finite. If X is a compact k-analytic space, we say
that a subset S C X is rigid semianalytic if there exists a finite covering {X;} of X by
some affinoid domains such that for each ¢, SN X; is semianalytic in X;. We in fact prove:

Proposition. 2.3.1 Let us assume that k is algebraically closed, and let X be a compact
k-analytic space. Then for any locally closed rigid semianalytic subset S of X and A a

finite group whose cardinal is prime to char(k), the groups HI((X,S),A) are finite.

We want to point out that this result relies deeply on the cohomological finiteness of
affinoid spaces which has been recently proved by V. Berkovich in [Ber13].

Finally in section 2.5, we explain some counterparts of these finiteness results for
Huber’s adic spaces.

2.1 Reminder on k-germs

We fix X a Hausdorff k-analytic space, and S C X a locally closed subset of X.

The étale site of a germ

(see [Ber93, 3.4]) If S is a subset of X, (X,5) is called a k-germ. If (Y, T) is another
k-germ, a morphism of k-germs f : (Y,T) — (X,S) is a morphism of k-analytic spaces
f:Y — X such that f(T) C S. This defines the category of k-germs.

Then the category of k-“erms is defined as the localization of the category of k-germs
by the morphisms of k-germs ¢ : (Y,T) — (X, S) which induce an isomorphism of Y
with some open neighbourhood of S in X (this implies that ¢ induces a homeomorphism
between T" and S). It is important to remark that the functor k-o/n — k-“erms defined
by X — (X,|X]) is fully faithful.

A morphism of k-%erms f is called étale if it has a representative ¢ : (Y,T) — (X, 5)
such that ¢ : ¥ — X is étale and T = ¢~ !(S). Berkovich defines the small étale site
(X, S)et of the k-germ (X, S), as the category of étale morphisms above (X, .5), a family
(Y, T3) EN (Y, T) being a covering if U; f;(T;) = T. The category of abelian sheaves on
(X, S)st is denoted by S(X,.S)st.

Cohomology groups with compact support

(see [Ber93, 5.1]) If S is a topological space, a family of supports ® is a family of closed
subsets of S which is stable under finite unions and such that if F' is a closed subset of S
and F' C T for some T' € ® then F € ®. If ® is a family of supports of S, and A C S we
set

Py={Fed|FcCA} (2.1)

which is a family of supports of A.

A family of supports @ is said to be paracompactifying if for all A € &, A is paracom-
pact, and if for all A € ®, there exists B € ® which is a neighbourhood of A.

If @ is a family of supports, the following functor

To: S(X,S)s — Ab
F — {seF(X,S) |supp(s) € D}

is left exact. Its right derived functors are denoted by Hg ((X,S), F).
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Let us assume that S is locally closed in X, that T is an open subset of S, and that
R := S\T. If ® is a paracompactifying family of supports of S, and F' is an abelian sheaf
on (X,95), there is a long exact sequence [Ber93, 5.2.6 (ii)]:

e H‘%:%l((Xv R)’F(X,R)) — H%T((XvT)’F(X,T)) - Ht%((Xa S)’F) — H'%R((Xa R)vF(X,R)) —
(2.3)

Now, we denote by Cg the family of compact subsets of S. If S is Hausdorff, this is a
family of supports, and if S is locally compact, C's is paracompactifying. Remind that if S
is a locally closed subset of a locally compact topological set X, S is also locally compact.
Since we will always consider locally closed subsets S of some Hausdorff k-analytic space
X, the family of supports Cg will then be paracompactifying. If F' € S(X,S)s, we will
denote by

HY((X, S), F) = Hy (X, S), F)

the associated right derived functors.

Let T'C S be an open subset of S and R := S\ T the complementary closed subset
of S. Then, (Cg); = Cr because being compact in 7" or in S is equivalent; likewise
(Cs)p = Cr. In this context, the long exact sequence (2.3) can be written:

S Hg_l((Xa R)vF(X,R)) — Hg(<X7T)7F(X,T)> — ch((Xa S)7F> — ch((Xa R)vF(X,R)) —
(2.4)

What we will look at

Let A be a finite abelian group whose cardinal is prime to the characteristic of k. We
set

H'(S,A) := HZ((X,5),A) (2.5)

where A is the constant sheaf of value A on (X, S)s. This notation is abusive since the
cohomology of S itself is meaningless, only the cohomology of the k-germ (X, S) can be
defined. Nonetheless, we will use the notation (2.5) to simplify the exposition.

If we still denote by A the constant sheaf of value A on (X, S)¢, then if U C S, Ax 1
is isomorphic to the constant sheaf of value A on (X,U)¢. Hence, if T is an open subset
of S and R := S\ T, the long exact sequence (2.4) becomes

o= HITY(R,A) - HY(T,A) — HI(S,A) - HY(R,A) — --- (2.6)

Quasi-immersions (see [Ber93, 4.3])

A morphism of k-germs ¢ : (Y,T) — (X, 5) is called a quasi-immersion if ¢ induces
a homeomorphism of 7" with its image ¢(T") and for all y € T, if we set x := ¢(y), the
maximal purely inseparable extension of H(z) in H(y) is everywhere dense in H(y).

Here are two examples of quasi-immersions that we will use frequently. If U is an
analytic domain of X, and ¢ : U — X is the natural inclusion morphism, then ¢ : (U,U) —
(X,U) is a quasi-immersion. If ¢ : Z — X is a closed immersion, then (Z,2) — (X, Z)
is a quasi-immersion. Moreover, quasi-immersions are stable under composition and base
change.

Quasi-immersions will be very important for us through the following result:

Proposition. [Ber93, 4.3.4 (1)] If p: (Y,T) — (X, S) is a quasi-immersion of k-germs,
it induces an equivalence of categories

SV, T)er = S(X, (T)) e
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In particular if U is an analytic domain of X, there are isomorphisms
HE(U, A) = HY(U,U), A) ~ HY((X,U), A). (2.7)
Similarly, if Z is a closed k-analytic subset of X,
HY(Z,N)~HI(Z,Z),A) ~ HI((X,Z),N\). (2.8)

We want to stress out that (2.7) and (2.8) partly justify the abuse of the notation made
in (2.5).

2.2 A finiteness result in the affinoid case

In this section k will be a (complete) non-Archimedean algebraically closed field. We
consider a k-affinoid algebra A, and we set X = M(A). We remind that A is a finite
abelian group whose order is prime to the characteristic of k. The goal of this section is
to prove proposition 2.2.3.

Lemma 2.2.1. Letn € N, and fori=1...n, let f;,g; € A, ;€ {<, <} and \; >0 be a
positive real number. Let us consider

S=(V{z e X | |fi(z)| 0 Nilgi()[}.

i=1
Then, the groups HI(S,A) are finite for all ¢ € N.

Proof. We prove the lemma by induction on n.

If n =0, then S = X and the result is a consequence of the finiteness result [Berl3,
Theorem 1.1].

Let n > 0 and assume that the result is true for n. Let f,g € A, A > 0, and let

S = {z e X | fi@) > Nlgi(@)], i =1...n}
=1

T={zeS|[lgl)r<|f()}
R={zeS||f(z)] < Ag()[} = S\T.

Let us show that the groups HI(T,A) and HZ(R,A) are finite. This will achieve our
induction step.

By its definition, S is a locally closed subset of X, T is an open subset of S, and
R = S\ T is the complementary closed subset of S. So we can apply the long exact
sequence (2.6) to S, R and T. By induction hypothesis, the groups HZ(S,A) are finite,
so if we show that the groups H4(R, A) are finite, this will also prove the finiteness of the
groups H4(T,A). Let us then show that the groups H4(R, A) are finite.

Let Y = M (A{\"1U}/(f —Ug)) and let ¢ : Y — X be the morphism of affinoid
spaces induced by the natural map A — A{A\"'U}/(f — Ug). The morphism ¢ induces
an isomorphism between the analytic domain of Y:

A={yeY |g(y) #0}

and the analytic domain of X:

B={ze X [|f(z)] < Alg(z)| and g(z) # 0}.
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As a consequence, ¢ induces a quasi-immersion ¢ : (Y, A) — (X, B), and also a quasi-
immersion

(Y,Aﬂgo_l(S)) — (X,BnNS9). (2.9)
But "
1 (S) = (Hy e Y [ Ifi(y)l > Nilgi(w)1}-
i=1

Here we have written f; (resp. g¢;) whereas we should rather have written ¢*(f;) (resp.
©*(g:)). Hence by induction hypothesis, the groups HI((Y, ¢ ~1(S5)),A) are finite.

Now AN ~1(S) is an open subset of ¢ ~1(5), whose complement in p~1(S) is p~1(S)N
{y €Y | g(y) = 0}. Let Z be the Zariski closed subset of Y defined by

Z={yeY|gly) =0}
and ¢ : Z — Y the associated closed immersion. We then obtain a quasi-immersion:
(Z ™ (e7H(9)) = (Y, Z N7 (95)).

By the induction hypothesis the groups H?(1 "' (¢ ~1(5)), A) are finite, therefore it is also
true for the groups H4(Z N ¢~1(S),A). Thus in the long exact sequence

o HI(ANTHS),A) = HE(p7(S),A) = HIZN ™ (S),A) = -

the written groups in the middle and in the right are finite and we conclude from this that
the groups HI(AN¢~1(S), A) are finite. We have already noticed that (Y, ANp=1(9)) —
(X,BNS) is a quasi-immersion, hence

HI(AN @ YS),A) ~ HI(BNS,A).

From this, we conclude that the groups H4(B N S, A) are also finite.
If we go back to our starting point

BnS={zeS|[f(x)] < Ag(x)| and g(x) # 0}

is an open subset of
R={zeS||f(z)] < Ag(z)[}.

The complementary subset of BN .S in R is
D={zeS||f(z)] < Ag(x)| and g(z) =0} ={z € § | f(x) = g(x) = 0}.
We denote by Z’ the Zariski closed subset of X :
7' ={z e X | f(z) = g(z) = 0}
hence D = Z' N S, and using the same kind of arguments as above we can conclude that
the groups HI(D, A) are finite.
We use for the last time the long exact sequence

= HY(BNS,A) - HI(R,A) - HI(D,A) — - --

We have shown that the groups on the left, and on the right are finite, thus the groups
HI(R,A) are also finite. O



108 CHAPTER 2. COHOMOLOGY OF SEMIALGEBRAIC SETS

Next, we want to extend this result to an arbitrary locally closed semianalytic subset
of X. In order to do so, we introduce the following notation.
Let fi,...fry91,-..9r € A and Ap,..., A, > 0. For a subset I C {1...r} we set

Cz(ﬂ{xGXHfz )| < Ailgi(x) > (ﬂ{éCEXHfJ \>Mgg()\}>~

el Jgl

The subsets C7 induce a partition of X, and each C is a semianalytic set of X. If
ACPH{1...7}), let us set

Ca=]]Cr
IeA

This is a semianalytic subset of X, and in fact every semianalytic subset of X is of this

form!. This follows from the fact that if S is a semianalytic subset of X, one can find

some f1,..., fry91,---,9r € A such that S is a finite union of subsets of the form

{z € | |fis(2)] i, |giy(2)] and --- and |f;,, ()] <, |93, (2)[}

where 1 <41 < ... <iy <r,and ;e {<, >}
For instance, if S = {|f1| <|g1]} U{|f2] > |g2|}, A = {{1,2},{1},0} is suitable:

S ={[f1] < |g1] and [f2| < g2|}U{|f1] < |g1| and |f2| > [go[}U{[f1| > |g1] and |f2| > |g2|}-

Lemma 2.2.2. Let r and n be two integers, fi,... fryg1,...Gr, F1,... Fy,G1,...Gp € A,
ACPHL...r}), e {<,<} fori=1...n and A\i,..., A\p, i1, ..., pn, be some positive
real numbers. Let us suppose that the semianalytic set of X

0 =Can (e e X | |Fi@)| 0 milGila)]})
1=1

is locally closed. Then the groups HI(C,A) are finite.

Proof. We prove this by induction on r.

If » = 0 this is precisely the preceding lemma 2.2.1.

Let » > 0 and let us assume that we are given fi,...fr11,91,-.-gr01 € A, A C
PH{1...r+1}), and

C = CAm<ﬂ{a:eX||F INzuzG()\}>

a subset of X, assumed to be locally closed. Then we must show that the groups H4(C, A)
are finite. The idea is to decompose C' as

C= {‘T eC ’ |f7”+1(1:)| < >\r+1|gr+1 |}]_[{a7 eC | |f7“+1 | > )\7‘+1‘g1“+1( )|}

and to use our induction hypothesis to this partition of C.
To formalize this, we set

Ai={PeA|r+1eP}

AQZ{P€A|T‘+1¢P}:A\A1

1. This is some kind of disjunctive normal form.
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Finally we set
Blz{P\{T’—Fl} | PGAl}

and By = As. In addition, we see By and By as subsets of P({1...7}).
We now consider the subsets of X, Cp, and Cp,, associated with fi,... fr,91,...9r
and Aq,..., A . Then, by definition of B; and Bo,

Ca = ({z € X ||frr1(@)] < Xt1lgrn1 (@) 3NCr) [THz € X | [frr1(@)] > Arsalgr1 (2)[3NCy).

Said more simply, we have partitioned the set C4 = [[;c 4 C7 in two parts: on the left side,
we have kept the Cs where the inequality |fr11(z)| < Art1]gr+1(2)| appears, and on the
right side, we have kept the C}s where the inequality |fy41(x)| > Art1]gr+1(x)| appears,
which allows us to restrict to subsets of {1...r}. And now we set:

€1 = Cp, N ({x € X | [fr1(@)] < Astlgrri @)} 0 {e € X | [Fila)] o m|Gi<x>|})
=1

Cy=Cp, N <{$ € X | [fr1(@)] > Astlgra (@)} 0 (z € X | [Fy(x)] o< ml@-(w)l}) :
=1

The following holds :
Cr={z € C||frr1(2)| < Ars1lgr1(2)]}

Co={z € C | [fr+1(2)] > As1lgrs1(2)]}-

So C'= C1 ][]y, Cs is an open subset of C, and C] is the closed complementary subset
attached to it, in particular, C; and C5 are locally closed in X. But we can now apply our
induction hypothesis to C1 and Csy: the groups HZ(C;, A) are finite for i« = 1,2. Finally,
according to long exact sequence (2.6) applied to Cy C C D C1, the groups H4(C, A) are
finite. O

The previous lemma, with n = 0 becomes:

Proposition 2.2.3. Let S be a locally closed semianalytic subset of X. The groups
HI(S,A) are finite.

2.3 Global results

In this section, we will still assume that k is algebraically closed.

2.3.1 The compact case

Proposition 2.3.1. Let X be a compact k-analytic space, and let S be a locally closed
G-semianalytic subset of X. The groups HI(S,A) are finite.

Proof. We prove by induction on m that if X is a Hausdorff k-analytic space which is
covered by m affinoid domains: X = U, V;, and S C X is a locally closed subset of X
such that S NV; is semianalytic in V; for all 7 (in particular S is rigid semianalytic in X),
then the groups HJ(S, A) are finite.

For m =1 this is proposition 2.2.3.
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Let then m > 1 and let us assume that X is covered by the affinoid domains V;, i =
1...m+ 1, and that S C X such that for all 7, S NV is semianalytic in V;. We set

RZSO(ViU...UVm)
T—S\R
= (Vm+1 N S) \ (Vm+1 N (Vl U...U Vm)) (2.10)

If X' :=V1U...V,, then X’ is a compact analytic domain of X (not necessarily good),
and R is a locally closed rigid semianalytic subset of X’ such that RNV} is semianalytic in
Vi for i = 1...m. Thus by induction hypothesis, the groups HZ((X’, R), A) are finite. In
addition, since (X', R) — (X, R) is a quasi-immersion (because X’ is an analytic domain
of X), HI((X',R),A) ~ HI((X, R), ), hence these are finite groups.

Next, we claim that T is a locally closed semianalytic set of V,,,+1. Indeed, for each
iy Vint1 NV, is an affinoid domain of V,,; (because X is separated), hence closed and
semianalytic in V41 according to the Gerritzen-Grauert theorem. Hence V11 N (V4 U
... Vy) is a closed semianalytic set of V1. Since SNV,,41 is a locally closed semianalytic
subset of V41, according to (2.10), T is a locally closed semianalytic subset of V4.
Hence according to proposition 2.2.3, the groups HZ((Vjn+1,T),A) are finite, and since
(Vin+1,T) — (X, T) is a quasi-immersion, HI((V;p41,T),A) ~ HI((X,T),A), thus the
groups H4((X,T),A) are finite.

Finally, since R is a closed subset of S and 7" = S\ R, the long exact sequence (2.6)
allows to conclude that the groups HZ((X, S),A) are finite. O

2.3.2 The semi-algebraic case

Proposition 2.3.2. Let A be a k-affinoid algebra, X a separated A-scheme of finite type,
and S a locally closed semi-algebraic subset of X*. Then the groups HI((X*",S),A) (that
we abusively denote by HI(S,A)) are finite.

Proof. According to Nagata’s compactification theorem (see [Con07] for a modern proof),
we can embed X as an open subscheme of a proper A-scheme X. Since (X%, X)) —
(fan, X%) is a quasi-immersion, and since quasi-immersions are stable under base change,
for all ¢ > 0 we have an isomorphism of groups:

HI((x™,8), ) ~ HI(X"",S),N).

In addition, according to proposition 0.3.14, S is still semi-algebraic in X*". Moreover,
S is still locally closed in X" because X" is open in X*". So we can assume that X is
proper.
In that case, X*" is compact, and according to lemma 0.3.17, S is rigid semianalytic
in X", and the result follows from proposition 2.3.1.
O

2.4 A finiteness result for overconvergent subanalytic sets

We now want to explain how cohomological finiteness results such as proposition 2.3.2
can be extended to overconvergent subanalytic sets. In this section, k will be algebraically
closed, and A will still be a finite abelian group whose cardinal is prime to char(k).

Proposition 2.4.1. Let X be a k-affinoid space, S C X a locally closed overconvergent
subanalytic subset of X. Then the groups HI((X,S),A) are finite.
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Proof. Let us denote by A the k-affinoid algebra of X. According to theorem 1.1.40, we
can assume that

where (X;, S;) AN X,i=1...n, are n constructible data.

Let us then denote by ¢; the complexity of the constructible datum ;. Remind (def-
inition 1.1.5) that ¢; corresponds to the number of divisions involved in the definition of
©;, or equivalently, the number of new variables which have been introduced to define the
affinoid space X;. We then prove the result by induction on

n
c:= Z Ci.
i=1

If ¢ = 0, this means that for each ¢, ¢; = ¢d, so that S is in fact a locally closed
semianalytic subset of X and the result follows from proposition 2.2.3.

Let ¢ > 0 and let us assume that the result holds for ¢ < ¢. We can assume that
c1 > 0, so that we can write

¥
-—>

p11(X1,8) -+ (2,T) 5 X (2.11)

where ¢ is an elementary constructible datum. Then,
complexity(y) = complexity(pi) — 1 < ¢;.
Moreover, by definition, there exist f,g € A and s € \/[k*] such that
T {seZ|1f(2)| < slg(2)] #0}. (2.12)
Let us set

T ={z eS| f() = g(x) = 0}
Ty ={z S| f(x) #0 or g(x) # 0}.

Then 75 is an open subset of S, and T} is its closed complement. According to the long
exact sequence (2.6), it is enough to prove that the groups HI((X,T;),A), for i = 1,2 are
finite.

Since T1 N ¢1(S1) = 0 (according to (2.12) and the definition of T}),

n

T = J(@i(8)) N {w € X | f(x) = glx) = 0.

1=2

So if we set S := S;Ny;'({z € X | f(x) = g(z) = 0}) it is easy to see that S/ is

still semianalytic in X; and that Ty = U} 4p;(S}). Moreover, since S is locally closed,

by definition of 77 we see that T3 is also locally closed. So if we apply the induction
hypothesis to the family of constructible data
N\ Pi

(X, 8) 25 X)

1=2...n

we see that the groups H4(X,T1),A) are finite.
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It then remains to show that the groups H4(X,T»),A) are finite. For this purpose, let
us set

U ={zeDy | |f(x)| <slg@)l} ={x €S ||f(z) < s|g(z)] # 0}
Uy ={z €Ty | |f(x)| > slg(z)[}.

Then Us is an open subset of To and U; is its closed complement, so thanks to the closed-
open long exact sequence (2.6) it is sufficient to show that the groups HI(X,U;),A),
1 = 1,2 are finite.

First, by definition, Uy N ¢1(S1) = 0. So

U = (S 1 {a € X | 1) < slg(@)] # 0}

and a similar argument as above implies by induction hypothesis that the groups HZ((X, Uz), A)
are finite.

Eventually, for ¢ = 2...n, we consider the cartesian diagram of k-germs (remind the
definition of ¢ in (2.11):

(i, 81—~ (X,, S)
| |
I ¢ | pi
Y Y
(Z,T) ——=X

Then, S; is semianalytic in Y;, defined by

Si=; ' (S) n{z € Yi | |f(2)| < slg(x)] # 0}.
Here write simply f in place of (¢})*(f). Then, by construction, if we set
S = #i(S)) Up(Sh)
i=2

we obtain the equality
S’ = ().

Hence S’ is a locally closed overconvergent subanalytic set of Z (since by definition, Uj is
locally closed) defined by the overconvergent constructible data

(08) 55 2y, (X081 -5 7).

1=2...n

So, the complexities of this family of constructible data add to
(ci—1)+co+...+cp=c—1.

By induction hypothesis, it follows the groups H2((Z, S"), A) are finite. Now (Z,5") % (X, U;)

is a quasi-immersion, and U; = ¢(S’) so HY((Z,5"),A) ~ HI((X,U1),A), and these
groups are then finite, which ends the proof. O
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2.5 Analogous statements for adic spaces

In this section, k will be a non-Archimedean algebraically closed non-trivially valued
field, A a finite group prime to the characteristic of k and A a strictly k-affinoid algebra.

