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⊑

⊑

u, v ∈ Σ∗ u ⊑ w w u
u = u1...un ui

Σ w0, . . . , wn v = w0.u1.w1.u2...un.wn

⊑ Σ∗



(wi)i∈N
Σ∗ i < j wi ⊑ wj

L Σ∗ w ∈ L
v w ⊑ v v ∈ L L

w ∈ L v ⊑ w
v ∈ L

↑ w
def
= {u ∈ Σ∗ | w ⊑ u}

w Σ∗

L
L =

⋃
i=1,...,n ↑ wi {w1, . . . , wn}

L

L1 ⊆ L2 ⊆ . . . ⊆ Li ⊆ . . .

C = (S, s0, Σ, ∆, F ) S
s0 ∈ S F ⊆ S Σ

∆ ⊆ S × × S
= {σ!, σ? | σ ∈ Σ} ∪ { (σ) | σ ∈ Σ} ∪ {R | R ⊆ Σ × Σε}

τ ∈ ∆ (τ)
(σ) ∈ σ

R ∈ ε

C γ = (s, x) s ∈ S
x ∈ Σ∗ Conf
C ∆

x = x1 . . . xn ∈ Σ∗

R ⊆ Σ × Σε R(x)
def
= {y1 · · · yn ∈ Σ∗ : xi R yi}

(s, σ!, t) (s, x) → (t, x · σ)
(s, σ?, t) (s, σ · x) → (t, x)

(s, (σ), t) (s, x) → (t, x) σ ̸∈ x
(s, R, t) (s, x) → (t, y) y ∈ R(x)

C γ0 → γ1 →
γ2 → · · · γ0 = (s0, ϵ) (σ)

Rσ= {(x, x) | x ∈ Σ x ̸= σ} u Rσ v



u = v σ ̸∈ u (s, u)
zero(σ)−−−−−→ (t, v) (s, u)

Rσ−−→ (t, v)

s
zero(σ)−−−−−→ t s

Rσ−−→ t

C

(τ) σ!, σ? R

Rτ R ∪ {ε, ε}

Σ
RC

(s, u) → (t, v) u′ v′ u ⊑ u′ v′ ⊑ v
(s, u′) → (t, v′)

s
?σ−→ t

C
(s0, x0) → (s1, x1) → ...

INF = {(s, x) | (s, x)}

INF

(s, u) → (t, v)

•
s

?σ−→ t

(s, u)
R−→ (t, v)

(σ, ϵ) ∈R σ

•
s

?σ−→ t

s
!σ−→ t , s

R−→ t s
?σ−→ t

(s0, x0) → (s1, x1) → ...



C
(s, u) (s, u)

(s, u) ∈ INF (s, u)

(s, u) C

Pred+(t, v) =

⎧
⎪⎪⎨
⎪⎪⎩

(s, x)
(s, x) = γ0 → t1γ1 → t2... → tnγn = (t, v)

n ≥ 1 ti i < n
i = n.

⎫
⎪⎪⎬
⎪⎪⎭

Pred+ (Conf, ⊆)

L
L = ∪

s∈S
Ls Ls

Ls
def
= {x ∈ Σ∗ | (s, u) ∈ L}

L L = ∪
s∈S

Ls

Ls

Pred+

(s, u) ∈ INF

(s, u) = (s0, u0) → (s1, u1) → ...

γ ⊑ (s, u) γ = (s, v) v ⊑ u

(s, v) = (s0, v0) → (s1, v1) → ...

s′
is
x ⊑ y (s, y) → (t, y′)

(s, x) → (t, x′) x′ ⊑ y′

n

u

ui i ≥ n q
!σ−→ q′

n−th
∀i ≥ n vi = ui

Pred+(INF ) = INF (t, v) ∈ INF
(s, u) ∈ Pred+(INF )

(s, u)
∗−→ (t, u)

(t, u)
(s, u) Pred+(INF ) ⊆ INF

(s, u) ∈ INF

(s, u) = γ0
∗−→ γ′

1
t1−→ γ1

∗−→ γ′
2

t2−→ γ2...



ti γi
∗−→ γ′

i+1

(s, u) ∈ Pred+(γ1) γ1 ∈ INF
(s, u) ∈ Pred+(INF ) INF = Pred+(INF ) F

Pred+ (s, u) ∈ F

(s, u) = γ0
+−→ γ1

+−→ γ2...