We want to stress out that in the previous sections, instead of working with the étale
cohomology developed by Berkovich in [Ber93|, we could also have used the theory of
adic spaces and its étale cohomology theory, developed by R. Huber in [Hub96]. This
might be interesting because this will define different groups (cf. remark 2.5.1) and will
apply for different semianalytic (resp. semi-algebraic) subsets (cf. remark 2.5.7). To
avoid confusion, we will denote by H? (X, A) the groups defined by the cohomology with
compact support of adic spaces. 7

In this framework, the analogue of a a k-germ (X,5) is the notion of a pseudo-adic
space (X, S) over Spa(k,k®°) [Ibid., p. 1.10.3]. The quasi-immersions will be replaced by
locally closed embeddings [Ibid., p. 1.10.8 (ii) |, and the analogue of [Ber93, 4.3.4] which
states that cohomology is invariant by quasi-immersion is [Hub96, 2.3.8] which states the
same thing for locally closed embeddings. In Huber’s theory though, compactly supported
cohomology isn’t defined as a derived functor, but with some compactification, like in the
étale cohomology of schemes. Nonetheless, one can check that if i : (X,5) — (Y,T) is a
locally closed embedding with i(S) = T, then H/ ,((X,S),i*(F)) ~ H{ ,,((Y,T), F). In-
deed, in this case, iy = i, is an exact functor (it induces an equivalence of categories),
so RYiy = iy = i, [ Ibid., p. 5.4.1. So RTiy(i*F) ~ F, from what it follows that
HY (X, S),3*(F)) = HY (Y. T), F).

c,ad c,ad
Remark 2.5.1. One has to keep in mind that compactly supported cohomology does not
give the same groups in both theories, for instance if X is the closed disc of radius one:

i 0l1]2
HZ,Ber(XuA) AJ0]O
Hg‘ﬂd(X,A) 0[0]A

In section 2.2, we systematically used the long exact sequence
< HITYR,A) — HY(T,A) — HY(S,A) — HY(R,A) — - -

where

T={xeS||f(2)] <|g(=)} (2.13)

and R = S\ T. Although the closed-open long exact sequence is still valid for pseudo-adic
spaces [Hub96][5.5.11 (iv)], T" as defined in (2.13) is not an open subset of S any more, so
we cannot apply this long exact sequence. In fact the typical example of an open subset
of an adic space is

T={zeS||f(x)] < l|g(x)] # 0} (2.14)
It will be then possible in that case to apply this long exact sequence (which includes the
case {f # 0} = {0 < [f| # 0}).
Remark 2.5.2. A subset S is a finite boolean combination of subsets of the form {|f| <
lg| # 0} if and only if it is a finite boolean combination of subsets of the form {|f| < |g|}.

For instance, {|f| < |g[} = {|f] < lg] # 0} U ({g # 0} U{f # 0})".
Let A be a (strictly) k-affinoid algebra. We will say that a subset S C Spa(A,.A°) is

semianalytic if it is a boolean combination of subsets of the form

{w € Spa(A4, A%) | |f(@)] < lg()}
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where f,g € A. This definition slightly differs from the one given for Berkovich spaces:
here we do not allow real constants in the inequalities.

Lemma 2.5.3. Let X = Spa(A, A°) be the affinoid adic space associated to A, S = N,S;
where for each i, S; is of the form S; = {x € X | |fi(z)] < |gi(z)] # 0} or S; = {x €
X | fi(x)] > |gi(2)] or gi(x) = O}, with fi,g; € A. Then the groups H( ,,(S,A) are finite.

Proof. Mimic the proof of lemma 2.2.1 using that

{z e X [ [fi(x)] < lgi(@)] # 0} = {z € X | [ful)| > |gs )] or gi(x) = 0}.

The key point here (that makes possible the base case of the induction) is that for an
affinoid adic space Y, the groups H! ,(Y,A) are finite [Hub07][5.1]. O

Proposition 2.5.4. Let T be a locally closed, semianalytic subset of X = Spa(A,.A°).
Then the groups H? ad(T A) are finite.

Proof. According to remark 2.5.2; we can assume that T is a finite union of subsets S as
in lemma 2.5.3. Hence we can adapt the proof of lemma 2.2.2. O

In this context, if X is a quasi-separated adic space of finite type over k, we will say
that S is locally semianalytic if there exists a finite affinoid covering {U;} of X such that
S N Uj; is semianalytic in U; for all ¢. Adapting the proofs of proposition 2.3.1, we obtain:

Proposition 2.5.5. Let X be a quasi-separated adic space of finite type over k, and S a
locally closed, locally semianalytic subset of X. Then the groups HY (S, A) are finite.

We can define similarly semi-algebraic subsets S € X% where X is an A-scheme of
finite type, like in definition 0.3.8, but without the real constants A. We then obtain:

Proposition 2.5.6. Let X be a separated A-scheme of finite type, S a locally closed
semi-algebraic subset of X%, Then the groups HC wa(S,A) are finite.

Remark 2.5.7. As indicated above, if X is a k-analytic (resp. adic) affinoid space, the
class of locally closed subspaces will be different according to the theories. To illustrate
this we want to give two examples. Let us consider X the closed bidisc of radius 1:
X = M(k{z,y}) or Spa(k{x,y}, k°{x,y}) according to theory we are using. Remind that
a subset U is locally closed if and only if U is open in U.

A subset which is locally closed for the topology of adic spaces but not for
the Berkovich topology. Let V = {p € X | |z(p)| > |y(p)|} U {po}. Here py is the
rigid point corresponding to the origin. Then V is closed in the adic topology. Indeed its
complement is

={p e X \{po} | lz(0)| < ly@)} = {p € X | lz(p)] < [y(p)| # O}

which is open by definition of the topology of adic spaces. But we claim that V is not
locally closed for the Berkovich topology. To show this, for r,s <1 let 1, € X be defined
by
Nr.s Z a; 'y’ max|a”]r ‘s,
1,5€N

Then for r > s, n,s € V,and for 0 <r <1, 5., € 1% \ V. Now, if V' was open in V, since
it contains pg, it should contain 7, , for r small enough which is a contradiction.

A subset which is locally closed for the Berkovich topology but not for the
topology of adic spaces. Let us consider the set U = {p € X | |z(p)| < |y(p)|}. Then U
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is closed for the Berkovich topology but not locally-closed for the topology of adic spaces.
Indeed, if pg is the rigid point corresponding to the origin (0,0), po € U, but U is not
a neighbourhood of py in U with respect to the topology of adic spaces. Otherwise for
some ¢ > 0, U would contain a subset B = {p € U | |z(p)| < ¢ and |y(p)| < e}. But
then for 0 < a < e with a € |k*|, we can define 1, € U a valuation of rank 2 such that
Ne(z) = a and 74(y) = a_ where a_ < « but is infinitesimally closed. Now, 1, € U
because 7 € {Na,a} (cf. definition above). So by definition of B, 1, € B. So we should
have n, € U, which is false. So U is not locally closed for the adic topology.

2.6 From torsion to /-adic coefficients

In this section we explain how to pass from Z/¢"Z-coefficients to f-adic coefficients.
We want to make an exposition as down to earth as possible. A more general treatment
can be found in [Gro77, Exposes V-VI].

2.6.1 Continuous Galois action

From now on, we do not assume any more that k is algebraically closed. We still
consider X a Hausdorff k-analytic space. Let S be a locally closed subset of X and let
us set X = X@k@, 7 : X — X, the projection, and S = 7~ 1(S). This is a locally
closed subset of X. There is an action of Gal(k*®”/k) on X which stabilizes S. Hence
Gal(k*P /k) acts on the k-germ (X,S). If F € S(X,S5), we set F = 7*(F). The action
of Gal(k*®?/k) on (X,S) induces an action on H:(S,F). Indeed for o € Gal(k*P/k) we
have the commutative diagram

(X,9) - (X, 5)

Then the action of ¢ on the cohomology is given by :
o*: H((X,S),F)~H((X,S),0*F) ~ H((X,S),F),

the last isomorphism being a consequence of the isomorphism o*on*(F) ~ 7*(F). If (X, S)
is a k-germ, and K is a complete extension of k, we consider 7x : X = X®,K — X and
we set Sx = T (S), so that we can consider the K-germ (X, Sr).

Proposition 2.6.1. If X is a Hausdorff k-analytic space, F a locally closed subset of X,
F € Su(X), there is an isomorphism of Galois modules:

lim HY((Xk, Fi), Fr) = H{((X, F), F)
K/k

where the limit is taken over all finite separable extensions K of k contained in k%¢P.

Proof. We will use that if Y is a Hausdorff k-analytic space and G € S¢(Y'), the following
is true [Ber93, 5.3.5]: o

lim HY(Yk, k) ~ HI(Y,G),

K/k

and it is an isomorphism of Galois-modules.
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Since F is locally closed, it can be written F' = U N F’ where U is open in X and F” is
closed in X, and since (U, F') — (X, F) is a quasi-immersion, for all ¢ > 0, HI((U, F'), A) ~
HI((X,F),A). Now, F is closed in U, so we can replace X by U and assume that F is
closed.

In this situation, let U = X \ F be the complementary open subset of X. For K a
finite separable extension of k, Fx is a closed subset of X whose complementary open
subset is Ux. Hence we get a commutative diagram:

= ling, Hi(Ug, Fg) — ling .o HY( Xk, Fg) — lim HI(Xk, Fi), Fr)

| | i

~ HI(U,F) HI(X,F) HI(X,F),F)

Thanks to the long exact sequence (2.4), the first row is exact because hﬂ is an exact
functor (we consider a filtered inductive limit), and the second row is exact. We can then
conclude thanks to the five lemma. O

In particular, if A is a k-affinoid algebra, X is a separated .A-scheme of finite type, and
if S is a locally closed subset of X",

HY((X,9),A)

is a continuous Galois module. Moreover, if T is an open subset of S and R = S\ T, the
long exact sequence

<+ — HI(X,T),A) — HI((X,S),A) - HI(X,R),A) — - -

is Galois equivariant.

2.6.2 About the dimension

Let X be a Hausdorff k-analytic space. We denote by d the dimension of X (cf. [Ber90,
p. 34] and [Ber93, p. 23)).

Proposition 2.6.2. [Ber93, Cor 5.3.8]. LetY be a Hausdorff k-analytic space of dimen-
sion d, F a torsion abelian sheaf on'Y, then for all i > 2d, HL(Y,F) = 0.

We can generalize this result in the following way:

Proposition 2.6.3. Let X be a Hausdorff k-analytic space of dimension d. Let S be a
locally closed subset of X. For q > 2d, and F € S(X) an abelian torsion sheaf on X,
H((X,S),F) =0.

Proof. Write S = U N Z with U an open subset of X and Z a closed subset. Set V =
U\ S which is an open subset of U and X. Then HI((U,S),F) ~ HI((X,S),F) and
HY(V,F)~ HI(V,V),F)~ HJI((U,V), F), hence in the long exact sequence (2.6)

- — H}((U,V),F)— HYU,F) - H}((U,S),F) — ---

according to the previous proposition, the groups are 0 on the left and in the middle for
q > 2d, so this must also occur for the groups on the right. O

In our situation, this result can be refined. If A is a k-affinoid algebra, X a separated
—=Zar

A-scheme of finite type, and S C X" a semi-algebraic set, we set Z := S~ . Then since
(Z,5) — (X,95) is a quasi-immersion, H4((Z,S),F) ~ HI((X,S),F). Hence if we set

dim(S) := dim(Z), with the above notations, H4((X,S), F') = 0 for all ¢ > 2dim(5).
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2.6.3 Finiteness of the /-adic cohomology

In this subsection, we assume again that k is algebraically closed. We fix A a k-affinoid
algebra, X a separated A-scheme of finite type, S a locally closed semi-algebraic subset of
X% and ¢ a prime number different from the characteristic of k.

In this situation, we have seen in proposition 2.3.2 that for n > 0, the groups HJ(S,Z/("Z)
are finite (we remind that the notation H4(S,Z/¢"Z) is a shorthand for HI((X, S),Z/{"Z)).

We then set

HY(S, Z) = lim HY(S, Z/0"Z) (2.15)
n>0
and
HI(S,Qp) = HI(S, Z¢) @z, Q. (2.16)

It is a classical fact that proposition 2.3.2 implies that the groups HZ(S,Z,) are finitely
generated Zg-modules, and as a consequence, that HZ(S, Q) are finite-dimensional Q-
vector spaces. For completeness, we give here a proof as simple as possible.

One of the main tool to prove it is the so called Mittag-Leffler condition, that we
will use in the following form:

Proposition 2.6.4. Let
0— (An)nZO — (Bn)nZO — (Cn)nZO —0

be an exact sequence of inverse systems of finite abelian groups indexed by n € N. This
means that for each n € N, the sequence 0 — A, — B, — C,, — 0 is exact. Then the
sequence

0 — lim A, — lim B, — lim Cy, — 0
n>0 n>0 n>0

s exact.

An easy proof can be find as an exercise in [Liu06, exercise 1.3.15], and more general
statements can be found in [Gro61, Chapter 0 §13.1]. The finiteness condition is necessary.
For instance if K is a field, the morphism of inverse systems:

(K[X]nz0 = (K[X]/(X™))nz0

is surjective (the left-hand side is the constant inverse system K[X]). However, after
taking the inverse limit we obtain the morphism

K[X] — K[| X]]
which is not surjective.

Definition 2.6.5. A Z;-module M is called complete and separated (with respect to the
¢-adic topology) if the canonical map

™ M — M = lim M/(*M
E>1

is an isomorphism.
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Proposition 2.6.6. Let us consider a projective system of abelian groups

My B My o S,
where each M, is a finite Z/¢"Z-module. Then

M := lim M,
% n

is a complete and separated Zg-module.

Proof. We must show that
™ M — M = lim M/¢*M
E>1
is an isomorphism.

We first prove that = is injective. If z = (z,) € M, and w(z) = 0, this means that
x € (*M for all k. Since for each n, M, is a Z/{"Z-module, taking k = n, this implies
that x,, € "M, so x,, = 0 for all n, hence x = 0.

Let us now prove that 7 is surjective. For this, we consider a Cauchy sequence (y(k)) E>1
in M, such that for all j > k, y¥) = y(*) mod ¢¥M. In particular, if j > k, this implies
that for all n,

YD) =4 mod (FM,,. (2.17)

Now all we have to do is to find some x € M such that for all £ > 1,
T = y(k) mod (%M.

First, we define x = (z,,) by
(n)

Tp = (yn )nzl-

Thus we obtain:
n+1 n — n n
dn(Tnt1) = dn(yr(w:i )) = y7(1 ) = y7(1 ) mod ¢ My,

the last congruence being a consequence of (2.17). But since M, is a Z/¢"Z-module,
I"M,, = {0}, thus d,,(zp+1) = yﬁln) = x,. Hence (x,) € M.

It is now sufficient to show that 2 = y*) mod ¢¥M for all k¥ > 1. For this, let us
consider some n € N*. Then

n =yt =y =yl

If n < k, then according to (2.17), yﬁn) —ygk) € (" M,, and since (" M,, = {0}, y,gn) = yﬁlk), SO
in particular yr(L") = y,(Lk) mod *M,,. If n > k, still according to (2.17), yf{l) —y,(Lk) e 0k M.
So in any case (z — y*)),, € £k M,,.

But since the groups M,, are all finite, according to the Mittag Leffler condition, we
have an isomorphism

@ gk(@nZan) = @nZl(ngn)
Ek(xn)nzo = (fkl’n)nzo-

Indeed « is by definition injective. Moreover, let us consider the map

B 1&n’nZl(]w’n) - gnn>1(£an)

(xn)nZO — (gk&n)nZO-
Since § is induced by a surjective map of inverse systems, according to the Mittag-Leffler
condition, 3 is surjective. By definition, for z € @nZl(Mn), B(x) = a(fFz), so a is also
surjective.
Hence z — y*) € ¢k M which concludes the proof. O



2.6. FROM TORSION TO ¢-ADIC COEFFICIENTS 119

Lemma 2.6.7. Let M be a complete and separated Zg-module. Then M is finitely gener-
ated if and only if M/EM is finite.

Proof. First, if M is a finitely generated Zs,-module, M /¢M is a finitely generated Z/(Z-
module, hence is finite.

Conversely, if M /¢M is generated by some elements mq, ..., my from M, we show by
induction on n that for each n > 0, £*M/({"+1 M) is generated by £"(my1,...my). Indeed,

N
this is true by hypothesis for n = 0. Now, if n > 0, and x € /"M, say © = > {"x;, then
i=1

N
x = /£ (" 'z; and by induction hypothesis, there exists y € £"~!(my ... my) such that
i=1

N N
Sty =y mod ("M. Hence by € {"(my...my) and £y = > "x; mod ("T1M.
i=1 =1

Hence if x € M, one can inductively define a sequence (z,)n>0 such that z, €
(my...mpy), z, = mod {"M and zp+1 — x, € £"(my...my). Hence in Zy(my...my),
(z,,) has a limit which is x.

O]

Proposition 2.6.8. The groups HI(S,Zy) are finitely generated Zg-modules. Hence,
HI(S,Qy) is a finitely generated vector space for all q, and H2(S,Qp) = {0} for ¢ > 2d,
where d is the dimension of X".

Proof. According to proposition 2.3.2 and 2.6.6, H?(S,Zy) is a complete Zs,-module. So
according to lemma 2.6.7, it only remains to prove that HZ(S, Z,)/¢HZ(S, Zy) is finite. Let
us prove this.

For each n > 0 we have the exact sequence of groups

0— Z/0"2 22 7./ 7 I 707 — 0
where
pn: LML = LT
x mod /" +— fz mod ("1

and 7 is the reduction map. If we take the long exact sequence in cohomology associated
to this, we get the long exact sequence of projective systems:

A A A A

~ HY(S,7/("7) s Hi(S,Z/" ) —— Hi(S,Z/17) — HTY(S,Z /" 7)

| { A

> Hé(S, Z/ETH—IZ) Hntl Hé(S, Z/gn+2Z) . Hg(S, Z/KZ) - HZ,“(S, Z/ETH'IZ)
A A A A

where the first two vertical arrows a and 8 correspond to the natural projections. In

addition, one checks that the composite pu, o v is just multiplication by £. By the previous

section, the groups are all finite, so the functor m is exact (this is a particular case of
n>0

the Mittag-Leffler condition). So, once we apply the functor l’gl, we obtain the long exact

n>0
sequence:

>Hé(‘97Z€)LZ>Hé(sz€)HHé(S?Z/ez)HHéJA(S,Zf) >
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In particular , this implies that we have an injection:
0 — HZ(S,Zy)/(€-HI(S, Ze)) — HI(S, Z/IZ)
and since HJ(S,Z/¢Z) is finite, we conclude that HI(S,Z,)/(¢.HI(S,Zy)) is finite. O

Remark 2.6.9. As a consequence, the groups HJ(S, Z,) being finitely generated Z, modules
are compact spaces when equipped with the f-adic topology. Moreover, there exists an
isomorphism of Z;-modules

HI(S,Zy) ~Z]' x H

where m € N and H is a finite abelian group. It follows there is a commutative diagram:

HY(S,Zy) =7 x H (2.18)

| l

HI(S, Q) ——QF

where the vertical arrows are induced by tensor product. Likewise, being finitely generated
Q¢ vector spaces, the groups HZ(S,Qy) have a canonical topology, which is inherited by
the topology of HY(S,Zy) after tensor product: the image of HZ(S,Z,) in HI(S,Zy) is an
open and compact subgroup, and all arrows in (2.18) are continuous. It also follows that
the map induced by tensor product:

Ende (Hg(sa ZZ)) — End@z (Hg(S7 QZ))
is continuous.

Lemma 2.6.10. Let (M,),>0 be an inverse system such that each M, is a finite Z/0"7Z-
module and let M := LiLnnm M,,. Let us assume that M is a finitely generated Zys-module.
Let K € N and let

U =5

Then there exists some N € N such that
{(zn) € M | zx =0} C (XM,

In other words, on M, the ¢-adic topology coincides with the linear topology generated
by the family of open subgroups {(z,) € M | zny = 0}nen, because conversely {(z,) €
M | zy =0} CIVM.

Proof. Remark that as a finitely generated Zy,-module, M equipped with the ¢-adic topol-
ogy is a compact space, and [m is an open subspace. Then for N € N, {(z,,) € M | xn =
0} is a closed subset of M, for instance because it is the kernel of the map M — My which
is continuous because it is a morphism between finitely generated Zg,-modules. Moreover

() {(zn) € M | 2y =0} = {0}

N>0

by definition.
Hence since ¢X M is a neighbourhood of {0}, by compactness of M, there exists some
N € N such that {(z,) € M | xy =0} C (KM, O

Proposition 2.6.11. With the above notations, H(S,Z;) and HI(S,Qy) are continuous
Galois modules.
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Proof. According to remark 2.6.9, it is enough to prove that HZ(S,Zy) are continuous
Galois modules. And in order to prove this, it is enough to prove that for x € HI(S,Zy),
the map
Gal(k*?/k) — HI(S,Zy)
g — 9.z

is continuous. Let then U be some neighbourhood of g.x in H4(S,Z;). Then there exists
K € N such that g.o + 5 H3(S,Z;) C U. According to lemma 2.6.10, there exists some
N € N such that

{(un) € HI(S,Zy) | uny =0 € HYS,Z/INT7)} C (XHI(S,Zy).

Then according to section 2.6.1, Gal(k*?/k) acts continuously on HZ(S,Z/¢NZ). Con-
cretely, there exists a neighbourhood W of ¢ such that for all w e W, w.ay —g.xny =0 €
HY(S,Z/INZ). So w.x — g.x € IKHI(S,Zy), i.e. w.x €U, which proves that the action of
Gal(k*P /k) is continuous. O

Using again the exactness of lim when all the groups are finite, and the long exact
sequence (2.6), when S is a locally closed semi-algebraic subset, V' C S is a semi-algebraic
subset which is open in S and F' = S\ V, then we get a long exact sequence of continuous
Galois modules:

HYV,Qp) — HL(S,Qp) — H(F,Qq) —

2.6.4 Kiinneth Formula

Definition 2.6.12. Let A be a ring. A complex M*® of A-modules is called strictly perfect
if it is bounded, and for all n, M™ is a finitely generated projective A-module.

Proposition 2.6.13. Let

XXSYRXST

be a cartesian square of k-germs, where R (resp. T) is locally closed in X (resp. in

Y), X,Y and S being some Hausdorff k-analytic spaces. Let F € D~ (X,Z/{"Z) and
G €D (Y,Z/"Z). Then there is a canonical isomorphism:

RfAF é RgG ~ Rh <(9/*-7:) QL@ (f,*(g)>

Z/tnT. Z/tnT.

Proof. Since R is locally closed, R = UNF where U is an open subset of X, and F a closed
subset, so R is closed in U, and since the inclusion (U, R) — (X, R) is a quasi-immersion,
replacing X by U, we can assume that R is closed in X. Let us set U := X \ R the
complementary open subset.
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In a first step, let us assume that 7" = Y, that is to say that (Y,T) = (Y,Y) ~ Y.
Remark that (X,U) and U are isomorphic as k-%erms. We then consider the following
three cartesian diagrams:

(Xv R) X Y

We then obtain a commutative diagram of distinguished triangles:

(RjeFio) &, (RaG) —=Run (g’ﬁ(ﬂU) s <f5<g>>)

l -

(Rfx(F)) & (RgG) —*—Rhx, <g';sfz 5 '*(g)))

|

(Rf! (-’T:|(X,R))) Z/(%TZ (Rg!g) *3> Rhy <g/* (ﬂ(X,R)) Z/(%lz (f/*(g))>

(-1 l (-1

According to [Ber93, 7.7.3] the arrows 1 and 2 are isomorphisms. So 3 (which is constructed
in the same way as in loc.cit.) is also an isomorphism.

Next, if (Y, T) is a locally closed k-germ, as above we can assume that 7" is closed in
Y, so that if we set V :=Y \ T, V is an open subset of Y and V' — (Y, V) is a quasi-
immersion. Hence according to the first step, the proposition holds for the k-germs (Y, V)
and Y, so using again the distinguished triangle associated to (Y, V) and (Y,T'), we can
conclude. O
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Exactly in the same way, we can generalize [Ber93, 5.3.10] to k-germs:

Proposition 2.6.14. Let ¢ : Y — X be a Hausdorff morphism of finite dimension,
G € DY, Z/"Z) of finite Tor-dimension, and F € D(X,Z/("Z). Let T be a locally
closed subspace of Y, and let us set f = p\y,r). Then Rfi(Gy,r)) is also of finite Tor-
dimension, and there is a canonical isomorphism

L L
F @ RAG ) =RAS(F) @ Gm)-
7). 7/07,

We now apply proposition 2.6.13 to the following situation: we assume that S = M (k)
and we consider the constant sheaves

F=1/"Z.
In that case Rfi = RI'., and we have the following isomorphism in D~ (Z/¢"Z — Mod):

RI.((X,R),Z/¢"Z) Z/(%”‘Z RI.((Y,T),Z/0"7) ~RI.((X xY,RxT),Z/¢"Z). (2.19)
Our goal is now to pass from Z/{"Z coefficients to Q coefficients which is achieved in
proposition 2.6.17. The following arguments are a rewriting of the exposition of the ¢-adic
Kiinneth formula for étale cohomology of schemes made in [Mil80, VI 8§].

Using proposition 2.6.14 with F = Z/{""'Z and G = Z/{"Z yields the following
isomorphism in D~ (Z/¢"'Z — Mod):

L
RI.((X,R),Z/("Z) & Z/0"‘Z~RI.((X,R),Z/("'7) (2.20)
YAl
In what follows, we will work with complexes M*® of Z; (resp. Z/¢"Z) modules. According
to the context, we will either see M*® as a complex of modules, or as its image in the
derived category D(Zy, — Mod) (resp. D(Z/{"Z — Mod)). For instance when we will
consider projective limits l&nMﬁ, this will always mean that the M’s are complexes of
n

Z/0"Z-modules. In the same way, if M*® and N*® are complexes of Z;-modules, M*® ®z, N*

L
will denote the total tensor product of complexes of Zy-modules, whereas M*® ®z, N*® will
denote the total tensor product of M*® and N°® seen as objects of the derived category.
Now we need the following lemma:

Lemma 2.6.15. For each n > 1, let A? and B} be strictly perfect complexes of Z/0"Z-
modules, and for eachn > 2 let oy, : AY — A% _, (resp. 1y : By — Bn_, ) be a morphism of

complex of Z/0"Z-modules, such that the canonical morphism A, /® 7/ — A
Z/)enZ

(resp. BY ® Z/{"'Z — BS_,) is a quasi-isomorphism. Then there is a canonical
YAl

isomorphism in D(Zy — Mod):

L
im (A7, ® Bj)~ (lim A7) ® (lim B;)
AT R
Proof. According to [FK88,112.5], there exists a strictly perfect complex A® of Zy,-modules
and for each n a quasi-isomorphism a, : A®*/({"A®) — A? such that for all n the following
diagram commutes up to homotopy:
Ao/(gnAo) An A

n

lred iwn (2.21)

Ao/(gn—le) On—1 A®

n—1
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and likewise there exists a strictly perfect complex of Zy-modules B® and some quasi-
isomorphisms £, : B*/({"B®) — By such that the following diagram commutes up to
homotopy:

B'/(E”B') Bn B*

n

lmd lwn (2.22)
B*/(e-1B*) 2L By,

n

Remind that if M is a Zy-module of finite type, there is a functorial isomorphism:

M5 %M/(z M) (2.23)

We then obtain the following quasi-isomorphisms:
A® 55 1im(A®/(€74%)) S lim(A3), (2.24)

where the first arrow is an isomorphism of complexes according to (2.23) and the second
arrow is a quasi-isomorphism according to Mittag Lefller condition and the fact that all
the modules involved are of finite type. The similar results holds for B®.

We then obtain the following sequence of isomorphisms in D(Z, — Mod):

(jm 43) & (hmB ) & A0 %%B' (2.25)
~ A0 B (2.26)

ol lim (4% B)/(1"(4" 9 B‘))> (2.27)
Z/znz

(¢
%L( /(A% ® (B'/(E”B‘))) (2.28)

(mr))) (2.29)

® B 2.30
Z/M n): (2.30)

Z/Z”Z

The isomorphism (2.25) holds thanks to (2.24), (2.26) holds because A® and B*® are flat,
(2.27) is remark (2.23), (2.28) is base change for tensor product.

Finally to obtain (2.29) we take the tensor product of the first (resp. second) line of
diagram (2.21) with B®/(¢("B®) (resp. B*/({""1B*)). The resulting diagram still com-
mutes up to homotopy and since B®/(¢"B*®) is a projective complex, the horizontal lines
are still quasi-isomorphisms. Hence (thanks to Mittag Leffler condition), we obtain (2.29).

Similarly, for (2.30), we take the tensor product of the first (resp. second) line of
diagram (2.22) with Ay (resp. Ay_;). Since A3 is a projective complex, the horizontal
lines remain quasi-isomorphisms and we can conclude with the same argument. O

Remark 2.6.16. Note that we’ve implicitly used the following result: if M7y, My and M3
are bounded above complexes of A-module such that M3 is projective, and f : M} — My
is a quasi-isomorphism, then f®id : M} ® M§ — M3 ® M3 is a quasi-isomorphism [Wei94,
10.6.2]
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Proposition 2.6.17. Let (X, R), (Y, T) be k-germs such that for alln, RT.((X, R),Z/("7Z)
and RU((Y,T),Z/0"Z) have finite cohomology groups. Then the cohomology groups of
RI.((X,R) x (Y,T),Z/0"Z) are also finite and for all r > 0 we have a canonical isomor-
phism:

H (X xY,RxT),Q)~ @ HZ((X,R),Q) @ HI((Y,T), Q).
ptg=r

Proof. The complexes RT'.((X, R),Z/¢"Z) and RI.((Y,T),Z/¢"Z) have bounded coho-
mology groups, are of finite type by hypothesis, and according to proposition 2.6.14 are of
finite Tor-dimension, so we can choose some resolutions by some strictly perfect complexes
of the projective systems:

K: — RI.((X,R),Z/("Z)
AR RI.((Y,T),Z/t"7)
Q° — RI.((X,R)x (Y,T),Z/t"7).

In addition, according to (2.19) we can find up to homotopy a quasi-isomorphism, of

projective systems:

K® © P*~Q". (2.31)
70T

Moreover according to (2.20), K and P3 fulfil the hypothesis of lemma 2.6.15. We then
denote by

K* = (i)
P* =1im(P?)
Q" = im(Q}).

Remark that (thanks to Mittag Leffler property again)

HP(K*) ~ HP((X, R), Z) (2.32)
HP(P*) ~ HP((Y,T),Zy) (2.33)
HP(Q*) ~ HP((X x Y, R x T), Z). (2.34)

In D(Z¢ — Mod) we consider the following sequence of isomorphisms:

K* %% P~ im(K3) %% lm (P}) (2.35)
~ (K} @ P (2.36)
~ (@) (287
-0 (2.38)

The isomorphism (2.35) holds by definition of K*® and P*®, (2.36) holds thanks to lemma
2.6.15, (2.37) is just a consequence of (2.31), and (2.38) holds by definition of Q°.
We then obtain the following isomorphisms in D(Qp — Mod):

(40} (mho)= (i) jareto

Zyg
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L

But since Qy is flat over Z;, we can replace all the ®Q, by some ®z,Q,. Finally, since Q,
Zy

is a field,

HT((K' ®z, Q¢) ®q, (P* ®z, Qe)) ~ P HP(K® @z, Q) ©q, HI(P* ®z, Q).
ptg=r

The result then follows from the isomorphisms (2.32)—(2.34). O

We must mention that the proposition 2.6.13 is functorial in S. Solet (X, R), (V,T) be
k-germs, with X (resp. V) a separated .A-scheme (resp. B-scheme) of finite type, A (resp.
B) being some k-affinoid algebra and R (resp. T') being some locally closed semi-algebraic
subset of X" (resp. Y*"). Then, there are isomorphisms of Galois modules:

P HE ((®,R), Q) @ B ((37,1),Q) = H, (X x V)™ RXT), Q) .

ptg=r

2.6.5 Statement of the main theorem

We sum up all results of this section:

Theorem 2.6.18. Let k be a non-Archimedean complete valued field, A a k-affinoid alge-
bra, X a separated A-scheme of finite type of dimension d, U a locally closed semi-algebraic
subset of X", and ¢ #char(l;:) be a prime number. We denote by m : X% — X% the mor-
phism defined in 2.6.1 and we set U = 7~ 1(U).

1. The groups H:(U,Qy) are finite dimensional Qg-vector spaces, endowed with a con-
tinuous Gal(k*%P /k)-action, and H (U, Q) = 0 for i > 2d.

2. Let V. C U be a semi-algebraic subset which is open in U, and let F =U\V. Then
there is a Gal(k*P /k)-equivariant long eract sequence

>H§(V7 Qf) HH@(Uan)HH;(FvQZ)*)Hg-H(Vv QZ) >
3. For all integer n there are canonical Gal(k*P /k)-equivariant isomorphisms:

P H! (U, Qz) ®q, HZ (V, Qg) ~ H! (U X V,Qg)

i+j=n



Chapter 3

Dimension of subanalytic sets

In section 3.1 we make a systematic study of the dimension of subanalytic sets S C
(K alg)o)n. Using Berkovich spaces, we prove some results which were already known
in [LROOa], but we also give new results such as invariance under subanalytic isomorphism
and a formula 3.1.20 which calculates the dimension of a subanalytic set in terms of the
dimension of some fibers S,.

In section 3.2, we just sum up the results of [vdD89] about a similar dimension theory
for definable sets in ACVF. We have thought it was interesting to gather these results
which nonetheless seem to be well known by the experts.

3.1 Dimension of subanalytic sets

We fix a complete non-Archimedean field K. We will denote by B the Berkovich
closed unit disc M(K(X1,...,Xp)).

In this part, we expose and extend the theory of dimension of subanalytic sets of
((K28)°)" as introduced in [LR00a]. If S C ((K®#)°)" is a subanalytic set, its dimension
dim(.S) is defined [LROOa, 2.1] as the greatest integer d such that there exists a coordinate
projection 7 : ((K*8)°)" — ((Kalg)o)d for which 7(S) has nonempty interior.

Many of the results we present were already known, however some were not (at least not
to our knowledge). First, we explain how the dimension of a subanalytic set S C ((K alg)o)n
has a nice interpretation in terms of Sperko, @ subset of BY% that we attach to S. This new
characterization enables us to prove some general facts about the dimension of subanalytic
sets. Some were already proven in [LR0Oa], some were not.

Y. Firat Celikler has also published some results about dimension of D-semianalytic
sets [Cel05,Cel10]. His results apply to a broader class of sets, namely subsets X C (K°)"
where K is not assumed to be algebraically closed (and not even a rank one valuation
in [Cel10]). Whereas our major tool is the use of Abhyankar points, Celikler never mentions
Berkovich spaces, and uses extensively generalized ring of fractions and a very interesting
(for itself) normalization lemma [Cel05, section 5] and [Cell0, section 3]. These articles
contain results about dimension of subsets of (K°)" in terms of the dimension of some
fibers [Cel05, theorem 6.6] and [Cell0, theorem 5.1], which happen to be quite particular
cases of our proposition 3.1.20 (but with more general hypothesis).

Let us finally mention that the first order theory defined by the analytic language £,
is a C-minimal theory [LR98]. C-minimal theories have been studied in [HM94], and some
results of the dimension theory of subanalytic sets follow from the general treatment which
is made in [HM94].

127
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3.1.1 Subsets of ((Kalg)o)n and subsets of B’

In this section K is fixed, and for us an £ -formula is a formula built with Dy, D;
and functions of Sy, ,(E, K) for some choice of E. Somehow, we should then talk about
LD _formulas defined over K. Clearly, if K — L is a non-Archimedean extension, and ¢

is an LD -formula defined over K, then ¢ is also an £ -formula defined over L. We will

repeatedly use the following remark.

Remark 3.1.1. Let K — L be a non-Archimedean extension. Following the discussion we
have had in 0.1.2 about characters, there is a continuous map

p: L™ — (A%)™. (3.1)
If £ = (z1,...,2,) € L", then for f € K[X], |f(p(x))| = |f(x)|L.

Definition 3.1.2. Let ¢ be an £ -formula in the variables Xi,..., X,,. Let K — L be
a non-Archimedean extension. We set

p(L™8) = {x € (L™)°)" | (LY8)° | ¢(x1,...,2n)}.
This is by definition a subanalytic set of ((L*8)°)".

By definition, for each subanalytic set S C ((K alg)O)n, there exists ¢ an L2 -formula
in the variables Xi,..., X, such that S = p(K?#).

Definition 3.1.3. If X C ((K®#)°)" is a subanalytic set which is defined by the £ -
formula ¢, i.e. X = p(L*#), we set

X (L) := (L),
This is independent of the formula ¢ thanks to the uniform quantifier elimination theorem.

Definition 3.1.4. Let ¢ be an £ -formula in the variables Xi,..., X,,. Let z € B%. We
will say that z satisfies ¢ if

H(@)™ = (1, an)
where (x1,...,x,) € H(z)" are the evaluations of the X;’s in H(z).

Definition 3.1.5. Let ¢ be an £L -formula in the variables X1, ..., X,,. We set
©OBerko = {2 € BY | = satisfies ¢}.
More generally, if K — L is a non-Archimedean extension, we set

(0L)Berko = {z € B}, | z satisfies ¢}.

Finally, if S C ((K%2)°)" is a subanalytic set defined by a £ formula ¢ (that is to say,
S = p(K%)), we set
SBerko := {2 € B} | x satisfies ¢}.

The last definition depends indeed only on the subanalytic set S C ((K alg)o)n and
not on the choice of the formula ¢ thanks to the uniformity in the quantifier elimination
theorem (see 0.5.9). Indeed, if ¢ and ¢ were L2 -formula such that p(K®8) = 1 (K?18),
thanks to the uniform quantifier elimination theorem, ¢ <> v, hence ¢pBerko = ¥Berko-

We then have the following tautological result:
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Lemma 3.1.6. Let ¢ be an LY quantifier free formula, K — L some non-Archimedean

extension. We consider p : L™ — BY% as defined in remark 3.1.1. Then

@(Lalg) = p_l (@Berko)

More generally, if K — L — M are some non-Archimedean extensions, and if we consider
p:M" — B}, then
p(M) = p~ " ((¢L) Berko)-

Proof. Let m = (mq,...,my) € M", and let x = | - |, := p(m) € B} the associated point
in B}. Then there exists a unique non-Archimedean embedding #H(z) — L such xz; = m;
where we consider the natural maps K(X1,...,X,) — H(x) — L and z; (resp. m;) are
the images of X;. Hence, for f € LD ' |f(x)| = |f(m)|, and m satisfies ¢ if and only if =

an?’

does. O

Definition 3.1.7. We will say that a map « : L™ — L% is a coordinate projection if there
exists a sequence 1 < iy < ... < 1ig <n such that 7 is defined by

m(z1, ..., 2n) = (@i, .., Tiy)-
Definition 3.1.8. Let X C ((K*8)°)" and Y C ((K%#)°)™ be subanalytic sets. We

say that a map f : X — Y is a subanalytic map if its graph Graph(f) := {(z,y) €
X xY | y= f(x)} is a subanalytic set of ((K*£)°)™ ™",

We want to list some elementary remarks and compatibility results about all these
definitions.

1. We fix X C ((K*#)°)" and Y C ((K®*#)°)™ some subanalytic sets and f: X — Y
a subanalytic map. Let K — L be some non-Archimedean extension. Then we can
naturally define a subanalytic map f, : X(L*8) — Y (L*#) such that the diagram

x— 71 .y

L

X(Lalg) T> Y(Lalg)

L

Indeed, Graph(f), the graph of f, is a subanalytic set of ((K alg)o)ern which satisfies
the conditions
Graph(f) C X xY
Ve e X,y €Y, (z,y) € Graph(f)
These two conditions are equivalent to say that Graph(f) is the graph of function
X — Y. Thanks to the uniform quantifier elimination theorem, these two conditions
are still satisfied when we pass to L2 :
Graph(f)(L¥8) ¢ X (L*8) x Y (L)
Vo € X(L¥5),3ly € Y (L"%), (z,) € Graph(f)(L™%)

Hence Graph(f)(L*#) is a subanalytic set of ((K alg)o)m+n which defines a subana-
lytic map fr : X(L28) — Y (L),

Using exactly the same argument, we can prove that f is injective (resp. surjective,
bijective) if and only if fr, is injective (resp. surjective, bijective). Also, with the
same ideas, f is continuous if and only if f;, is continuous.
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2. Let now S C ((K*£)°)™™ and T C ((K*%)°)™ be some subanalytic sets and let us

assume that if (x1,...,Zm4n) € S, then (x1,...,2,) € T. We then introduce the
map 7 : .S — T which is the projection on the first m-coordinates. It is then clear
that we obtain an associated map

T'Berko
S Berko > TBerko

which is actually induced by the map B% ™™ — B corresponding to the projection
on the first m coordinates. We want to prove that if 7 is surjective (resp. injective)
then Tpeko 1S surjective (resp. injective).

If 7 is surjective then 7gero is also surjective. To see it, take y € Tgerko- Let then
K — L some non-Archimedean and algebraically closed extension and (y1, ..., ¥m) €
T(L) such that y = p(y1, ..., ym) where p : L™ — B} is the map introduced in 3.1.1.
We then obtain the commutative diagram

S(L) E—— SBerko

L \L \LWBerko

T(L) - TBerko

Since 7 is surjective, 7y is also surjective, hence we can find (x1,...,Zy4yn) some
antecedent of y by mr. Then if x is the image of (z1,...,Zmin) In SBerko, DY
assumption Tperko () = .

Let us now assume that 7 is injective. Let then y € Therko and x, 2" € Sgerko Such
that TBerko () = TBerko(2’) = y. We obtain the diagram of non-Archimedean fields:

H(x)
/ \
H(zx) H(z')

We can then find a non-Archimedean field L which completes this diagram

H(x)
H(x) H(z')
L
Let us then write (y1,...,ym) € H(y)™ the evaluations of the Xi,..., X,, in H(y),
and (Z1,...,Zmin) € H(z) the evaluations of Xi,..., Xp4n in H(z) and simi-
larly (27,...,27,,,) € H(2) the evaluations of Xi,..., Xpypn in H(z'). By def-
inition of 7, if we work in L, we have y; = x; = «} for ¢ = 1...m. Hence
(T, s Tmgn) and (24, ..., 20, ,,) € S(L*8) and by assumption pr(z1, ..., Tmin) =
pr(x, i) = (Y1, - -, Ym). Since pp is injective, (x1,. .., Tmin) = (T, ..., T4 p
hence since x € Sperko corresponds to the image of (x1,...,Zm4n) by the map

((L¥8)°)m*n and similarly for 2/, it follows that = = /.
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3. According to the previous point, if we are in the situation 1. with a subanalytic map
f+ X — Y, then since the projection Graph(f) — X is a bijection, according to 2.
we deduce that the induced map Graph(f)erko — XBerko 1S bijective. Hence this
allows to define a natural map fBerko : SBerko — 1 Berko-

According to 2., fperko i injective (resp. surjective, bijective) if f is is.

Lemma 3.1.9. Let X C (K®)°)" and Y C ((K®)°)™. Let f : X — Y be a subanalytic
map. Let © € Xpergo and y := fBe'rko(fE) € YBerko. Then d(H(y)/K) < d(H(-T)/K)

Of course, if f is a morphism of k-affinoid spaces, then this is true because there is
a map of non-Archimedean fields H(y) — H(x). But in our context where f is just a
subanalytic map, there is no given map H(y) — H(z).

Proof. Let us consider (z1,...,2,) € X(H(x)*8) where for each i, z; € H(x) is the
evaluation of the coordinate X; in H(z). Since we have a commutative diagram

X (H(z)"8) —L v (H(2))

pi lp

X Berko YBerko

Berko

f(zy,...,2,) € ((H(x)*®)°)™. Since y = p(f(x1,...,2,)), it follows that there is a non-
Archimedean extension H(y) — H(x)8 and the result follows because

d(H(y)/K) < d(H(2)"*/K) = d(H(z)/K).

3.1.2 Proving general properties with Berkovich points

If K — L is a non-Archimedean extension and y = (y1,...,yn) € L"™. We will denote
by K (y) the field K(yi,...,y,). By definition, it satisfies K C K(y) C L.

Definition 3.1.10. If K — L is an extension of non-Archimedean field, the dimension of
L over K is -
d(L/K) = tr deg(L/K) + dimg Q ®z (|L*|/|K*|).

We will of often use that if X — L — M are extension of non-Archimedean fields
d(M/K)=d(M/L)+d(L/K). (3.2)

We will also use that
d(L/K) =d(L/K). (3.3)

There is a good dimension theory for k-analytic spaces (see [Ber90, p 34] and [Duc07]).
This dimension has a simple interpretation in terms of the definition 3.1.10: if X is a
K-analytic space [Ber93, 2.5.2]:

dim(X) = igg d(H(z)/K). (3.4)

We will show below that a similar result also holds for subanalytic sets (3.1.14 (5)).
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Definition 3.1.11. If c € K", and (r1,...,7r,) € R}, we define ., .y € AR"" by the
formula

Ney(r1yeyrn) K[X] — R+
f = Z ay H(Xz - Ci)yi = |f(nc,(r1,..‘,rn))| = max |al/|rl/

veNn

Un

v _ .1
where ¥ =r{' -y,

Lemma 3.1.12. Let K < L be a non-Archimedean extension. Let x1,...,xs € L*
such that the real numbers r; := |x;|, are Q-linearly independent in Q ®z RY /|K*|. Let

(Y1,-..,9t) € L° such that the |y;| = 1 and y; are algebraically independent over K. Then
the the image of (x1,...,%s,Yy1,--.,yt) € L*T in A?t"m through p is Mo (ry,...rs1,...1)-

Proof. We set K[X,Y]:= K[Xy,..., X, Y1,...,Y4].
Step 1. We claim that if
9= Z g/tYH = K[Y]v

pEN?
then
l9()| = lgll;
where we remind that ||g|| = max,cn: |g,|. To prove this we can assume that |g|| = 1, i.e.

that g € K°[Y]\ K°°[Y]. We can then consider g = 3°, g, Y* € K[Y] which is non zero.
Now g(y) € L° and in L,
9(y) = > quy*-
pEN?