γi ∈ F ∀ i γi+1 γi

Pred+ F !
INF

Predn
+(Conf)

Pred+ INF

Pred+

X ⊆ Conf

Φ(X) = Conf\ ↑ (Conf\Pred+(X))

Φ(X) Pred+

Φ ∀X ∈ Conf Φ(X)
Φn(Conf)

Φ Pred+

Φ(GFPPred+) = Conf\ ↑ (Conf\Pred+(GFPPred+))

= Conf\ ↑ (Conf\GFPPred+)

= GFPPred+ INF = GFPPred+

GFPPred+ Φ ∀X ∈ Conf Φ(X) ⊂
Pred+(X) F Φ F ⊆ Pred+(F ) F ⊆
GFPPred+ GFP (Φ) = GFP (Pred+) !

Φn(Conf)

Φ X Φ(X)
X

X

X
I

Pred+(I)
Φ(I)

X

Predprog(X) = {γ ∈ Conf | γ → γ′ , γ′ ∈ X}



Predcons(X) = {γ ∈ Conf | γ → γ′ , γ′ ∈ X}

X ∈ Conf

Pred+(X) = Pred∗
cons ◦ Predprog(X)

L Predprog(L)

L = ∪
s∈S

Ls

s ∈ S C

α t
?σ−→ s

Lα
s = (t, Ls.{σ}).

α : t
R−→ s

ΣR = {σ ∈ Σ∗ | σ R ϵ} Lα
s = (t, R−1 (Ls).Σ

R

ΣR R
Predprog(Ls) = ∪

α= s→t
Lα

s

(s, x) ∈ Pred∗
cons(t, y) (s, x)

cons∗
−−−−→

(t, y) ∃ x′ z ∈ Σ∗ R∈RC y = x′.z x R x′

(s, ϵ) = (s0, z0)
α1−→ (s1, z1)

α2−→ ...
αn−−→ (sn, zn) = (t, z)

αi Rαn ◦ Rαn−1 ... Rα1=R

x R x′ R=Rαn ◦ Rαn−1 ... Rα1

(xi)i=0..n x0 = x xn = x′ xi−1 R xi 1 ≤ i ≤ n

(s0, x0.z0)
α1−→ (s1, x1.z1)

α2−→ ...
αn−−→ (sn, xn.zn)

C
(s, x) ∈ Pred∗

cons(t, y)

(s, x)
α1−→ ...

αn−−→ (t, y)

x0, x1..., xn

i − th
x x0 = x xi−1 Rαi xi

z0, .., zn

z0 = ϵ (s, ϵ)
α1−→ ...

αn−−→ (t, zn)
y = xn.zn xn x′

!

L
Pred∗

cons(L)



L = ∪
s∈S

Ls

Pred∗
cons(L = ∪

s∈S
Pred∗

cons(Ls))

s t S R∈RC

LR, s→t =

⎧
⎪⎪⎨
⎪⎪⎩

x ∈ Σ∗

(s, ϵ) = (s0, x0)
α1−→ (s1, x1)

α2−→ ...
αn−−→ (sn, xn) = (t, x) (P )

Rαn ◦...◦ Rα1=R
αi

⎫
⎪⎪⎬
⎪⎪⎭

A = (RC ×S, , Σ, ∆′)
∆′

• q
!σ−→ q′ ∈ ∆ ∀ R ∈RC ∀τ ∈ Σ σ R τ (R, q)

τ−→ (R
, q′) ∈ ∆′ τ ϵ

• q
?σ−→ q′ ∈ ∆ ∀ R ∈RC (R, q)

ϵ−→ (R, q′) ∈ ∆′

• q
S−→ q′ S ∈RC

∀ R, R′∈RC s.t. R=R′ ◦ S (R, q)
ϵ−→ (R′, q) ∈ ∆′

LR, s→t = L(A)(R,s)→(Id,t)