Since by assumption the g;’s are algebraically independent over K , the right hand side

must be non zero, so g(y) # 0. So |g(y)| =1 = ||g]|.
Step 2. We now consider some element

f=> X"f,(Y) e K[X,Y],
veNs

where each f, € K[Y]. According to step 1, |z¥f,(y)| = r”||f.|, then for v # pu, with
fv #0, |2¥ f,(y)| # |z fu(y)|. It then follows from the triangle ultrametric inequality that

_ v
|f(z,y)| = maxr”|| |

which is precisely [ f (1o, ,....n1,....1))|- O

Proposition 3.1.13. Let K < L be a non-Archimedean extension, andy = (y1,...,yn) €
L™ Letp:L" — (A%)™ as in remark 3.1.1 and x := p(y). Then if d(H(z)/K) = n,
there exists a neighbourhood V' of y in L™ such that p(V') = {x}.

Such points x of (A% )*" are sometimes called Abhyankar points. We refer to [Poill,
4.1] for another appearance of these points.
Proof. First note that d(K(y)/K) = d(H(x)/K) because H(y) ~ I?(Z) Let s := tr.deg.(%/f{/)
and ¢ := dimg(Q ®z | K (y)*|/| K*]).
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Then n = s+t. Hence for each i = 1...n one can introduce some fractions F; = % IS
K(X) such that for alli =1,...,n,

Qi(y) # 0.
{‘ Pi(y) } are Q-linearly independent in Q @z (|K (y)*|/|K*]).
Qi) i1 4

. Pi(y) ’
Forz:t—}—l...n,‘ =1, d

Qi(y)
<P,-(y) ) are algebraically independent over K.

Qi(y) 1

We set r; := g’z(é)) ‘
Let now U be the affine subset of A% defined by U = {z € A% | Qi(z) #0, i =1...n}.
Then

F=(F,....,F,) :U— A

is a regular map and we obtain the following commutative diagram:

uan Fan AT[L{,(ITL

1

U(L) — L"
Then by assumption y € U(L), and according to lemma 3.1.12,

F(p(y)) = F(2) = 10,(r1 i 1,01)-

It is a standard fact that d(H(no,(,,....re1,..,1))/K) = n. Hence since dim(U*") = n (we
mean here the dimension as a k-analytic space), for any point « in the fiber (Fa2)~! (10,(r1.r s, 1,0s1) )

d(H(u)/H(nO,(rl,...,rs,l,...,l))) =0.

According to the formula (3.4), we deduce that (Fan)*l(7707(“7,”7,,5,17,”71)) is a 0-dimensional
H(10,(r1,....75,1,...,1)) -analytic space. Hence as a topological space, (Fan)_l(n()’(rlp_.’rs’lp_”l))
is discrete (thanks to the definition of the dimension of a k-analytic space [Ber90, p.34]).
In particular, x is an isolated point in its fiber (Fan)_l(7707(7"1,m’rml,.“,l)).

By a simple continuity argument, there exists a neighbourhood V; of y in U(L) such
that all points v € V) satisfy exactly the same conditions than y listed above. By this we
mean in particular that

Fori=1...¢,

bi(v) | _ ‘ Pi(y) '
2wl ~lam!
Pi(v) _ Fi(y)

T Qi(v)  Qily)
Hence, the same argument as for y can be applied to v. Namely, for all v € Vi, F(p(v)) =

M0,(r1,...;re,1,...,1)- But since p(y) = x, p is continuous, and since x is isolated in its fibre
(F“”)*l(7707(7417.””717”.71)), there exists a neighbourhood V' C V; of y such that p(V) =

{z}. O

Fori=t+1...n




134 CHAPTER 3. DIMENSION OF SUBANALYTIC SETS

Theorem 3.1.14. Let S be a nonempty subanalytic set of ((Kalg)o)n. The following
numbers are equal:

1. The greatest d for which there exists a coordinate projection m : (K9 — (K ®9°)d
such that m(S) has nonempty interior.

2. The greatest d for which there exists a coordinate projection m : ((K“lg)o)n —
((K“lg)o)d such that w(S) is somewhere dense (that is to say its adherence has
nonempty interior).

d= max tr deg(%/f(/).
xeSBerko

4. The greatest d such that there is a non-Archimedean extension K — L and a point
x € S(LY) such that tr deg(K(z)/K) = d.

d= max d(H(x)/K).
meSBerka
We define the dimension of S to be the number d which satisfies these equivalent properties.
If S is empty we set dim(S) = —o0.

Proof. Here (i) = (j) will mean that the integer d; defined in (¢) is smaller than d;, the
integer defined in (7).

(1) = (2) is clear.

(2) = (4). We can introduce r := |A| € |[K*| and ¢ € 7(S) such that B(c,r), the
closed ball of center ¢ and radius r in ((K B“lg)")d, is included in 7(S). Let K& — L
be a complete non-Archimedean extension with L algebraically closed, and such that
there exists (y1,...,yq) € L% such that |y;| = 1 and the ; are algebraically independent

over K28, Now, according to the uniform quantifier elimination theorem, we still have !
B(e,m)r, € w(S(L)). In particular, ¢+ Ay € 7(S(L)). But if we replace the y;’s by very
close elements, we will still have that |y;| = 1 and the g; are algebraically independent

over K?l&, Hence we can in fact assume that ¢ + \y € 7(S(L)). Hence by definition,
we can complete the y;’s, with some yg41,...,Yn, such that (yi,...,yn) € S(L). Now,

P

tr.deg.((K(c+ )\y)/ﬁg) = d. Hence tr.deg.(K(c+ Ay)/K) = d because in the following
diagram
K8(c + \y) <— K®i&

]

K(c+ \y) K

the horizontal inclusions have a residual transcendental degree 0.

(3) & (4) follows from the definition of Sperko-

(3) = (5) is clear.

(5) = (1) Let x € SBerko such that d(H(z)/K) = d. Then there exists K — L a
complete non-Archimedean algebraically closed extension, and y € L™ such that p(y) = x
where p : L™ — B is as in remark 3.1.1. For instance take L = ng .

Then d(K (y)/K) = d(H(z)/K) = d, hence there exists 1 <14 < ... < ig < n such that
d(K(y1,...,yn)/K) = d(K(yi,---,Yi,)/K) = d. Let then 7 : L™ — L be the coordinate
projection along the coordinates i, k = 1...d and let z := (y;,,...,vi,) = 7(y) € 7(S)(L).

1. If T is a subanalytic set, T is also subanalytic because the closure can be defined by a first order
formula (see 3.1.24).
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Then d(K(z)/K) = d. Then according to proposition 3.1.13, there exists a neighbourhood
V of z in L% such that p(V) = {p(z)} where p : L? — B%. Since z € 7(S)Berko, according
to lemma 3.1.6, V' C 7(S)(L). Hence 7(S)(L) contains V', hence has nonempty interior.
Since having nonempty interior is definable with a first order formula, according to the
uniform quantifier elimination theorem, 7 (S) has also non empty interior. O

Lemma 3.1.15. The dimension of subanalytic sets is invariant by scalar extension. By
this we mean the following. Let K — L be a non-Archimedean extension, and let S be
a subanalytic set of ((K™)°)", and S(L™) the associated subanalytic set in ((L%9)°)™.
Then dim(S) = dim(S(L%)).

Proof. This follow from the uniform quantifier elimination theorem and the fact that
condition (1) in the above theorem can be expressed by a first order formula. O

Proposition 3.1.16. Let S C ((K%)°)" be a subanalytic set.
1. dim(S) =0 < S is nonempty and finite.
2. dim(S) = n < S has non empty interior < S is somewhere dense.

3. dim(S) < n < S has empty interior < S is nowhere dense.

Proof. 1. If S is finite, its dimension is clearly 0 according to the characterization (1)
of theorem 3.1.14.

Conversely, if dim(S) = 0, then for ¢ = 1...n, let m; be the coordinate projection
along the i-th coordinate ; : ((K28)°)" — (K®8)°. Then 7;(S) has empty interior.
But according to proposition 0.3.19 7;(S) is in fact semianalytic, and it is easy to see
that a semi-analytic set of (K?18)° is either finite or has nonempty interior (according
to the description of semialgebraic sets of K9 as Swiss cheese). Hence each m;(.S)
must be finite, so S itself is finite.

2. and 3. are consequences of the characterisations (1) and (2) of the theorem 3.1.14
for d = n.

O]

Remark 3.1.17. Tt is tempting to imagine a generalization of (2) above like

"if S C T are subanalytic sets, then dim(7") = dim(S) < S has nonempty interior in 7"
Actually, = is true in general?, but < is false in general®. However, if S is an

embedded manifold of pure dimension, then this equivalence is true.

Proposition 3.1.18. If S;, i = 1... N are subanalytic sets of ((K%9)°)",

N
dim(U S;) = max dim(S;).
i=1

Proof. This follows from the characterisation (5) in theorem 3.1.14 in term of points in
Berkovich spaces. O

2. Take S = U;S; a stratification of S in disjoint embedded manifolds of pure dimension, T; := T N S;.
Then for some ¢, dim(7;) = dim(S;) = dim(.S). Since dim(U;-£;5; \ U;j2:5;) < dim(S), we can even assume
that S; is open in S. We can also reduce the problem to the case when T is a subanalytic submanifold of
pure dimension, and then it is true.

3. Take S = {1} U (K®#)°° C (K*#)° and T = {1}.
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More generally, let {S;};c; be an arbitrary family of subanalytic sets of ((K?*#)°)"
and let us assume that J;c7(S;)Berko is a subanalytic set of B then dim(U;c;(5i)Berko) =
max; dim((S;)Berko). This property is false if we remove the pexo, as can be seen if we
take all the singletons {x} of (K?8)° for instance.

Proposition 3.1.19. Let S be a subanalytic subset of ((K“lg)o)n+m. For z € ((K*9)°)",
let
Se:={y € (K“))"™ | (z,y) € S} =7 }(x)

where T : ((K“lg)o)n+m — ((K9)°)" is the projection on the first n coordinates. For each
integer i, let

S(i) == {x € (K*)°)" | dim(S,) = i}
SO = {(z,y) € S with x € (K¥)°)", y € (K¥)°)™ | dim(S,) =i} =7 *(S()).

Then S(i) and S are subanalytic sets. Moreover, this is compatible with scalar extension,
that is to say, if K C L is an extension of complete fields S(i)(L™9) = S(L™9)(i) and
SO (Lolg) = S(Lalg)(i).

Proof. If T is a subanalytic set of ((K alg)o)m, according to the characterisation (1) for
the dimension in theorem 3.1.14, the property dim(7") > d is expressible at the first order.
Namely, the property "U has non empty interior" can be formulated by the formula :
"there exists a point a point ¢ € U, a radius v € I" such that U contains the ball of center
¢ and radius ~."

Now dim(7") > d if and only if there exists a coordinate projection 7 : ((K?#)°)™ —

(K alg)o)d such that (7)) has non empty interior, and since there are only finitely many
coordinate projections, the properties dim(7") > d and dim(7") = d are well definable with
a first order formula. This implies that S(7) and hence S are subanalytic. The fact that
it behaves well if we increase the field K is then a consequence of the uniform quantifier
elimination theorem. O

Proposition 3.1.20. With the above notations,
dim (S¥) = dim (S(i)) + .

As a corollary,
dim(S) = max dim(S(i)) + 1.
Proof. Let us prove first that dim(S®) < dim(S(i)) 4 i. To do that we use the charac-
terization (5) of theorem 3.1.14. Let K C L be a complete extension, (z,y) € S®(L49).
Then = € S(i)(L9) hence
d(K(z)/K) < dim(S()) (3.5)

—

Let M = K(x) C L9 seen as sub-valued field of L. Then y € Sy(L™9) hence by
assumption

d(M(y)/M) < i = dim(S;).

Now in the following diagram
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the two horizontal field inclusions satisfy d(-/-) = 0, hence
d(K (z,y)/K(x)) = d(M(y)/M) < i. (3.6)
Hence the inequalities (3.5) and (3.6) imply that
d(K(z,y)/K) = d(K(z,y)/K(x)) + d(K(z)/K) < dim(S(i)) +

hence dim(S®) < dim(S(7)) + i.
Let us prove conversely that dim(S(i)) + i < dim(S®).
Let K C L be a complete extension and = € S(i)(L*9) such that

d(K (z)/K) = dim(S(3)). (3.7)

We can assume that L = KTJ:)\‘W .
Since dim(S,) = 4, there exists L C M a complete extension, and y € S, (M*9) such that
d(L(y)/L) =i. Then (x,y) € S (M9). For the same reason as above,

d(K(z,y)/K(x)) = d(L(y)/L) = i (3.8)

—

because L = K (z)¥9. Hence with (3.7) and (3.8):
dim(§%) > d(K (z,y)/K) = d(K (z,y)/K (y) + d(K (x)/K) = dim(S(i)) + i.
The corollary now follows from the fact that S = U; S and proposition 3.1.18. O

Proposition 3.1.21. If S (resp. T) is a subanalytic set of ((K%9)°)" (resp. ((K%9)°)™),
then S x T is a subanalytic set of ((K“lg)o)n+m and

dim(S x T') = dim(S) + dim(7).

Proof. Following [vdD89, 1.5 (i)]
Let d := dim(T'). If we use notations of definition 3.1.19, then by definition

S x T)® =
( ) 0 otherwise

{SXT ifi=d

and (S x T')(d) = S. Hence according to proposition 3.1.20,
dim(S x T) = dim ((S x T)¥) = dim ((S x T)(d)) + d = dim(S) + d = dim(S) + dim(T).
O

Proposition 3.1.22. Let f : X — Y be a subanalytic map of subanalytic sets of ((K“lg)o)n
and ((K%9)°)™.

1. dim(f(X)) < dim(X).

2. If f is injective, dim(f(X)) = dim(X).

3. If f is bijective dim(X) = dim(Y").
Proof. Since 2. and 3. are consequences of 1. so we only have to prove 1. But 1.

follows directly from lemma 3.1.9 and the characterisation 5. of the dimension in theorem
3.1.14. O
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We give however another proof of this result, following the strategy of [vdD89, 1.5 (ii)]
If X C ((K¥8)°)" and Y C ((K*#)°)™ are subanalytic, let G := Graph(f) C
((K*)°)"™™ be the graph of f which is by definition a subanalytic set of ((K®#)°)" ™™,

We consider
G
TR
f

With the above notations, G = G(*) and X = G(0). Hence according to proposition 3.1.20
with ¢ = 0,

X Y

dim(G) = dim(G?) = dim(G(0)) + 0 = dim(X).

Now, according to characterization (1) of the dimension given in theorem 3.1.14 in terms
of coordinate projections, it is clear that dim(p2(G)) < dim(G) because p2 is a coordinate
projection. Hence

dim(f(X)) = dim(p2(G)) < dim(G) = dim(X).

Lemma 3.1.23. Let X,Y be strictly K-affinoid spaces, f : X — Y be a morphism of
strictly K -affinoid spaces (seen as Berkovich spaces). Let Sperko C X be a subanalytic set.
Let y € Y be such that d(H(y)/K) = dim(Sperko). Then (f~1(y)) N Sperko is finite.

Proof. In this context we can consider the cartesian diagram of Berkovich spaces over K
(see [Ber90, p 48]):

x—1 .y
1
Xy —> M(H(y))

where X, is an H(y)-affinoid space for which 8 induces a homeomorphism X, ~ f~1(y).
Moreover, if z € X, and z := f(z) € X, there is a canonical isomorphism of complete
fields above K : H(z) ~ H(z). In particular

d(H(z)/K) = d(H(2)/K) = d(H(z)/H(y)) + d(H(y)/K). (3.9)
Now if the subanalytic set Sperko €nters the picture we obtain:

Sperko x—1 oy

|, ]

Sy = ,8_1(SBerko)C—> Xy - M(H(y))

We claim that S, is a subanalytic set of the #(y)-affinoid (Berkovich) space X,,. Indeed,
if o(x) is a quantifier-free £ formula defining Sperko C X, then ¢(z) A (f(z) = yo) is
a quantifier-free £ -formula which defines S, C X, where yp is the n-uple of (H(y)™
canonically attached to y. B

Hence if z € Sy, = := [B(z), since * € SBerko, dim(SBerko) > d(H(z)/K), hence
according to (3.9):

dim(Sgerko) = d(H(2)/K) = d(H(2)/H(y)) + d(H(y)/K).
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Since this is true for all z € S, it follows that
dim(SBerko) > dlm(Sy) + d(H(y)/K)

Since we were assuming that d(H(y)/K) = dim(SBerko), it follows that dim(.S,) = 0 hence
according to proposition 3.1.16 (1), S, is finite, and this concludes the proof since S, is in
bijection with (f~1(y)) N SBerko- O

Proposition 3.1.24. Let S be a subanalytic set of ((K*9)°)".
1. S is a subanalytic set and its formation is compatible with complete field extensions
K — L:
S(LY) = S(La%9).

2. dim(S'\ S) < dim(9).

Proof. 1. Is true because the closure of a set in ((K alg)o)n can be expressed by a
first order formula:

S = {z € ((K*8)°)" | Ve € T 3s € S such that |z — s| < e}.

We now prove 2. Let d := dim(.9), and let us assume that dim((S\ S) > d.
Using the characterizations 5. of theorem 3.1.14, there must exist some coordinate
projection

T ((KM5)°)" — ((K"%)°)°
and z € (S SBerko, such that if we set ¥ = TRerko(), then d(H(y)/K) = d.
k

Let now K — L be a complete extension with L algebraically closed and let us
consider the commutative diagram:

z e By 2 gl 5y

p1T |r

ze (Lo = (Lo s w

where z € (L°)" is a preimage of x by p1, and w = 7wp(z). Hence (z1,...,2,) €
S(L)\ S(L).

Furthermore, ps(w) = y and y is an Abhyankar point of B¢ (i.e. d(H(y)/K) = d),
hence according to proposition 3.1.13, there exists V a neighbourhood of w in (L°)¢
such that p2(V) = {y}.

Since 7y, is continuous, there exists W a neighbourhood of z in (L°)"™ such that
7w (W) C V, which implies that

p2(mL(W)) = Terko(p1(W)) = {y} (3.10)

Since d(H(y)/K) = dim(Sgerko) = d, according to lemma 3.1.23, SBerkoN((TBerko) 1 (1))
is finite and does not contain x because x € SBerko \ SBerko- Since B% is a Hausdorff
space and p; is continuous, using (3.10), we can shrink W the neighbourhood of

z € (L°)™ in such a way that

b1 (W) N (SBerko N (WBerko)il(y») = 0. (3.11)

But by assumption, since W is a neighbourhood of z and z € S(L), the intersection
W N S(L) is nonempty. Now if w € W N S(L), then pi(u) € p1(W) and pi(u) €
SBerko N ((TBerko) " (y)) which is a contradiction according to (3.11).

O
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Corollary 3.1.25. Let S be a nonempty subanalytic subset of ((Kalg)o)n, and let T C S
be a subanalytic subset of S. If dim(T") = dim(S) then T has nonempty interior in S.

Proof. If we set
U:=5\T

we obtain the decomposition

S=U]]T.

Hence,
T=(T\O)J[(Tn@\U)).

Then according to proposition 3.1.24 (2),
dim(T N (U \ U)) <dim(U \ U) < dim(U) < dim(T).

So, dim(T\U) = dim(7T') > 0. In particular, T\ U is a nonempty open subset of S included
in T, hence T has nonempty interior in S. 0

Remark 3.1.26. If S C ((Kalg)o)n is a a subanalytic set we want to stress out that in
general,

(S)Berko 7& (SBerko)7

where the first adherence is taken in ((K®#)°)", and the second in B.
Actually it is true that (S)Beko C (SBerko) but the converse is false. For instance, if
S = (K*8)°°, then S = S = (K*8)°°, whereas Sperko = {z € B | |X(2)| < 1} and

SBerko = SBerko U {1} where 7 is the Gauss point of B.

Proposition 3.1.27. Let I = (fi,..., fp) be an ideal of Sy, . Then V(I) defines a subset
of ((K9)°)™ x ((K9)°°)", hence also a subset of ((K“lg)o)m+n which is subanalytic. Let
us consider the quasi-affinoid algebra A := Sy, /I, and let X := Spec(A). Then

dim(V (I)) = dim(X).

Proof. By definition, V(I) can be identified with X = Sp(A), the rigid K-space associated
to A, as defined in section 0.5.2.

Step 1. First, if n = 0, that is to say if X is a K-affinoid space, then the result follows
from the characterisation 5. we have given of dim(V'(/)) and the fact that the dimension
of X as a K-analytic space is the Krull dimension of A [Ber90, p.34].

Step 2. If n > 0, let us denote by {A;};>1 the K-affinoid algebras such that X =
U;>1X; where X; = Sp(A;) is an increasing sequence of affinoid domains of X (notations
of section 0.5.2). Then dim(X) = max dim(X}), for instance because X is the union of its

affinoid domains X, and using the characterization 5. od dimension in theorem 3.1.14. It
then follows that

dim(X) = xeﬁﬁﬁm (dim(Oxz))

= max (dim((’m))

x€Max(A)
= max (dim(Ox z)) (3.12)
= max (dim(Ox z)) (3.13)

= dim(X).
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The equality (3.12) follows from the Nullstellensatz for quasi-affinoid algebras [LR00d,
4.1.1] and from [LRO00d, 4.2.1]. The equality (3.13) is a classical fact from rigid geometry
[BGRS4, 7.3.2.3]. O

Remark 3.1.28. More generally, we can define the dimension of subanalytic sets of a quasi-
affinoid variety (see definition 0.5.17). The invariance of dimension by subanalytic bijection
(proposition 3.1.22 (3)) is necessary to prove that this definition works well. This theory
of dimension then satisfies all the properties mentioned above.

3.1.3 Smooth stratification theorem

In this subsection, we want to state the Smooth stratification theorem [LR00a, Theorem
4.4] following the exposition of [LR00a]. We will need this result in the next subsection.

If F' is a complete non-Archimedean field, there is a classical notion of F-analytic
manifold, which mimics the definition in the Archimedean case : an F-analytic manifold
is obtained by gluing some open subsets of F"* with bianalytic maps. If X is an F-analytic
manifold, we can talk about the dimension of X at a point z, denoted by dimmanit»(X),
and then define the dimension dimynif(X) of an F-analytic manifold as the supremum of
dimmanit.z(X) for 2 € X. We can talk about a submanifold of an F-analytic manifold. A
morphism between F-analytic manifolds is defined as in the Archimedean case: it is locally
given by analytic maps in the charts. We can talk about a submanifold of (F°)"™. We refer
to [Ser06, Chapter III] for a general discussion of F-analytic manifolds, and to [Ser65] for
a nice classification result when F' is a local field.

Definition 3.1.29 ( [LR00a, 1.4]). We say that a subanalytic set S C ((K*8)°)" is
a subanalytic embedded K?2!8-analytic manifold if the subanalytic set X (K2l8) C

((ﬁg)o)n is a submanifold of ((ﬁg)o)n whose transition functions can be locally given
by power series with coefficients in K18,

We will not use the last condition on the coefficients of the transition functions.

Theorem 3.1.30 ( [LR00a, 4.4]). 1. Let S C ((K™)°)" be a subanalytic set. There
exists a decomposition

S=S5U...US (3.14)

where the S;’s are pairwise disjoint subanalytic embedded K*9-analytic manifolds.

2. If T C (K™)°)" is an subanalytic embedded K “9-analytic manifold, then dim(T) =

—

dimyanif (T(K9%9)). In particular, the equality (3.14) implies that

dim(S) = max ( dimpman ((Si(K5)).

Remark 3.1.31. We want to stress the fact that for a subanalytic embedded K®8-analytic
manifold S C ((K*#)°)", the equality of the dimension of S as defined in 3.1.14 (1) and

the dimension of S(K?8) as a K?8-analytic manifold is more subtle that it might seem.
The part 2. of the above theorem states that this is true when S is subanalytic, but this
is false if we remove the subanalytic assumption.

Indeed, let K be a non-Archimedean and algebraically closed field such that

Card(K) = Card((K™)°). (3.15)
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—

For instance K = C((t))% satisfies these conditions. Let then « : K — (K"£)° be a
bijection (a surjection would work actually), and let 8 : K — (K?8)° be a section of the
reduction map. Let then

V= {(a(N),8(\) | A€ K}

Since by construction the family {5(\) is discrete, V' is an infinite discrete union of

}Aef{
singletons, hence a K-analytic submanifold of ((K alg)o)2 of pure dimension 0. However,
if m: ((K"‘lg)")2 — (K?)° is the first projection, m(V) = (K?8)°. In this example, the
projection of a submanifold of dimension 0 has dimension 1.

This illustrates the fact that subanalytic submanifolds behave well, and that V is not
subanalytic.

With the same kind of idea, it is also possible to find S C ((K alg)o)2 a submanifold of
analytic dimension 0 such that the analytic dimension of S is 1. Take

{S = (;L‘, WNB(O‘_I (LL‘))) }rG(Kalg)o,néN

Then S is a submanifold of dimension 0, and contains (K®#)° x {0} in its adherence.

We can now give more characterizations of the dimension :

Proposition 3.1.32. Let S C ((K%)°)" be a subanalytic set. Then d = dim(X) is also
characterized as

1.
di = max_dimy,qnif(S;)
i=1...N
where S = U;—1.. NS; s a decomposition of S in subanalytic embedded K“lg-analytic
manifolds. Moreover dy is independent of the decomposition.

da

2. The greatest integer ds such that there exists a subanalytic map ((K9)°)* — S

defined over some finite extension of K which is injective.

3. The greatest ds such that there exists a subanalytic map f : S — I'% such that f(X)
has non empty interior.

Proof. The equality d = d; was contained in theorem 3.1.30.

ds < d is a consequence of proposition 3.1.22.

do > d. According to the smooth stratification theorem, S contains a subanalytic
embedded K®8-analytic manifold T C S such that dimpane(7) = dim(S). Hence if
z € T, some judicious coordinate projection 7 : ((K*8)°)" — ((K alg)o)d will induce some
bijection between some open neighbourhood of x in T and some closed ball around 7(x)
in (K alg)o)d. Taking the inverse of it defines the required injective map.

d = d3. In one hand, d < d3 because we can easily find some surjective map f : S —
(K alg)o)d, and then composing with a norm function yields the desired function. The
converse inequality d > d3 is a consequence of theorem 4.2.21 which will be proved in the
next chapter. ]

3.1.4 Continuity of subanalytic maps

In the Archimedean setting, Osgood’s theorem asserts that if 2 is an open subset of
C™ and f : Q — C™ an injective holomorphic map, then f(€2) is open and f induces a
biholomorphic map between € and f(£2). See [Nar71, th.5 p.86] or [Ran86, Th. 2.14].
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Proposition 3.1.33. Let K be a complete algebraically closed non-Archimedean field.
Let f : X — Y be a morphism of K-analytic manifolds of the same pure dimension d

such that f is injective. Then f(X) is open in'Y and the restriction X f'—X> f(X) isa
homeomorphism.

This proposition is false if K is not algebraically closed. In characteristic p for instance,
the Frobenius map  — 2P is an analytic endomorphism of K, which is precisely open if
and only if K is perfect.

Proof. Step 1. It is equivalent to prove that f is open because then, the map fx : (K°)" —
im(f) is bijective, continuous and open, hence a homeomorphism.

Step 2. To prove this we can work locally, hence restrict to an injective analytic map
[ (Ko™ — (K°)™.

Step 3. For all x € (K°)", and y = f(x) we must show that for all neighbourhood V'
of z, there exists W C V another open neighbourhood of x such that f(W) is open (this
would show that f is open).

Since closed balls around x form a basis of neighbourhood of x, it is sufficient to prove
that if f : (K°)" — (K°)" is an injective analytic map and x € (K°)", there exists an
open neighbourhood V' of z such that f(V') is open.

Step 4. By definition of an analytic map, reducing? the source and the target of f
again, we can assume that f : (K°)" — (K°)" is given by n analytic functions. Hence, f
is the restriction to the set of rigid points (here the K-points) of a morphism of k-affinoid
spaces [Berko : B — B%.

Step 5. Since the restriction of fperko to the set of rigid points is f, hence injective,
and since x € (B )rg by assumption, dim,(fBerko) = 0. Hence according to [Duc07, Th
3.2], there exists an analytic neighbourhood V' of x in BY% such that fpeyo, factorizes as

vawlr e

where « is finite, 5 is the immersion of an analytic domain of T" and ~ is étale.

Step 6. If z := B(«a(x)), since it is a rigid point, v is a local homeomorphism at z.
Hence if we replace B™ by a small enough ball containing z, we can assume that T = B".
Hence fperko factorizes now as

v w e

with « finite and § the immersion of an analytic domain.
Step 7. Now if we replace (in the target) B by a ball small enough that contains y
and is included in W, we can even assume that fpeko factorizes as

V 5 BY

with « finite.

Step 8. Now remember that « is still injective at the level of the rigid points, and that
Viig is a neighbourhood of z in (K°)". Since « is finite, a(V) is a Zariski-closed subset
of B%. On the other hand, according to proposition 3.1.22 (ii), since dim(V) = n and
since ayig is injective, dim(a(V')) = n. If a(V') was a proper Zariski-closed subset of B,
we would have dim(a(V')) < n according to lemma 3.1.27 which is impossible. Hence
a(V') = B% which is a neighbourhood of y. O

4. If we were on C, we would not need to do that.
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Proposition 3.1.34. Let f : X — Y be a subanalytic map between subanalytic sets
X C ((K9%)°)" and Y C ((K*)°)™. Then there exists a decomposition X = X1U...UXy
in subanalytic embedded K“-analytic manifolds such that for all i fix,; is continuous.

Proof. We prove this by induction on dim(X).

If dim(X) = 0, X is finite (proposition 3.1.16 (1)) and the result is clear.

If d = dim(X) > 0, we take a decomposition X = X; U...U Xy in subanalytic
embedded K®8-analytic manifolds (theorem 3.1.30). We can then replace f by the various
fix, » Xi = Y. Since dim(X;) < dim(X) we can replace X by X; and hence assume that X
is a subanalytic embedded K®8-analytic manifold (if it happens that dim(X;) < dim(X)
we can already apply the induction hypothesis). We then have the following commutative
diagram:

G = Graph(f)

" K

X Y
f

where G is a subanalytic set of ((K?8)°)"*™  We apply again the smooth stratification
theorem to G and obtain a decomposition G = G1U...UGy where each G; is a subanalytic
embedded K#8-analytic manifold. Since p; : G — X is a subanalytic map which is
bijective, thanks to proposition 3.1.22, dim(G) = dim(X). Hence, dim(G;) < dim(X) for
all 7. Let us set X; := p1(Gy).

If dim(G;) < dim(X), then dim(X;) < dim(X) so by induction hypothesis, we can
again stratify X; in X; ! ;s such that fx, = is continuous.

If dim( ) = d1m( ), then L Py, G — X is an injective subanalytic map. Hence

(P1)a;) mmy + Gi(K alg) — X (Kalg) is an injective analytic map between Kale analytic
mamfolgs of the same dlmensmn Hence accordlng to proposition 3.1.33, it induces a
homeomorphism between G;(K alg) and X;(K alg) Hence py, also induces a homeomor-
phism between G; and X;. Eventually, fix, = p2o (pllGi)*l is then continuous. O

Corollary 3.1.35. Let f : X — Y be a subanalytic map between subanalytic sets X C
((K¥9)°)" and Y C ((K9)°)™. Let

D :={xz € X | f is not continuous at x}.

Then D is a subanalytic set and
dim(D) < dim(X).

Proof. First D is subanalytic because continuity at x can be expressed by a first order
formula.
Then, let us assume that dim(D) = dim(X). According to corollary 3.1.25, D has

nonempty interior in X, so replacing X by D (which is subanalytic), we can assume that
D = X, i.e. that f is nowhere continuous.

But according to proposition 3.1.34, there is a decomposition in subanalytic sets X =
X1U...U X, such that for all 4, f|x, is continuous. There must exist some ¢ such that
dim(X;) = dim(X), so according to corollary 3.1.25 again, X; has nonempty interior

o

in X, so if z € X;, f is continuous at x which contradicts the fact that f is nowhere
continuous. O
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Proposition 3.1.36. Let X C ((K%)°)"™ x I'™ be a subanalytic set, and f : X - T a
subanalytic map. Then there exists a decomposition X = X U...U Xy in subanalytic sets
such that for alli fix, : X; — T' is continuous.

Actually, it is even defined as
fixi = §/lgi(@)|a

where g; is a continuous subanalytic map U; — K9 for some subanalytic U; C ((K“lg)o)m,
and u; € Z", a; € N*. We denote by © = (1,...,7m) € (K)°)™ the field variables,
and by o = (e, ..., ap) € I' the value group variables.

Proof. Let G := Graph(f) C ((K*#8)°)™ x I x T' which is subanalytic. We will use the
variable x (resp. a, ) for the variable of ((K?#)°)™ (resp. T, T'). Tt is enough to consider
the case where G is a finite intersection of subsets defined by inequalities

[F(2)]y" pa|G(z)]a”

where a € N, u € Z", <€ {=,>,<} and F,G : ((K8)°)"™ — K9 are D-functions. We
can then restrict to subanalytic sets where F'(z) and G(z) # 0, hence their quotient %
will be D-functions ((K 3L1g)o)m — K%9. Hence G appears as a finite union of subsets of
the form

I = {(z,a,7) € ((Kalg)o)m x I x T | |gj(z)a™ < b < |hj(z)la%} j=1...M

and
{(z,a,7) € ((Kalg)o)m x I xT ] |fi(x)|a" =~%}i=1...N

plus some additional conditions involving only the variables (z, a).
Since by assumption, for all (z,a) € X, G(z0) = {7 €T | (z,a,7) € G} is a singleton, we
can in fact remove the intervals I;. We then set temporarily

Xi={(z.0) e X | f(2,0) = /| fi(x)|am}.

We then have
fix: (@, ) = /| fi(x)]av

with f; : ((K?#)° " — K% an D-function. Now if we apply proposition 3.1.34 to the
map f; : ((K*8)°)" — K% we know that we can shrink the X/s so that the map

X, — K
(r,a) —  fi(x)

is continuous. As a consequence,

Xi — I
(z,a) = [fi(z)]

is continuous, and then

f|Xi : X; — r

(z,0) =  Yl]fi(z)la®

is also continuous. O
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3.2 Dimension in ACVF

In this part K is a model of ACVF. We want to explain (following closely results
of [vdD89]) how a natural dimension for definable subsets of K™ can be defined.

Lemma 3.2.1. [Duci2a, lemma 1.1] Let X be an affine irreducible K-scheme of finite
type, U a nonempty open subset of X (K).

Then for all nonempty Zariski-open subset V of X, UNV(K) # (.

In other words, U is Zariski-dense in X .

In other words again, if Z is a proper Zariski closed subset of X, Z(K) is nowhere dense.

Proposition 3.2.2. Let f : X — Y be an étale morphism of K-schemes of finite type.
Then fr : X(K) — Y(K) is a local homeomorphism.

In fact, it is sufficient to assume that K is a Henselian valued field, as will be clear
from the proof. Although this proposition is a very well known fact, we haven’t found an
explicit reference for it.

Proof. This is a local property on X'. Let then x € X(K), y = f(x) € Y(K). According
to the local description of étale morphisms, we can assume that )} = Spec(A) is affine,
that there exists P € A[T], such that if we set

Z = Spec(A[T, P'(T)~']/(P(T))
and g is the standard étale morphism ¢ : Z — ), then f factorises as
xLzsy

where j is an open immersion. Here again since the property is local on X, we can
even assume that X = Spec(A[T, P'(T)~!]/(P(T)) and that that f is the standard étale
morphism f : Spec(A[T, P'(T)~]/(P(T)) — Spec(A).
Hence

X(K) = {(1,1) € Y(K) x K | P(y.t) = 0 and P'(y.1) # 0},

After a change of variable, we can assume that
z=(y,0) (3.16)

New we write P(T) = ap + a1T + ... + a, T™ where the a;s € A. Now (3.16) implies that
ap(y) = 0 and the condition P’'(y,0) # 0 that a;(y) # 0.
For A\ € K*, we set

G(T)=P\T)=ao+ a1 T+ -+ N'a,T".

For || small enough, since a1 (y) # 0, we will have |Aaj(y)| > |\a;(y)| for i # 1, so that
replacing P by G, we can assume that |a1(y)| > |a;(y)|,7 # 1. Moreover, by continuity of
the function als, there exists a neighbourhood of y, V' C Y(K) such that for all z € V,

|a1(2) > |ai(2)],i # 1 and [a1(2) — a1(y)| < [ax(y)]- ,
Hence, dividing P by a1(y), we can assume that P = ) a;T" with
i) ai(y) = 1.
ii) Forall z € V, |a1(2) — 1| < 1.
iii) Forall z € V,and i # 0, |a1(2)] =1 > |a;i(2)]
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In particular, for all z € V, P(2,T) = 3 a;(2)T? € (K*8)°[T] and P( ,T) = T According
to Hensel’s lemma, there exists a unique t, € (K alg)oo such that P(z,t,) = 0. In addition,

P'(z,t.) = a1(2) + 2a2(2)t> + ... + na, (2)t7 7,

and by assumption, |a;(2)| > |2a2(2)t2 +. ..+ na,(2)t? | hence P'(z,t,) # 0, so (z,t,) €
X (K). Hence if we set U := {(z,t) € V x (K*#)° | P(z,t) = 0}, this is an open neigh-
bourhood of z in X' (K), and the restriction map

f|U: U -V
(z,t) — =z

is a continuous bijection. We only have to prove that it is a homeomorphism. Let then
e <1 € |K*|. There exists a neighbourhood W of y such that for z € W, |ap(z)| < . Hence
|t.| < e, otherwise, we would have, |a1(2)t,| = |t.| > |a;(2)tl] for i # 1, in contradiction
with P(z,t,) = 0. This proves that f|?]1 is continuous at y. Now, if ¢/ = f(2/) € V, we
make the same argument as above, and it follows that f|?]1 is also continuous at y’. Hence
Jfiv is a homeomorphism. O

Let X be a K-scheme of finite type and let U C X (K). Since K is algebraically closed,
we can identify U with a subset of X and we denote by dimy,,(U) the Zariski dimension
of the Zariski closure of U in X :

dim zq, (U) := dim(T™™).

Lemma 3.2.3. Let f : X — Y be a morphism of integral K-schemes of finite type,
U C X(K) a nonempty open subset.

1. If f is dominant, dimyze, (f(U)) = dimgge,(Y).
2. dimzar(f(U» S dimzar(U>.
3. If fir is injective, dimzq, (f(U)) = dimzq, (X) = dimzq,(U).

Proof. 1. Otherwise, we would have f(U) C Z a proper Zariski closed subset of ), and
since f is dominant, f~!(Z) would be a proper Zariski closed subset of X which
contains U, and this contradicts lemma 3.2.1.

2. dimge, (f(U)) < dimzq, (f(X)) < dimgg(X) = dimge,(U), the last equality being
lemma 3.2.1.

3. Replacing Y by m, we can assume that f is dominant. If we denote by 7 the
generic point of ), then &) is an irreducible variety of dimension d say. Then C, the
set of points of z such that dim,(f) = 0 is a constructible set of X which contains
7, the generic point of X. Hence, C contains V some nonempty open set of X. Let
us pick some z € V(K)NU (this is possible thanks to lemma 3.2.1) and let us set
y = f(x). Then X, N U is a nonempty open subset of X, (K), which is supposed
to be the singleton {z} because f|;; is injective. But since dim, (X)) = J, thanks to
lemma 3.2.1 again, this implies that § = 0. So dim(X’) = dim()), and according to
1., dimzq,(f(U)) = dim(Y) = dim(X).

O

Definition 3.2.4. Let X be an affine K-scheme of finite type. We will say that U C X' (K)
is a special open subset if it is a finite intersection:

M
= (N{z e x(®) | 1fiw) < | )(ﬂ{weX ) | 1g;(@)] < |G; ()] # 0})

where fiaFi>gj>Gj S O(X)
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Theorem 3.2.5. Let d be an integer, and S be a nonempty definable subset of K™. Then
the following definitions of the integer d are equivalent:

1.

There exists a decomposition S = U™S; where for each i, S; # 0, S; = X, NU;
where X; is an irreducible variety of (algebraic) dimension d; and U; is a special
open subset of K™, such that d = max; d;. This number is independent of the choice
of the decomposition.

2. d = dimza (57°).

d= tr.deg.(K K
e eg-(K(z)/K)
KCL
where K C L describes the set of extensions of algebraically closed valued fields of
K.

. The greatest integer d such that there exists a coordinate projection © : K™ — K¢

such that 7(S) is somewhere dense (that is to say, its closure has nonempty interior).

. The greatest integer d such that there exists a coordinate projection w : K™ — K¢

such that w(S) has nonempty interior.

6. The greatest integer d such that there exists an injective definable map f : (K°)* — S.

7. The greatest integer d such that there exists an injective definable map f : (K°)% — S

This

which is a homeomorphism on its image (in particular f is continuous).

. The greatest integer d such that there exists an open subset of S, U C S and a map

defined by polynomials (according to the embedding of U in K") f : U — (K°)?
which is a homeomorphism.

integer d is called the dimension of S, denoted by dim(S).

Proof. We will denote by d; the integer defined by the i-th definition in the above list.
—dy = dy: Let S = U;S; as in (1). Then according to lemma 3.2.1, for each i,

EZG/I‘ _ Xq/ Hence gZar — UiEZGT‘ = UZX’H SO dimzar(gzar) - dl

dy < ds3 : Let us assume that S contains a definable set T' = X N U where X is an
integral subvariety of Zariski dimension d; and U a nonempty special open subset
of X(K).

Then for each f € K[X]\ {0}, let us consider the first order formula ¢¢(z) = "z €
T(K) and f(z) # 0.

According to lemma 3.2.1, for each fi, ..., f,, € K[X]\{0}, the formula ¢ ¢ A...Apy,,
is satisfiable. Hence if L is an algebraically closed valued field which is an extension
of K and which is Card(K)-saturated, there exists x € L™ which satisfies all the ¢y
for f € K[X]\ {0}. The point of the scheme X" that is associated to x € X (L) is
then the generic point of X', hence tr deg(K (z)/K) = dimgzq,(X) = dy.

dy > ds: Let S = Uj—1.mS; where S; = &;NU;, and let L be an algebraically closed
valued extension of K, z € S(L), such that tr deg(K(z)/k) = d3. Then = € X;(L)
for some 4, hence ds = tr deg(K (z)/K) < dimgq,(X;) < dy.

dy > dy: Let m: K™ — K% be a coordinate projection such that 7(S) has nonempty
interior, and let S = U;(X; NU;) be a decomposition of S as in (1) (such a decompo-
sition always exists). Then w(S) C U;m(&;), which is a constructible subset whose
Zariski-dimension is less than di = max; dimg,-(X;). Since TS) has nonempty
interior, lemma 3.2.1 implies that d; > d4.

— dy4 > ds is clear.
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—ds > dy : We can assume that S O X N U where X is irreducible of Zariski-
dimension d;, and U a nonempty subset of X(K). Then there exists a coordinate
projection 7 : A% — Acfl(l such that its restriction 7 : X — Acll(l is dominant. Write
m(S) = Ui(Z; N U;) with Z; an irreducible subvariety of A% of dimension §; and
U; a nonempty special open subset of K™. If one of the §;’s is d; (in which case
Z; = A%). Then U; N Z; = U; and indeed d5 > dy. Otherwise, 7(S) C Z where Z is
a proper Zariski closed subset of A%, then since 7 is dominant, 771(Z) is a proper
Zariski closed subset of X which contains S, and this contradicts lemma 3.2.1.

— dj = da > dg is a consequence of lemma 3.2.3 (3).

— dg > d7 is clear.

~ d7 >dg: IfU C S is a definable subset and f : U — ((K?#)°)% an homeomorphism
as in (8), then f~!is as in (7) so dy > ds

— dg > dy : If S contains some nonempty X N U where X is an irreducible subvariety
of dimension d; and U an open subset of X'(K), then thanks to lemma 3.2.1 we can
replace X' by a Zariski open subset and assume that X’ is smooth over Spec(K) of
dimension d;. Since x € X(K) N U, there exists a Zariski-open neighbourhood of
x, U, and f : U — A% an étale morphism. Hence according to proposition, 3.2.2,
there exists V' an open neighbourhood of x and W an open neighbourhood of f(x)
such that f induces an homeomorphism between V and W. After shrinking it, and
a linear change of variables in W, we can then assume that W = (K°)%.

O

We now want to give some general properties of the dimension of definable subsets of
K™,

Proposition 3.2.6. IfS;, i =1... N are definable sets of K",

Proof. Follows from the characterisation 3. of dim in 3.2.5. O

Proposition 3.2.7. Let S be a definable subset of K"*™. For x € K", let S, := {y €
K™ | (z,y) € S} = n~1(z) where m : K"™™ — K™ is the projection on the first coordi-
nates. For each integer i, let

S(i) = {x € K™ | dim(S,) =i}

SU = {(x,y) € S | dim(S:) =i} =7 }(5(d)).

Then S(i) and SO gre definable subsets. Moreover, if K C L where L is a model of
ACVF, S(i)(L) = S(L)(i) and SW(L) = S(L)®.

Proof. If T is a definable subset of K", according to the fifth characterisation of the
dimension in theorem 3.2.5, the property dim(.S) > d is expressible by a first order formula.
Namely it is equivalent to

There exists a coordinate projection m : K™ — K9, a point ¢ € K%, a radius v € T such
that w(T) contains the ball of center ¢ and radius ~y.

Since there are only finitely many coordinate projections, this is indeed expressible
with a first order formula. This implies the definability of S(i) and hence of S®). The
fact that it behaves well if we increase the field K is then a consequence of the quantifier
elimination in ACVF.

O
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Proposition 3.2.8. With the above notations,
dim(S@) = dim(S(i)) + i.

Proof. Let us prove that dim(S®) < dim(S(i)) +i. Let K C L be an extension, (z,y) €
SG(L). Then z € S(i)(L) hence

tr.deg.(K(z)/K) < dim(S(7)) (3.17)

Let M := K(z)® C L seen as a sub-valued field of L. Then y € S,(L) hence by
assumption tr deg (M (y)/M) < i = dim(S;). Now in the following diagram

M(z,y) = M(y) ~— K(z,y)

| |

the two horizontal field inclusions are algebraic extensions, hence
tr.deg.(M (y)/M) = tr.deg.(K (z,y)/K(x)) < i (3.18)

Hence the inequalities (3.17) and (3.18) imply that tr.deg.(K(z,y)/K) < dim(S(i)) + 14,
hence dim(S®) < dim(S(4)) + i.

Let us prove conversely that dim(S(i)) +i < dim(S®¥). Let K C L an extension of
ACVF and z € S(i)(L) such that tr.deg.(K(z)/K) = dim(S(i)). We can then assume
that L = K(2)™9. Then dim(S,) = i so there exists L C M an extension of ACVF and
y € Sy(M) such that tr.deg.(L(y)/L) = i. Then (x,y) € S (M). For the same reason as
above, tr.deg.(K (z,y)/K(x)) = tr.deg.(L(y)/L), hence dim(S®) > tr.deg.(K (z,y)/K) =
dim(S(4)) + . O

Proposition 3.2.9. If S (resp. T) is a definable subset of K™ (resp. K™), then dim(S x
T) = dim(S) + dim(T").

Proof. This is a consequence of the fact that if X and ) are K-varieties, dimzq, (X X)) =
dim g4 (X) + dimz,, (), and of the characterisation (1) in theorem 3.2.5.

Using the last proposition we could also have proved it in a similar way as proposition
3.1.21. O

Proposition 3.2.10. Let f : X — Y be a morphism of definable sets.

1. dim(f(X)) < dim(X).

2. If f is injective, dim(f(X)) = dim(X).

3. If f is bijective dim(X) = dim(Y").
Proof. In fact we have already proved (1) in the proof of theorem 3.2.5. We give another
proof.

If X C K" and Y C K™ are definable subsets, let G := Graph(f) C K" be the graph
of f. By definition, it is a definable subset.
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But G = G and X = G(0). Hence dim(G) = dim(G®) = dim(G(0)) + 0 = dim(X).
Finally, since po is an algebraic morphism, we have that

dim(f(X)) = dimp2(G) < dim(G) = dim(X)

as a consequence of lemma 3.2.3. Another way to see it, is to see G as a subset K™ x K™,
reversing the first n and last m coordinates. Hence

G = U;GY, dim(G) = max dim(G?) = max dim(G(i) + 7).
Hence

dim(G) > max dim(G(i)) = dim(Uj2yG(i)) = dim(p2(G)) = dim(f(X))

Proposition 3.2.11. Let S be a definable subset of K™.
1. S is a definable subset. Moreover, for all extension of ACVF K C L, S(L) = S(L).
2. dim(S\ S) < dim(S).
Proof.
By definition,
S={xz € K" |Veel 3s € S such that |z — s| <&},
which proves that S is definable.

According to the definition (1) of dimension in theorem 3.2.5, we can assume that S =
X NU is nonempty where X is an irreducible Zariski-closed subset, and U is a special open
subset of K" of the form:

U= ﬂ{l’GK"!Ifz )| < |Fiz I}ﬂ{IEK"HgJ < |Gj(x)| # 0}

where f;, Fi, gj, Gj € K[X]. In addition, we can assume that the (G;)x’s € K[X]\ {0}.
Now

e X [[fi@)] < |F@]}
{re X | |fi@) < |F(@)} Ufe € X | filz) =0 or F(x) =0}

Moreover

{z € X [ Jg;(2)] < [G(@) # 0} € {z € X | |g;()] < |G, ()]}
— {w e X | |g;(2)] < |G;(@)] # 0} U{w € X | gj() = Gy() = 0}

But {z € X | Gj(x) = 0} is a proper subvariety of X whose dimension is strictly less than
dimz,,(X). Now,

SCQ({xexuﬁ )| < |F(@)} U{z € X | fix) =0 or Fi(z) =0})
(e € X | g;(@)] <1G;(=)]}

J

= (NHe e X [ 1fil@)] < [F@)} U{z € X | filz) = 0 or Fi(z) = 0}])

i

N[z e x (@) <16;(@)] # 0}z € X | gi(x) = Gj(2) = 0}]

J
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If we develop the |J with respect the (;, and (; we obtain some sets, one of them being

S, and the other ones being contained in some {z € X | g;(z) = G,(z) =0} Cc X N{z €
K™ | Gj(z) = 0}. But, since X is irreducible, either {z € X ] G (x) = 0} is a proper
Zariski- closed subset of X and we are done. Or {z € X | G;(z) = 0} = X, which then

contradicts the fact that X N U # (. Hence dim(S \ S) < dlm( ) O



Chapter 4

Mixed dimension

4.1 Introduction

4.1.1 DMotivations from Tropical Geometry

Let K be a non-Archimedean algebraically closed field, I' its value group (we set
|-]: K — I'U{0} its norm). The process of tropicalization starts with an object X defined
over K, (for instance an algebraic subvariety of Gy, i), and associates to it a simpler
combinatorial object defined over I'. This process relies on the tropicalization map: Trop
where

Trop : (K*)™ — "
(X1, ymn) = (], ... za]).

For instance when X is a subvariety of G, ., we want to study Trop(X) which is a
subset of I'™. Some properties of X reflect in Trop(X). In the context of k-analytic spaces
we will also denote indifferently by Trop the maps

Trop : (G, )™ — (R})"
z = (@) | Ta(@))

and
Trop:AZ"m — RI
z = ([T, [ Ta(2)])

where the T;’s are the coordinate functions.
We will say that a set S C (R%)" is a polyhedron if it is a finite intersection of sets
of the form

{On-- o) € @)™ | AT < [T
i=1 i=1

where a;,b; € Nand A € R}. We say that S is a I'-rational polyhedron if the \’s belong to
I'. A polytope is a compact polyhedron. A polyhedral set is a finite union of polyhedra.
In these definitions, one can replace R by A where A is an ordered abelian group.

We state some known results:

Theorem. [BG84, Theorem A], [EKL06, 2.2.3] Let X be an irreducible subvariety of
G, i of dimension d. Then Trop(X(K)) C I'"™ is a connected polyhedral set of pure
dimension d.

153
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Theorem. [Gub07, Th. 1.1] Let X be an irreducible closed analytic! subvariety of
(G, k)™ of dimension d. Then Trop(X) C (R%)" is a locally finite union of (I-rational)
d-dimensional polytopes.

Theorem. [Ducl2a, Th 3.2] Let X be a compact K-analytic space of dimension d and
f X = (G}, )™ an analytic map. Then Trop(X) := [f|(X) C (R%})" is a finite union
of (I'-rational) polytopes of dimension < d.

The initial motivation of this work was to obtain the following generalization of
Ducros’s result [Ducl2a, Theorem 3.2]:

Theorem. 4.3.1 Let X be a compact K-analytic space of dimension d, f: X — AR"" be
an analytic map. Then |f[(X)N(R% )™ is a '-rational polyhedral set of (R* )™ of dimension
<d.

The reader interested by this result can easily proceed to its proof. Let us mention
that Ducros’s result [Ducl2a, Th 3.2] has been motivated by the recent development of a
theory of differential forms on Berkovich spaces [CD12].

4.1.2 Definable sets

To prove this we use the language £ introduced by L. Lipshitz in [Lip93]. In fact, in
the above theorem 4.3.1, we can prove that | f|(X) is a polyhedral set as a direct application
of the quantifier elimination theorem (see 4.3.1) proved by Lipshitz [Lip93, theorem 3.8.2].
But the bound on the dimension in theorem 4.3.1 does not follow obviously 2.

However, the list of results mentionned above [BG84,Gub07,Ducl2a] which all contain
a bound on the dimension of Trop(X) was a strong evidence in favour of the bound in
theorem 4.3.1. Once one tries to prove it, one realizes that we have a set X C K™, a map
f: X — I'™ and we would like to say that

dim(f(X)) < dim(X). (4.1)

This inequality should be satisfied in any good theory of dimension. However, here the
situation is quite particular, because in (4.1), we are dealing with two different kinds of
dimension. On the left side, this a dimension for subsets of K™, and on the right side, this
is the very combinatorial dimension of a polyhedral set of R™ (or I'" in general). What
formula (4.1) suggests is that these two dimensions interact nicely. It is then natural to
wonder whether it is possible to obtain a unified theory of dimension, where (4.1) would
become a simple corollary.

More precisely, assume that we could assign a dimension dim(S) € N to each subsets
S of K™ x R™ such that

DIMENSION AXIOMS
Diml | When S € K™, dim(S)is the classical dimension of S as a subset of K.
Dim2 | When S C R™, dim(S) is the classical dimension of S as a subset of R™.

Dim3 IfSCK™xR"TCK™ xR" and f: S > T (42)
is a definable map, then dim(f(5)) < dim(5)
Dim4 With S and T as above, dim(S x T') = dim(S) + dim(T")

1. here we assume that I' C R and that K is complete.
. We want to mention that once one knows that |f|(X) is a finite union of polyhedra, the bound on
the dlmenswn is then a corollary of Ducros’s result [Ducl2a, 3.2]. However, we have tried to obtain a
complete proof in an analytic language for aesthetic reasons.
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Then (4.1) would be a simple consequence of this dimension theory. Of course, in
such a generality this is an unattainable goal. In order to build such a theory, one has to
work with a restricted class of subsets of K™ x R™. In fact, since we want to keep track
of the parameters, we will work with a base field K which is valued but not necessarily
algebraically closed, and we will consider an extension of the valuation to K9, and we
will set I' = |(K®9)*|. There are two restricted classes that we will consider in this text:

— The class of definable subsets of S C (K9)™ x I™ in the first order theory of

algebraically valued fields defined over K 3.

— If K is non-Archimedean, the class of subanalytic sets S C ((K2)°)™ x .

One of the main results of this chapter is that for these two classes we can build a good
dimension theory, as described in (4.2):

Theorem. 4.2.21 There exists a dimension theory which satisfies the axioms listed in
(4.2) when we restrict to:
— definable subsets S C (K®9)™ xT™ in the theory of algebraically closed valued fields,
and K% is a model of ACVF, and we restrict to definable maps f: S — T.
— When S C ((K alg)o)m xI'™ is a subanalytic set, and K is a complete non-Archimedean
field, and we restrict to subanalytic maps f: S — T.

Theorem 4.3.1 is then a consequence of the second part of this result.

This result is indeed a way to unify the dimension theory of the two sorts K9 and T.
It appears however that assigning a dimension dim(S) € N to a set S C (K*9)™ x T is
quite coarse.

Ezample 4.1.1. For instance we must have dim((K%9)*) = dim(I") = 1. Moreover, the map
|-|: (K9%9)* — T is surjective, which strengthens the fact that (K%9)* and T should have
the same dimension. We can remark by the way that this map contradicts the intuitive
formula : dim(im) 4 dim(fibers) = dim(source). But at the opposite, if f : T' — K9
is a definable map (either in the theory of algebraically closed valued fields, or in the
theory of subanalytic sets), then it must have a finite image (see lemma 4.2.12), hence
dim(f(T")) = 0.

This example illustrates a general philosophy that we can sum up in:
dimension of K9 is stronger than dimension of T'. (4.3)

Once we have this idea in mind, let us look at a second example:

Example 4.1.2. Let S = K ][I'?. If one wants to give a precise sense to this, one can take

S = ({z} xI*) [T (K x {(11,72)}) € K x I*?

with 2 € K and (v1,72) € I'2. According to the dimension theory built in theorem 4.2.21,
dim(S) = 2. However, one can check that there is no definable map f: S — K" such that
dim(f(S)) = 2. Hence in that case, saying that S has dimension 2 seems to hide a part of
the situation.

More generally (still following the dimension theory mentioned in theorem 4.2.21), we
should have dim((K9)™ x I'") = m + n. Now, there exist some definable maps f :
(K@9)™ x I'™ — T+ whose image has dimension m + n, but there does not exists a
definable map g : (K9)™ x '™ — K™*" whose image has dimension m 4 n. Actually, for
such a map, it is natural to conjecture that dim(im(g)) < m. This is true, and will follow
for instance from theorem 4.2.18.

3. In that case K is an arbitrary algebraically closed valued field, so I' can be an arbitrary totally
ordered abelian divisible group, and the valuation on K is not necessarily of height 1.
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Hence we should refine the leitmotiv given in (4.3) : dimension of K is stronger than
dimension of I', and replace it by

\one dimension of K can lead to one dimension of K or one dimension of I' \ and

‘one dimension of I' can only lead to one dimension of I'. ‘

In order to take this into account, it then seems that one should look for a dimension
theory that would be two-dimensional: to a subset S C (K%9)™ x I we would assign a
dimension dim(S) = (d1,d2) € N? with d; for the part of the valued field K and dy for
the valued group I'. In addition, if such a N?-valued dimension theory would exist, the
condition Dim 3 in our list of axioms (4.2) should be replaced by the condition:

if S C (K“9)™ x ', dim(S) = (dy,dz) and f : S — T is a definable map, then

dim(f(9)) < max (dy —i,dy + 7).

However this does not completely solve our problems. Indeed, what should be the dimen-
sion of S = K [[I'? that we saw in example 4.1.2? We should hesitate between (1,0) and
(0,2). Now according to the above leitmotiv, it would be unfair to throw (1,0), but on
the other hand since 0 + 2 > 1 + 0, we do not want neither to throw (0,2). The only
solution seems to keep both of them, and to define the dimension of a definable subset of
(K®9)™ x T'™ as a subset of N2,

In order to obtain a simple statement, we must specify a few things. On N? we will
consider the partial order < where

(a,b) < (V) a<band d <V.

We will say that a set A C N? is a lower set if it is stable under <.
If (a,b) € N2, we set

((a,0)) == {(z,y) € N’ | (z,9) < (a,b)}.

This is the smallest lower set of N? containing (a, b).
For aesthetic reasons, if A, B C N? we will set max(A, B) := AU B. With these notations,
we then prove :

Theorem. 4.2.18 Let K be a non-Archimedean valued field and let us consider the class
of subsets S C (K™9)™ x T™ definable in ACVF (resp. the class of subanalytic sets,
S C ((K®#)°)™ xT™ defined in the language £2,). Then there exists a dimension function
which assigns to each definable (resp. subanalytic) set S a dimension dim(S) C N2 which
is a finite lower set of N2, satisfying the following properties:

(i) If S ¢ I'™, then dim(S) = ((0,d)) where d is the classical dimension of S as a subset
of I'" as defined in section 4.1.4.

(ii) If S C K™ is definable in ACVF (resp. S C ((K®#)°)™ is subanalytic), then
dim(S) = ((d,0)) where d is the classical dimension of S as a definable subset in
ACVF (resp. subanalytic set) of (K9)™ (resp. ((K*2)°)™) as exposed in section
3.1 (resp. section 3.2).

(iii) If f: S — T is a definable (resp. subanalytic) map, then

dim(£(8)) < max (dim(8) + (=k. k)).

4. We use the convention that if A C N? and B C Z? then A+ B := (A +42 B) NN? where A +52 B is
the usual sum of two subsets A, B C Z>.
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(iv) If f: S — T is a definable (resp. subanalytic) bijection, then dim(S) = dim(7T).
(v) dim(S x T) = dim(S) + dim(7T).

We want to point out that this theorem implies theorem 4.2.21. Indeed, let us denote
by dim the dimension theory valued in subsets of N2 alluded to in theorem 4.2.18. Then, for
aset S C (K%)™ x T™ definable in ACVF (resp. a subanalytic set S C ((K®8)°)™ x '),
if we set

dimy(S) := ma, di+d
M) = B 1 T 2
the properties listed in theorem 4.2.18 above imply that dimy fulfils the properties of
theorem 4.2.21. This is actually the way we do things: we first prove theorem 4.2.18, and
obtain theorem 4.2.21 as a corollary.

4.1.3 Cells

Let us now explain the method used to define the mixed dimension with value in
finite lower subsets of N? and how we prove theorem 4.2.18. First one has to keep in
mind that for definable subsets S C I'", one way to define and study the dimension of
S, is to use the cell decomposition theorem [vdD98, Chapter 3]. What does this theorem
say? If (i1,...,i,) € {0,1}" one defines inductively what it means for C' C I'" to be an
(1,...,4n)-cell: a (0)-cell (resp. (1)-cell) is a singleton (resp. an open interval) in I". Then
it C CcT™isa (i1,...,in)-cell, an (i1,...,0n,0)-cell (resp. (i1,...,in,1)-cell) is a subset
{(z,7) € C xT | v= f(z)} (xesp. {(z,7) € C xT | f(z) <v < g(z)}) where f: C =T
is a continuous definable function (resp. f,g: C — T are continuous definable functions
such that f < g). Roughly speaking, an (i1, ...,4,)-cell is build from graphs (for the
0’s appearing in i1, ...,i,) and open domains delimited by functions f < g (for the 1’s
which appear in i1, ...,4,). The dimension of an (i1,...,i,)-cell is 41 + ...+ i,. The cell
decomposition asserts that any definable set S C I'” can be partitioned into finitely many
cells {C}};=1..~, and the dimension of S can be defined as the maximum of the dimension
of the S;’s. Alternatively,

dim(S) = ) coo g 4.4
lm( ) C an (gl,?jfin)-cell“ + tin ( )
ccs

In our situation, if S C (K®9)™ x I'™ is definable, for each = € (K%9)™, the fiber of S
above z is a definable set S, C I'”, hence can be decomposed into finitely many cells. The
idea is to prove that the cell decomposition behaves nicely when x moves. To formalize
this we introduce the notion of a cell C' C (K®9)™ xT™. So to speak they are relative cells.
If X C (K%)™ is a definable subset, we define what it means for C C X x I'" to be a
X —(i1,...,1y,) cell (definition 4.2.2), which is a continuous definable family of (i1, ..., iy)-
cell (in the above sense) parametrized by X. Then we do things in close analogy with what
already exists for cells of I'": we prove a cell decomposition theorem (theorem 4.2.8) for
definable subsets of (K%9)™ x T then we define the dimension of a X — (i1, ... ,i,)-cell
to be (dim(X),i1 + ... +i,) € N2, and eventually, if S C (K%9)™ x I is definable, we
define
dim(S) = {dim(C) | C C Sis a cell}.

As aresult, dim(9S) is a finite lower set of N2. This dimension theory satisfies the properties
mentioned in theorem 4.2.18. Once we have proved the (mixed) cell decomposition theorem
(theorem 4.2.18) the last non-trivial part of theorem 4.2.18 is (4i7). To handle it, we reduce
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to the simple situation of lemma 4.2.16, where we use the simple behaviour of definable
maps f: K —T.

As we have explained in sections 3.1, 3.2, the dimension theories of definable subsets
X C K™ in ACVF and subanalytic sets X C ((K alg)o)n share many properties. As
a consequence, the results exposed in section 4.2, especially concerning the mixed cell
decomposition, work in the frameworks of ACVF and subanalytic sets without difference.
In 4.1.4 we briefly expose the dimension theory of definable sets S C I'™ when I' is a
totally ordered abelian divisible group, referring to [vdD98]®. In section 4.2 the proofs are
general enough to apply both to definable sets in ACVF and to subanalytic sets. Hence
in this part, definable set will mean definable in ACVF or subanalytic. In 4.2.1, we prove
the mixed cell decomposition theorem for definable sets S C (K®9)™ x I'. Sections 4.2.2
and 4.2.3 are devoted to the proof of the general properties of the mixed dimension of
definable subsets S C (K%9)™ x I'" that we have announced.
In 4.3 we explain how this relates to previous works.

A word of warning

In the proofs which will follow, we will always work with variables v € I'. However,
it may happen that for some x € K™, |f(x)| = 0. For instance the formula |0| = 7 does
not have any sense if we want to quantify on a variable v € I'. A correct formulation is
to work with I'y = I’ U {0}. For instance, in all the constructions which will follow, at
some point of the proofs, we should have distinguished between the cases f(x) = 0 and
f(z) # 0 when we consider (definable) functions f : K™ — K. However, these two sets
are definable, and on the first one, |f(z)| = 0 is constant. On the other one, f(z) # 0,
hence |f(z)] € T for real. Another way to see it is to say that

n

(ru{op™ = [TAIr").
=0 (%)

So that we can always replace I'g by I'.
We have chosen to systematically omit this point in the proofs, in order to avoid some
unprofitable complications. The careful reader should have this in mind.

4.1.4 Dimension for the I'-sort

If (T', <) is a totally ordered abelian group, the intervals Ja,b[:= {y € T | a < v < b}
form a basis of neighbourhood for some topology, which is called the interval topology. We
will always refer to this topology on I.

Remind that if K is an algebraically closed non-trivially valued field, I := |K*| is a
totally ordered divisible commutative group.

We will work with I'g := I' U {0}. On I' U {0}, the group law is extended by v-0 =0,
and 0 <« for all v € I'. On I'g, we consider the topology generated by the open intervals
la,b[ (with a,b € T') and by {0} (hence 0 is discrete in I'p).

A definable subset of (I'g)™ is then a boolean combination of subsets

{ye @o)" | an" <"}

where a,b € I'yg and u,v € N”.

5. The case of totally ordered abelian divisible groups is only one case (and maybe the simplest) of an
o-minimal theory, which is exposed in the excellent book [vdD98].
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Definition 4.1.3. Let n € N, (i1,...,4,) € {0,1}". An (i1,...,4,)-cell is a definable
subset C of (I'g)" that we define inductively:
i) A (0)-cell is a singleton {7} with v € T'y.
A (1)-cell is in interval ]a, b of T'.
ii) If C cT™isa (i1,...,in)-cell, and f,g: C — I'g are continuous definable maps, and
assume that for all x € C, f(z) < g(z). Then
Graph(f) = {(z,y) € (To)" x Ty |z € C and y = f(z)} is an (i1, ..., in, 0)-cell.
19, fl:i={(z,y) € (T9)" x Ty | z € C and f(z) <y < g(z)} is an (i1,. .., i, 1)-cell.
A cellis an (i1, ...,1i,)-cell for some (i1,...,14,), and a cell of dimension d is an (i1, .. .,iy)-
cell with i1 +...+ 14, =d.

AF

C C
(a) Graph(f), an (i1,...,,,0)-cell (b) 1f, g[, an (i1, ..., in, 1)-cell

Figure 4.1: We suppose that C' C I is an (i,...,i,)-cell and that f,g : C — IT" are
continuous definable functions such that f < g. The horizontal axis represents C', and the
vertical axis represent I'. On the left the graph of we obtain Graph(f). On the right, the
hatched area represents |f, g|.

The following result can be found in [vdD98, 3.2.11]

Theorem 4.1.4 (Cell decomposition theorem). Let X be a definable subset of (I'g)™.
There exists a partition

where each C; is a cell.

Definition 4.1.5. Let X be a definable subset of (I'g)". The following numbers are equal,
and will be denoted by dim(X).

1.
max (dim(C))
C is a cell
2.
()

where X = [[, Cy is any decomposition of X into cells. This number does not
depend on the decomposition.

3. The greatest integer d such that there exists a coordinate projection 7 : (I'p)" —
(T'9)? for which 7(X) has non empty interior.

These equivalence are proven in [vdD98, part 4], like this proposition:

Proposition 4.1.6. [vdD98, 4.1.6] Let f : S — T be a definable maps between definable
sets of some L'y}, then dim(f(S)) < dim(S).
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4.2 Mixed dimension of definable subsets of K™ x '

In this part, we want to define what relative cells C' C (K%9)™ x I'™ are8. They will
be the data of a definable subset X C K™, (i1,...,i,) a sequence of 0’s and 1’s, and C
will be a nice family of (i1,...,1i,)’s parametrized by X.
In this section, definable will have two possible meanings:
— Either, this will mean definable in ACVF the theory of algebraically closed field. In
this context, K is an arbitrary model of ACVF, in particular, the valuation need
not to be of height 1.
— Or definable will mean definable in the language £, in other words, S C (K9)™ x
I'™ is a subanalytic set (which according to the definition we have given means that
in fact S C ((K*#)°)™ x I'). In this context, K is a complete non-Archimedean
field, which in particular means that we have a fixed norm |- | : K — R4, hence an
embedding of (I',-) in (R%, x).
However, we will give a uniform treatment of the cell decomposition, and of the mixed
dimension that we will build for definable subsets of (K®9)™ x I'™, which is rendered
possible by the analogous properties of the dimension of subsets of K™ definable in ACVF
or subanalytic. As for the definable subsets of I'", they are the same in both theories (and
have been described in section 4.1.4).

4.2.1 Mixed cell decomposition theorem

In the following definitions, we will write I'g to insist that this is really what we will
be looking at, but afterwards, we will switch to the notation I'.

Definition 4.2.1. Let X C (K%9)™ x (I'g)" be definable set. We will set:
C°(X):={f:X =T | fis continuous and definable} U {+o0}.

Definition 4.2.2. Let X C K™ be a nonempty definable subset (by convention, we
consider that K is a single point). For (iy,...,i,) € {0,1}" we define inductively X-
(i1, ...,1y)-cells, which are definable subsets of X x (I'g)™:

i) if m=0,ie. (i1,...,i) =0, then X C K™ is the only X — set-cell.

i) If C € X x (Tg)"™ is an X — (i1,...,in)-cell, and f,g € C°(X), such that for all
x € C, f(x) < g(z), then

Graph(f) = {(z,7) € C x Ty | v = f(x)} isan X — (i1, ..., in, 0)-cell.
fogli={(z,7) € C x| f(z) <y <g(x)}isan X — (i1,..., iy, 1)-cell.

Remark 4.2.3. If X C K™ is a definable set, C' is an X — (i1, ...,i,)-cell, then for all
x € X, if we set
Co={yeI" | (z,7) € C}

then C, C '™ is an (i1, ...,iy)-cell in the sense of the definition 4.1.3, and one has to think
of C as a definable continuous family of (i1, ..., i, )-cells parametrized by X. Remark that
if (i1,...,1n) # (J1,.--,Jn), then a X — (i1,...,i,)-cell and a X — (j1,...,jn)-cell are
necessarily different. This is true because anyway a (i1, ...,i,)-cell and a (ji, ..., jn)-cell
are different. One way to see this is to remark that the projection of an (iy,...,1iy)-cell
along the first k£ coordinates is an (i, ..., ix)-cell.

6. We should say K™ x (I'o)" but following the remark made at the end of the introduction, we will
ignore 0.
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Definition 4.2.4. Let X C K™ be definable and C C X xI'™ a X — (i1,...,4,)-cell. Let
di = dim(X) and dy = i1 + ... +i,. We say that C is a cell of dimension (dy, ds) € N2.

We make this first observation:

Proposition 4.2.5. Let C C (K®9)™ x '™ be a cell. Then

dim(C) = (m,n) < C has non-empty interior < C is somewhere dense.

dim(C) # (m,n) < C has empty interior < C' is nowhere dense.

Proof. We first prove that (dim(C’) = (m, n)) = C has non-empty interior:

in that case C'is an X — (1,...,1)-cell with dim(X) = m. Then according to proposition
3.1.16 (2), X has non-empty interior, hence we can assume that X is open. Then, using
the definition of a cell, one proves by induction on n that an X — (1,...,1)-cell is open.

Now (C’ has non-empty interior ) = (' is somewhere dense is clear.

Eventually, we prove that (dim(C’) # (m, n)) = C is nowhere dense.
If Cisan X — (i1,...,ip)-cell, then according to proposition 3.1.16 (iii), if dim(X) < m,
X is nowhere dense, hence X x I'" also. Hence the result follows in that case. Let us then
assume that dim(X) = m (hence, since dim(C) # (m,n), for some k, i = 0). In fact
using 3.1.30, 3.1.24 and the preceding argument, we can even assume that X is open. If
C was dense at a point (z,v) € (K%)™ x I', we could assume that (z,7) € C. But, it
is easy to see that when C' is an X — (i1,...,4,)-cell with X open, then locally around a
point of C, C = C (in other words, we have the equality of germs (C,c) = (C,¢)), and if
i = 0 for some k, then C has no interior points.

O

Proposition 4.2.6. Let S C (K%9)™ x T x T be a subanalytic set. Assume that for all
z € (KY%)™ x T™ the fibre S, == {(y € T'| (2,7) € S} is finite. Then there exists an
integer N such that for all z € (K¥9)™ x '™, Card(S,) < N.

Proof. Following the proof of proposition 3.1.36, we can assume that S is defined by a
formula ¢ involving only the variables (z,a) € (K®9)™ x '™ and a conjunction of formulas

{(&,a.7) € (K8)°)" x T x T | |fi(z)|a" =1} i=1...N

with f; : (K%9)™ — K99 a definable function, u; € Z", and a; € N*.
Hence, if z = (z,a) € (K%9)™ x T,

s. c { yln@lan}

1=1...

hence Card(S,) < N. O

We now give the following lemma which is the essential idea of the proof of the cell
decomposition theorem, and which is a complete adaptation of the proof [vdD98, th 4.2.11]:

Fact 4.2.7 (The essence of o-minimality). Let A C T" be a definable subset.
1. There exists M, N € N, two sequences

a1<b1§a2<62§a3<...bN_1§aN<bN
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and ¢ < c2 < ... < ¢y of elements of I' (we allow a; = —oco and by = +0), and
some [, ]; € {],[} for i =1... N such that

N

M
A= (Ulaibil) U (J{egh
=1

j=1
fori=1...N, j=1...M, ¢; ¢ {a;,b;}

We can not have|; =] and[; 1= [.

This definition forces the sets [;a;,b;]; and {¢;} to be the maximal intervals con-
tained in A, hence are uniquely determined by A, in particular the couple (M, N) is
determined by A, and we will say that A is of type (M, N).

2. Bd(A4) ={a;,bi,c;ji=1...N, j=1...M} where Bd(4) = A\ A.

3. If S € (K%9)™ x I x I is a definable set, for (M, N) € N? let

SULN) — £ e (K®9)™ x T | S. is a definable set of I" of type (M, N)}.

Then SMN) is definable.

4. Let § € (K™9)™ x T x I be a definable set and (M,N) € N2. If z ¢ SMN),
S, C I is by definition a definable set of I" of type (M, N), and has a canonical

decomposition
N

M
8- = (Ul bi(2))i) v (Udes(2)})

j=1
as in (1). Then the functions a;,b;, cj : SMN) — T are definable.

5. Let S C (K®9)™ x T™ x T be a subanalytic set. There is only a finite number of
(M,N) € N? such that SM-N) £ (). In other words, only finitely many types are
realized by {S.}, z € (K*9)™ x T, the family of definable sets of T..

The proof of our mixed cell decomposition theorem can now be done as in [vdD98, th
4.2.11]:

Theorem 4.2.8. Let S C (K%9)™ x T™ be a definable set. There exists a partition

where each C; is a cell of (K®9)™ x T,

Proof. We prove this by induction on n.

Forn = 0,5 C ((K*2)°)™ is just a definable subset of ((K*#)°)™ hence is a S—@—cell
by definition.

Letn > 0,and S C (K®9)™xI"™xT be a definable set. According to lemma 4.2.7, there
exists only a finite number of possible couples (M, N) € N?, say Q, such that SUMLN) £,
i.e. such that for some z € (K%9)™ x T, S, has type (M, N). For such a couple (M, N),
we can then define functions a;, b;, c; : S (M.N) _, T which are definable” (see lemma 4.2.7
(4)). We then define

]a(M’N)jb(M’N)[ ={(z,7) | z € SMEN) and a;(z) < v < bi(2)}

3 3

7. According to definition of the a; and b;s we’ve given in lemma 4.2.7, it is possible that a; = 0 and
by = 4o0. This is then not a problem, and what follows is correct for this cases too. One way to give a
precise solution is to treat separately the cases where a1 = 0 and by = +o00, and to remark that the sets
{z € SO | a1(z) = 0} and {z € SN ! bn(z) = 400} are definable.
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{CE-M’N)} = {(z,v) | z € SULN) and cj(z) = 'y}.
By construction, S is the disjoint union
M N
s= U (U™ oM™ 0 (Ute™™).
(M,N)eQ =1 j=1

Now, according to proposition 3.1.36, we can shrink the definable sets S(N) and assume

that the ai,bi,cgs are continuous. In addition, by induction hypothesis, decomposing

each SMN) if necessary, we can assume that SMN) is an X — (i1, ..., in)-cell where
X C (K*9)™ is a definable set and (iy,...,i,) € {0,1}". In that case, ]aEM’N), bEM’N)[ is
a X — (i1,...,10p, 1)-cell and {cg-M’N)} isa X — (i1,...,1in, 0)-cell. O

4.2.2 Mixed dimension

The mixed cell decomposition theorem will allow us to develop a theory of dimension
for definable subsets of (K%9)™ x '™ which extends the dimension theories for definable
subsets of (K%9)™ (as exposed in section 3.1 and 3.2) and for definable subsets of I' (as
presented in section 4.1.4).

Naively, if S C (K%9)™ x T'™ is a definable subset, we would like dim(S) to be equal to
(d1,d2) € N? where d; would be some K-dimension and ds some I'-dimension.

Ezample 4.2.9. If S € K% x T? is defined by

S = S1U52 ={(z,1,1) | # € K} J{(0,71,72) | (71,72) € I’}

the situation is quite embarrassing. Clearly, we would like that dim(S;) = (1,0) and
dim(S2) = (0,2). Note by the way that S; is a K — (0,0)-cell, hence a cell of dimension
(1,0) according to definition 4.2.4, and Sy is a {0} — (1, 1)-cell, hence a cell of dimension
(0,2). However, we do not want to choose between (1,0) and (0,2). Since 2 > 1, we do
not want to remove (0,2). On the other hand, we do not want to remove (1,0) because it
tells us that inside S, S; has K-dimension 1, and as we will see in 4.2.12, since Sy ~ I'2,
this K-dimension 1 is somehow stronger than the I' dimension 2. The solution would be
to keep both (1,0) and (0, 2), which the following definition does.

Definition 4.2.10. Let S C (K%9)™ x '™ be a definable set. We define the dimension of
S, denoted by dim(S), as the finite subset of N2:

dim(S) = {(d1,ds) € N? | S contains a cell C of dimension (dy,d2)}
where the dimension of a cell is the one given by definition 4.2.4.

Remark 4.2.11. If D is a finite subset of N, we will represent it with one symbol e
for each point of D. For instance to the subset

Dy = {(0,0),(0,3),(0,4),(1,4),(2,0),(2,1),(2,2), (4,0), (4, 1)}

will will associate the diagram

1. We will need to compare dimensions, hence we will consider N? equipped with the
partial order < defined by (di,dz2) < (dj,d}) if di < dj and do < d.
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=N W ke Ot O

0 123456

Figure 4.2: Diagram associated to D;.

2. We will say that a set D C N? is a lower set if for all x € N2,y € D, if z < y, then

x € D. In other words, if one represents D in the plane, it is a lower set if it is stable
in the directions < and |. For instance D; is not a lower set. If we denote by Do
the smallest lower set which contains D1, then Ds is represented by the diagram

— N W ke Ot O

0 123456

Figure 4.3: The diagram of Ds, the smallest lower set containing D;.

A finite lower set of N? marks out a bounded convex subset of Ri that we fill in with
some small dots. With this graphical convention D is represented by the diagram

=N W ke Ot O

. 1 : 3...4 -~

Figure 4.4: The diagram of Dy which has been filled.

3. If A and B are subsets of N2, A < B will mean A C B.
4. If S is a definable set of (K%9)™ x I'™, dim(S) is a finite lower set of N2. Indeed,

if Cisa X — (i1,...,ip)-cell in S with d; = dim(X) and dy = i1 + ... + ip, and
if (dy,d5) < (dy,ds2), we can choose Y C X such that dim(Y) = d} and C’ :=
CNY xI'M)isaY — (i1,...,iy)-cell of dimension (d},dz). It is now easy to find a
cell ¢ C C’ of dimension (d},d,). We only have to decrease the I'-dimension. For
instance, if A is X — (i1,...,1y)-cell, and B =|f,g[ a X — (i1, ...,1pn, 1)-cell above A,
then Graph(y/fg) is a X — (i1, ..., %y, 0)-cell included in B.
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5. We will have to add dimensions. If A and B are subsets of N2, we will set
A+B={a+b|acA, be B}.
More generally, if A C N? and B C Z2, we will set
A+B={a+beN?|acAbec B}.
6. We will have to take maximum of dimensions. If A, B are subsets of N2, we will set
max(A,B) = AU B.

Note that if A and B are lower sets, AU B is also a lower set.

7. Eventually, if (dy,ds) € N2, we will set
((d1,d2)) = {x € N* | z < (d1, da)}.

This is the smallest lower set which contains (dy,dz), and (dy,ds) is the greatest
element (w.r.t. <) of ((di,dz2)). We draw a picture to describe the situation if
(dl, dz) = (3, 5):

6

5

4

3

2

1 e .

0 1 23456 0 1 23456
(a) Diagram of {(3,5)} (b) D3 =((3,5))

Figure 4.5: On the left the diagram of {3,5}. On the right, D3 := ((3,5)), the smallest
lower set containing (3,5). For instance, if S = ((Kalg)o)3 x I'® then dim(S) = Ds.

At this point we want to explain that there is no ambiguity in the meaning of the
dimension of C, if C'is a X — (i1,...,i,)-cell. According to definition 4.2.4, we have
defined dim(C) as a couple (di, ds) where d; = dim(X) and dy = i1+ ...+ i,. Now,
according to definition 4.2.10, we have also defined dim(X) as a subset A C N2. The
compatibility that we expect (and which will be proved in proposition 4.2.14(2)) is
that (dim(C)) = dim(C') where on the left side we took the dimension of a cell as
defined in 4.2.4, and on the right side, we consider the definition of the definable set
C as defined in 4.2.10. Hence, definitions 4.2.4 and 4.2.10 are compatible.

Lemma 4.2.12. Let P C T™ be definable, and f : P — (K%9)™ some definable function.
Then f has finite image.

Proof. One can assume that m = 1. Hence, if f(P) was not finite, it would contain a ball
(thanks to the description of definable sets of K9 as Swizz cheese). This would imply
that Card(I") > Card(P) > Card(f(P)) > Card(K) which is false for some extensions of
K9, O
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Lemma 4.2.13.

1. Let C C (K®9)™ x '™ be a cell of dimension d = (dy,ds), and assume that
C=CiU...UCn
where each C; is a cell. Then

d= jmax dim(C}).

2. If f: C — C" is an injective definable map between cells, dim(C') < dim(C").

Proof.

1. Let C be a X — (i1,...,in)-cell and {Cj};j=1..n some X; — (i{,...,iﬁl)—cells such
that C' = Uj—1..nCj. Then for all j, it is easy to see that X; C X, hence that
dim(X;) < dim(X).

In addition if z € Cj, then (Cj), := {y € I | (x,v) € C;} is a I-definable set
included in C;, this proves that dim(C}) < d.
Now, max;—1,. n(dim(X;)) = dim(X) (see 3.1.18). Let then

X =x\( U X;).
i such that
dim(X;)<dim(X)
Then dim(X’) = dim(X) and replacing X by X', we can assume that dim(X;) =
dim(X) for all j.
Hence if x € X, C; = U;(C}),, hence for some j, (C;), has the same dimension as
Cy. So Cj is a cell of the same dimension as C'.

2. Let C be a X — (i1,...,4)-cell and C" a Y — (j1,...,jn)-cell and f : C — C" a
definable injective map. We first remark ® that the first projection 7 : C — X has
a definable section s : X < C. We then obtain an injective map g : X — C’.
According to propositions 3.1.34, 3.1.36, we can write X = X1 U...U Xy such that
each gy, is continuous, and since one of the X/s must have the same dimension as
X, we can assume that g : X — Y x I' is continuous?. For i = 1...n, let g; be
the composite of g with the i-th projection on I'. According to 3.1.36, we can even
assume that g; = %/|G;] for some continuous definable function G; : X — (K%9)*.
Let then x € X such that dim,(X) = dim(X) (see the previous section). Then
there exists a definable neighbourhood V' of z such that the |G;|’s are constant on
V'; moreover dim(V') = dim(X). Hence if we project on Y we now obtain a definable

8. This can be proved by induction on . For instance if C' =|f, g[ is a X — (1)-cell, we take

s: X < C
v o (o, f@ta)y -

9. Remind that we are in fact looking at maps g : X — Y x {I'U {0})™. But since

n

cu{oh” =TI
o ()

k= n

we can stratify X such that ¢ is actually a map g : X — Y x I'* for some k < n.
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injection V' < Y. Hence dim(Y) > dim (V') = dim(X). This proves that d; < dj.
Now, let € X. Then f induces a map f : C;, — C’ C Y x I' which is not
necessarily injective. However, if we project on Y, we obtain a map o : C,, —» Y
with C, C T, and Y C (K%9)P for some p. Hence according to lemma 4.2.12, a(C;,)
is finite, say {y1,...,ya}. Hence there exists a definable subset P C C, such that
aip : P =Y is constant, with image y say, and such that dim(P) = dim(C;) = da.
Now, fijp: P — C' is injective and even induces an injective map P — (C”), which
is a I'-definable set of dimension d. Hence dy = dim(P) < dj.

O

We now give some general properties satisfied by dimension of definable subsets of
(K@9)™ x T,
Proposition 4.2.14.

1.
2.

Let X CY C (KU9)™ x '™ be definable subsets. Then dim(X) < dim(Y).

Let C C (K9)™ x T™ be a cell of dimension (d1,ds) (according to definition 4.2.4).
Then dim(C') = ((d1,d2)) (according to definition 4.2.10).

If f: X < Y is a definable injection of definable subsets of (K%9)™ x T™ (resp.
(K®9)y™" 5 T™), then dim(X) < dim(Y").

If f is bijective, dim(X) = dim(Y).

dim(X UY) = max(dim(X),dim(Y)).

If X = UN.C; is a union of cells of dimension (di,db) (according to definition
4.2.4), then dim(X) = max;((d}, d})).

Proof.

1.
2.
3.

5.

Is clear.

Is a consequence of lemma 4.2.13 (2).

For the first assertion, let C' C X be a cell of dimension (di,ds). Then according to
the cell decomposition theorem, we can find a decomposition f(C)=CjU...UCy
in N cells. Let then C; := f~1(C!). Then C = C; U...U Cy hence according to
lemma 4.2.13 (1), for some 4, dim(C;) = dim(C). Since fi¢, : C; < Cj is injective,
according to lemma 4.2.13 (1), dim(C;) < dim(C}) < dim(Y’). Hence this proves
that dim(X) < dim(Y).

To prove the second assertion, we apply the first one to f and f~1.

. Clearly, max(dim(X), dim(Y)) < dim(X UY'). Conversely, let C C X UY be a cell.

We apply the cell decomposition theorem to X NC and Y N C"
XNC=CiU...UuCy, and YNC =CjU...UCy.

Then, C = C1 U...UCy UC]U...UC), hence according to lemma 4.2.13 (2),
for some 7 dim(C;) = dim(C) or for some j, dim(C}) = dim(C), hence dim(C) <
max(dim(X), dim(Y")).

Is a consequence of (2) and (4).

O

4.2.3 After you project

Lemma 4.2.15. Let us assume that K is algebraically closed.
Let f1,..., fn € K[T]. There exists a decomposition K =V, U...U Vs of K in definable
subsets'? and for each 7 = 1...m, a point aj € K, some integers n; ; € N and some

10. which are in fact semialgebraic according to [LR96, 4.7].
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cij € I'g such that
forallj=1...M,i=1...N,x €V},
|[fi()| = cijle —ag".
Proof. First, it suffices to treat the case when the functions f; have degree 1, and even

when f;(T) = T — «; for some a; € K. Then one considers the family {Vi,...,Vs} of
definable sets of K which are boolean combination of the closed and open balls

B(ai, |a; — a])1<ij<n-

It is a simple calculation to see that this works for this choice of Vj’s.

One way to see it (in the case where K is complete), is that the norm of a polynomial
map f; on A}g‘m is piecewise linear along a tree T; on A}g‘m. One then consider the union
of the T/s which is still a tree, and then one restrict to the segments of this tree to carry
the proof. O

Lemma 4.2.16. Let C C K x I'™ be a cell of dimension (1,d).
Let 7 : (K™9) x I'™ — T'™ be the second projection.
Then

dim(7w(C)) < d+ 1.

Proof. Assume that C'is a X — ((i1, .. .,1y))-cell, where X is a definable subset of K with
dim(X) =1, and i1 + ... + i, = d. Then by definition of a cell, there exists a sequence
Co, . ..Cy such that
- Cy=X.
— For each k=0...n, Cy isa X — (i1,...,ix)-cell.
— Foreachk=0...n—1
— if igy1 = 0, there exists a (continuous) definable map f; : Cp — I' such that
Cry1 = Graph(fz).
— If i1 = 1, there exist (continuous) definable maps fi,gx : Cr — I' such that
fr < gr and Ciy1 =] fr, grl-
Remind that by construction, Cj, is a definable subset of X x I'* ¢ K9 x T'* hence
fr,gr : X x ¥ — T are definable maps. According to proposition 3.1.36, we can shrink
X such that
fr: XxTF — r
(,7) = WIE(@) |y

for some definable Fj, : X — K9 some uy, € ZF,d;, € N*, and similarly,

gr(x,y) = Y/ |Gr(x) |7,

Now, according to [LR96, 3.3], we can again shrink X and assume that Fy, Gy € K(T)
are fractions without pole on X.
Now, according to lemma 4.2.15, we can again shrink X and assume that
there exist some a € K, my,ni € Z, by, ci € I" such that for all z € X

— [Fy(z)| = bg|z — a™

= |Gr(z)| = cxlz — al™.
We can again shrink X so that I = {|z —a| | z € X} is a cell of T’ (that is to say, a
singleton or an open interval). Then if we consider the map

o: XxT" — TDxI"
(.’B,’y) = (’ZE—Q|,"}/)
it is easily checked that C" := p(C) C T x I'" is a cell:
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— A (1,41,...,iy)-cell if I is an interval, hence of dimension d + 1.

— A (0,41,...,iy)-cell if I is a singleton, hence of dimension d.
Now if p : I' x I'™ — I'™ is the coordinate projection along the last n coordinates, by
construction, 7 = pop. Hence 7(C) = p(p(C)) = p(C") and since the possible dimensions
of C" are d,d + 1, the possible dimensions for 7(C) are also d,d + 1 (see 4.1.6). O

Let P = {(—d,d) | d € N}.

Proposition 4.2.17. Let f : X — Y be a definable map of definable subsets, X C
(K49)m x I, Y C (K”ng)ml x ™. Then

dim(f(X)) < r(rllgéi(dim(X) + (—=d,d)) = dim(X) + P.

Before giving the proof, let us explain what this mean on a diagram. If dim(X) = Do
for instance, then the possibilities for dim(f(X)) are encoded by the digram obtain by the
digram of Dy that we extend by adding new points, following arrows “\, in the south-east
direction.

N Wk Oto
— N Wk Otoy

0 1 2 0 1234567
(a) Diagram of Dy (b) in between (¢) D5 = maxg>o(D4 + (—d,d))

Figure 4.6: On the left, an example of a finite lower set D,. For instance, if S = (K#8)° x

ru ((Kalg)°)5 xT'C ((Kalg)o)6 x I then dim(S) = Dy4. In the middle, we explain how

we can obtain new dimensions for dim(f(X)). On the right we obtain the finite lower set
D5 = Igg(}){(D;l + (—d,d)). The above proposition asserts that dim(f(X)) < Ds.

Proof. Consider

where Graph(f) is a definable set of (K@9)m+m’ » prtn’,

According to proposition 4.2.14 (3), dim(X) = dim(Graph(f)). Hence we can assume that
f = p2, that is to say, we can assume that f is a coordinate projection.

We can even assume that X is a cell, say a cell C' of dimension (dj,ds). Let us assume
that C'is a T'— (i1, ...,y )-cell.

Making an induction, we can even assume that f is a projection along a single coordinate 1.

11. Somehow because P + P = P. In other words, it is easy to prove that if the statement we want to
prove is true for f : X — Y and g : Y — Z, then it is also true for go f : X — Z.
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We then distinguish the two cases corresponding to a projection along a variable of K9
or of I' 2. case K. If f is the projection

fo (K™ x K% % T — (K*9)™ x T"
let S := 7(T) where
T (Kalg)m % Kalg N (Kalg)m

is the projection that we imagine. Then after a partition of S, we can assume that S = 7'(0)
or S = T(1) with respect to the projection 7 (see 3.1.19), and we treat these two cases
separately.

If S = T(0). Let then D C f(C) be a cell, say an U — (j1,...,jn)-cell. Then by
definition U C S hence dim(U) < dim(T'), and for u € U, 7~ !(u) is finite. This implies
that D, is the projection along f of a finite number of (i1, ..., iy,)-cells. Hence dim(D,,) <
i1+ ...+ in, but Dy is a (j1,. .., jn)-cell by hypothesis. This proves that j; + ...+ j, <
i1+ ...+ iy. Hence dim(D) < dim(C).

If S =T(1). In that case, according to proposition 3.1.19,
dim(S) = dim(7T) — 1.

Since S = w(T') by definition, it follows that f(C) C S x I'™.
Let then D C w(C) be cell. Say D isa U — (j1,. .., jn)-cell. If we prove that dim(D) <
max(dim(C), dim(C) + (—1,1)), this will conclude the proof. Necessarily, U C S, hence

dim(U) < dim(8) < d; — 1.
Now, if uw € U, then
D, :={yeI"| (u,v) € D}
isa (j1,...,jn)-cell and D, C p(Cy) where
p: K xT" =T
and
Cy:={(z,7) € KxI" | (u,z,7) € C}.

Now C,, can be decomposed in some cells, whose dimension are (0, d) or (1,d) with d < ds.
Now the projection of a (0, d)-cell along p is clearly a d-cell of T'".
According to lemma 4.2.16, the projection of a cell of dimension (1,d) along p is a cell
of I' of dimension < d + 1. Hence, dim(D,) < d+ 1 < dy + 1, which means that D is a
cell of dimension

dim(D) < (dy — 1,dy + 1) < max(dim(X), dim(X) + (—1,1)).
This ends the case of a projection along K%9.
case I'. If f is a projection
fo(KU)™ x I x T — (KY%)™ x T

then it is clear that if C' C (K™9)™ x T™*! is a T — (i1,...,in, ins1)-cell, then f(C) is a
T — (i1,...,1n)-cell. In that case, we can even say that dim(f(C)) < dim(C) (with a strict
inequality if and only if 7,41 = 1). O

12. That case being much simple.
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This was the last point needed to prove the theorem mentioned in the introduction:

Theorem 4.2.18. The mized dimension for definable sets of (K9)™ x I'™ satisfies the
following properties:

(i) If S C I'", then dim(S) = ((0,d)) where d is the classical dimension of S as a subset
of I'™ as defined in section 4.1.4.

(i) If S C (K¥9)™ is definable, then dim(S) = ((d,0)) where dim is the classical dimen-
sion of definable subsets of K™ (as defined in 3.1 and 3.2).

!

(iii) If f : S — T is a definable map, where S C (K¥9)™ x T, T C (K%)™ x T are
definable, then

dim(f(S)) < max(dim(S) + (=k, k)).
(i) If f: S — T is a definable bijection, then dim(S) = dim(7).
(v) dim(S x T) = dim(S) + dim(7).

Proof. The last point to prove is (5), but one easily checks that the product of two cells
is a cell (and the dimension of the resulting cell is the sum of the dimensions, were the
dimension is taken as in 4.2.4). Hence (5) follows from 4.2.14 (5). O

Remark 4.2.19. If X C (K%9)™ x I'" is definable, for each integer i,
X(i) = {z e (K9 | X, is a definable set of I' of dimension 7}

is easily seen to be a definable set of (K9)™. Then the mixed dimension that we have
build can also be characterized by:

dim(X) = %eié((dlm(X(z)), i)).

i>0

This follows from what precedes. We would like to mention that, with the right hand side
definition, and 4.2.15, we could have proved the above theorem without mixed cells.

4.2.4 N-valued dimension theory

As a corollary of the previous theorem we obtain a N-valued dimension theory for
definable sets of (K%9)™ x T™ which satisfies all expected properties.

Definition 4.2.20. Let S C (K%9)™ x I'™ be a definable subset. We define

dimpy := max dy + ds.
(d1,dz2)E€dim(X)

Graphically, one can easily compute the dimension of some dim(X):
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Figure 4.7: We consider the smallest integer d such that the dashed line x4y = d is above
the lower set D = dim(X). On the left for Dy we obtain d = 5, and on the right, for Ds
we obtain d = 6.

Property (iii) below proceeds from the fact that if (di,ds) € N2 and i € N, (dy — i) +
(dz +’i) <dji + ds.
Theorem 4.2.21. 1. If S C K™ is definable, dimy(S) is the classical dimension of S
(as defined in sections 3.1 and 3.2).
2. If S C I'™ is definable, dimy(S) is the classical dimension of S (as defined in section
4.1.4).
3. If f: S — T is a definable map where S (resp. T) is a definable set of (K®9)™ x T
(resp. K™ x T™), then
dimy (£(5)) < dimy(S).
4. If f: S — T is a definable bijection, then dimy(S) = dimy(7T').
5. dimN(S X T) = dlmN(S) + dimN(T).

4.3 Connection with other works

4.3.1 Tropicalization of maps between affinoid spaces

As we have explained in the introduction, this work started as an attempt to generalize
the result [Ducl2a, th 3.2]. This is achieved with

Theorem 4.3.1. Let k be a non-Archimedean field. Let X be a compact k-analytic space,
and let f1,..., fn be n analytic functions defined on X. This defines a function

Il X = Ry)"
z = (@), @)
Then | f|(X)N(R%)™ is a I'-rational polyhedral set of (R%.)"™ of dimension < dim(X), where
= |k*].

Proof. 1t is enough to prove the result when X is affinoid, so we will assume that X is an
affinoid space.

First let K be an extension of k such that K is algebraically closed and complete, and
|K| =R4. The ground field extension functor leads to the commutative diagram:

XK

x L (ry )
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where 7 is surjective. Hence, |f|(X) = |fx|(XK).

Secondly let us show that (under these assumptions on K), |f|(X) = |f[(X(K)). So
let (z1,...,2n) € |f|(X). We consider U = {z € X | |f(z)| = (1,...,2,)}. Up to a
permutation of the f/s, we can assume that for some integer 0 < m < n, fi(z) = ... =
fm(x) = 0 and fip1(x) # 0,..., fu(z) # 0. Now, we denote by Z the Zariski closed
subset of X defined by the vanishing locus of fi, ..., f;. Then, U is an affinoid domain of
Z, which is non-empty by assumption. Moreover, since |K| = R, this is a strict affinoid
domain, so it contains a rigid point, z say. Hence |f|(z) = (z1,...,zy), and this shows
that | £I(X) = |f](X(K).

Eventually we are reduced to show that if X is a k-affinoid space, k — K is a complete
extension where |K| = R, and K is algebraically closed, then |f[(X(K)) N (RL)" is a
I'-polyhedral set of (R% )™ of dimension less or equal than dim(X).

That |f|(X(K)) is a definable set is now just an application of the analytic elimination
theorem [Lip93, 3.8.2] (see 0.5.7). Indeed, by definition of an affinoid space, X can be
identified with the Zariski closed subset of a closed polydisc, that is to say, we may find an
integer N, and ¢1,...,9m € k(T1,...,Txn) such that X (K) is identified with the Zariski
closed subset {z = (z1,...,2n) € (K°)™ | gi(2) =0, i = 1...m}. Moreover, the functions
fi,-., fn of X arise as functions of k(T1,...,Tx), so that we will see the f/s as elements
of k(T,...,Tn). In addition, the f;’s induce a map f: X — A", We can easily reduce
to the case f: X — B". Now,

FX(K)) =

{(x1,...,2) € (K°)" | I(21, ..., 2n) € (K°)Y such that g;(2) =0, i =1...m, fj(z) =x;, j=1...n}
and this is a subanalytic set of (K°)" defined over k, of dimension < d according to lemma
3.1.27. According to theorem 4.2.21, Trop(f(X(K)) is then a definable set of (Ry)™ of
dimension < d, hence Trop(f(X (K))N(R% )™ is also a definable set of (R*)" of dimension
<d.

Finally, Trop(f(X(K)) N (R%)™ is a closed subset of (R*)". Indeed X is compact,
Trop o f is continuous and remind that

Trop(f(X(K)) = Trop(f(X)).

Hence using the next (basic) lemma (after passing to subsets of R with a logarithm map),
we conclude that Trop(f(X(K)) N (R% )™ is a polyhedral set of (R%)™. O

Lemma 4.3.2. Let us consider a nonempty set
m n .
P = ﬂ{(%) e R" ‘ )\j +Za§’y,~ D 0}
j=1 i=1
where \j € R, af € Z and ;€ {<,<}. Then
m n .
P= ﬂ{(%) e R" ‘ )\j +Z(Zg%’ < 0}
j=1 i=1

Note that if P is empty, it might happen that the set obtained replacing the < by
some < is nonempty.

Proof. Let us denote by

m

N{(%) €R™ | A +iaz'%- <0}.

j=1 =1

Q
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In one hand it is clear that P C Q.

A simple calculation shows that if p € P and ¢ € @ and u €]0, 1], then up+(1—u)q € P.
Let then ¢ € Q and let us pick p € P. When u — 0 we obtain that ¢ € P, which shows
that Q C P. O

However, it has to be noticed that the situation studied by Ducros where the functions
fls are invertible has some specific properties. Namely, he proves [Ducl2a, th 3.3], using
the theory of reduction of germs developed by Temkin [Tem00, Tem04] that the germs of
a the tropicalization map stabilize:

Theorem 4.3.3. [Ducl2a, th 3.3] Let X be a k-analytic space, f = (f;) : X — G}, an
analytic map, and |f| : X — R’} the induced tropicalization map. If x € X, £ = |f|(x),

there exists a neighbourhood U of x such that for all V neighbourhood of x such that
V c U, the germs (|f|(U), &) and (|f|(V),€) are equal.

If x is a rigid point, then the germ in question is a singleton (because the functions f;
are invertible, hence | f;| is locally constant around a rigid point). If we allow the functions
fi to vanish, the situation is different, and the germs of |f| do not stabilize anymore:

Ezample 4.3.4. Let f : B? — Az’an defined by f(z,y) = (z,zy). Then, if 0 < r < 1,
| f|(B2) = {(u,v) € RZ | u < r,v < ur}, and one checks that the germs (| f|(B2), (0,0)) do
not stabilize when r tends to 0.

4.3.2 Tropicalization of algebraic varieties

We would like to mention how this work relates to other results.
We have the following avatar of Gubler’s result:

Proposition 4.3.5. Let k be a non-Archimedean complete field. Let X C B} be an
irreducible embedded affinoid space of dimension d. Then Trop(X ﬂG”m,K) s a polyhedral
set of pure dimension d.

Gubler’s result implies that Trop(X N G7, k) is a locally finite union of polytopes of
dimension d. But according to theorem 4.3.1, this is in fact a finite union.
The mixed cell decomposition theorem has also the following consequence:

Proposition 4.3.6. Let K be an algebraically closed non-Archimedean field, B an alge-
braic variety over K and X a closed subscheme of B x G}, ;. For each b € B(K), let
Xy C Gy, i by the fibre of b. Then the family Trop(Xb)beB(K)’ takes only a finite number
of topological types.



Appendix A

Complex semi-algebraic subsets
are not stable under projection

Definition A.0.7. A subset V' C R" is called a real semialgebraic subset if V' is a finite
boolean combination ! of subsets of the form {z € R™ |f(x) > 0} where f € R[x1,...,zy).

We refer to [BCRI8] and [vdD98]| for general facts about semialgebraic sets.

Definition A.0.8. A subset V' C C" is called a complex semi-algebraic subset if V'
is a finite boolean combination of subsets of the form {z € C" | |f(z)| < |g(2)|} where

f,gG(C[zl,...,zn} .

In these definitions, we could also allow subsets defined with < and = , since they can
be obtained from > and the boolean operators ¢, N.
We can naturally identify C* with R?™: if 21, ..., 2, are the n complex coordinates of

C™ and if we set z; = x; +4y; with z;,y; € R, then this identification is given by
@ cr — R2"
(Zla"wzn) = ('xl’"wxnayl?"'ayn)
If z,2',y,y" € R, the following equivalence holds
lz 4 iy| < |2’ +iy| & 2 +y* < 2+
It easily implies:

Lemma A.0.9. Let V be complex semialgebraic subset of C™. Then, identifying C™ with
R2" through ¢, V is a real semi-algebraic subset of R?™,

Lemma A.0.11 and A.0.12 will clarify to what extent the converse is false.
It is easily seen that a complex semi-algebraic subset can be written as a finite union
of sets of the form :

<ﬂ{z eC" | fi(2)] < gi(Z)\}> N (ﬂ{z e C* | |Fj(2) = IGj(Z)|}>

i=1 j=1

with fi, gi, Fj,Gj € C[z1,..., 2], and m (resp. n) being possibly zero, which would mean
that there would be only < (resp. =) . We'll call such an intersection a basic complex
semi-algebraic subset (the equalities here are assumed to be strict).

1. By finite boolean combination, we mean using finitely many times the symbols N, U and °.
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Remark A.0.10. In the definition of real semialgebraic subset of R” | if we replace inequal-
ities f > 0 by |g| > |h| (with g, h real polynomials) we get the same definition.

Indeed in one hand |g| > |h| is equivalent to g> — h? > 0. One the other hand, f > 0 is
equivalent to |f + 1| > [f —1].

Lemma A.0.11. Let V' be a real semialgebraic subset of C" (we mean by that a real
semialgebraic subset of R®™). Then there exist m € N, W a complex semialgebraic subset
of C?™ such that V = (W) where 1 is a complex polynomial map 1) : C*" — C".

Proof. The key point is to remark that inside C,
R={ze€C||z—i|=|z+1|}. (A.1)
We then write the k-th complex coordinate of C™
2k = Tk + Y-

Let us suppose that f(x1,...,2n,y1,---,9n) ) and g(21,...,Tn, Y1,.--,Yn) are two poly-
nomials (in 2n real variables) such that

V={(z1+iy1,...an +iyn) €C" [ [f(z1,- - Tns Y1, yn)| < lg(z1,.. . yn)}
We now consider C2" with the complex coordinates X1,..., Xp, Y1,...,Y,. Then we define
Wi = {(X1,..., X0, Y1,...,Yyn) € C* | | X},—i| = | Xp+i| and |V —i| = [Ye+i|, k=1...n}

Then by the previous remark (A.1), W is the set of points of C?" with real coordinates.
Let us set

Wo = {(X1,..., X, Y1,...,Y,) € C*" | |f(X1,...,Y)| < |g(X1,..., )|},
W .= Wi N Ws.

Eventually, let

e 2 = cr
(Xl,...,Xn,Yl,...,Yn) — (X1+ZY1,,Xn+’LYn)

Then (W) = V. Using remark A.0.10 and making use of finite boolean combination we
can perform the proof. O

Lemma A.0.12. Let H = {z +iy € C | y*> — (cos(1)z)? = 1}. Then H is not a complex
semi-algebraic subset of C.

Proof. Let us assume that H is a complex semialgebraic subset of C, and let us decompose
it in
H= |J %
k=1..N

where the V}.’s are basic complex semialgebraic subsets. One of the V}’s, let us call it V,
must contain infinitely many points of H. Let us write it

V= <ﬂ{z € C||Fi(2)] < IGZ-(Z)I}> N (ﬂ{z eC|Ifi(2)] = Igj(2)|}> :
i=1 j=1
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Clearly, V' can not be open in C, since it is contained in ‘H whose interior is empty, so in
the expression of V' there must be an equality |f(z)| = |g(z)| (i.e. m > 1), which defines
a strict real Zariski-closed subset of R? ~ C. If we call

W={zeC||f(z)] =lg(=)I},

by assumption, W is a proper real Zariski-closed subset of R? ~ C which contains infinitely
many points of H. Now, H is an irreducible real Zariski closed subset of R? of dimension
1,so HCW.

Since f, g # 0 (otherwise W would be finite), there is an asymptotic Taylor series:

f(z) - Sk
9(2) 1o

with § € C* and k € Z. But since H is unbounded and for z € H, |f(z)| = |g(z)], it follows
that k = 0 and |3| = 1. Moreover, since W # C, ]5] is not constant. Hence, dividing f by
B, we obtain an asymptotic Taylor series of the form

1G) - _ 1+a+0<1)

9(2) |2|—o0 ZP | 2P|

with o« € C* and p € N*.
By assumption, for all z € ‘H where g does not vanish, |
the absolute value, the asymptotic series gives us for z € H,

f(z)

76 |2 = 1. When passing to

14 2R(az7P) 4+ o(]2|P) =1,
- R(az?) = of|2] 7).

Now, H has two asymptotic branches D; = {y = — cos(1)z}, and Dy = {y = cos(1)z}.
When |z| — o0, on Dy, z ~ e *|z|, and on Dy, z ~ €'|z|]. On these two branches, the
Taylor series we have found implies that:

R(ale™|2)77) = [z["R(ae’?) = o(|2|7) on D
R(a(e'z]) ™) = |2 PR(ae™) = o(|2|?) on Da.

This implies that R(ae®”) = R(ae™ ) = 0 which is impossible since 7 is irrational. This
contradicts the fact that H is a complex semialgebraic subset. O

Corollary A.0.13. Complex semialgebraic subsets are not stable under projection.

Proof. Indeed, otherwise, according to lemma A.0.11, the real semialgebraic subsets of C™
would be complex semialgebraic, but the hyperbola H gives a counter-example. O
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