A
(R, s) (Id, t)

A
C

A

x ∈ LR, s→t

(s, ϵ) = (s0, x0)
α1−→ (s1, x1)

α2−→ ...
αn−−→ (sn, xn) = (t, x)

Rαn ◦...◦ Rα1=R

0 ≤ i ≤ n Ri=Rαn ◦...◦ Rαi+1

Rn=Id
i = 0 n j = 1 n

lji
def
=

j − th αj i − th
xi. lii



i − th
αi

i < j lji = ϵ i ∈ {1..n} xi = l1i .l
2
i ...l

n
i

x = xn = l1n...lnn i ≥ j lji Rαi+1 lji+1

lii Ri−1 lni

A

((R0, s0), ϵ)
fα1−→ ((R1, s1), l

1
n)

fα2−→ ((R2, s2), l
1
n.l2n)...

fαn−−→ ((Rn, sn), l1n.l2n...lnn) = ((Id, t), x)

α̃i A
∆′

αi C

•
αi : (si−1, xi−1)

!σ−→ (si, xi.σ)

α̃i

σ = lii lii Ri−1 lin
C A

(Ri−1, si−1)
lin−→ (Ri, si)

i − th

•
αi : (si−1, xi−1)

?σ−→ (si, xi)

lii = lin = ϵ Rαi=R?σ=Id

Ri−1=Rαn ◦...◦ Rαi=Rαn ◦...◦ Rαi−1=Ri

∆′ C
A (Ri−1, si−1)

ϵ−→ (Ri, si)

•
αi : (si−1, xi−1)

S−→ (si, xi)

Rj Ri−1=S ◦ Ri

∆′

∆ A

(Ri−1, si−1)
ϵ−→ (Ri, si)

(lij)j ϵ
i− th



LR, s→t ⊆ L(A)(R,s)→(Id,t)

x ∈ L(A)(R,s)→(Id,t)

A

((R0, s0), ϵ)
β1−→ ((R1, s1), l

1)
β2−→ ((R2, s2), l

1.l2)...
βn−−→ ((Rn, sn), l1.l2...ln) = ((Id, t), x)

li βi li = ϵ

βi ϵ βi β̃i

A ∆′

Rn=Id ∆′

∀i ≥ 1 Ri ◦ R eβi
=Ri−1 ∀n−1 ≥ i ≥ 0 Ri=Rn ◦ Rfβn

◦...◦ R gβi+1
=Rfβn

◦...◦ R gβi+1

((Ri−1, si−1), l
1...li−1)

eβi−→ ((Ri, si), l
1...li)

li

• β̃i si−1
!σ−→ si σ Ri−1 li

σ Rfβn
◦...◦ R eβi

li R eβi
=Id

σ Rfβn
◦...◦ R gβi+1

li

(lij)0≤j≤n by lij =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

ϵ j < i

lii = σ

lij R gβj+1
lij+1 i ≤ j < n

lin = li

• β̃i si−1
?σ−→ si si−1

S−→ si

lij = ϵ 0 ≤ j ≤ n

C

(s, ϵ)
α1−→ (s1, l

1
1)

α2−→ (s2, l
1
2.l

2
2)

α3−→ ...
αn−−→ (sn, l1n.l2n..lnn) = (t, x)

t ∈ S

Pred∗
cons(Lt) = ∪

s∈S
Ls→t

Ls→t
def
= {(s, x) | (s, x) ∈ Pred∗

cons(Lt)}
Ls→t

Σ∗

Ls→t = {x ∈ Σ∗ | ∃x′, z ∈ Σ∗, ∃y ∈ Lt , ∃ R∈RC s.t. x R x′ , y = x′.z z ∈ LR, s→t}

=
⋃

R∈RC

{x ∈ Σ∗ | ∃x′, z ∈ Σ∗, ∃y ∈ Lt x R x′ , y = x′.z , z ∈ LR, s→t}



=
⋃

R∈RC

{x ∈ Σ∗ | ∃x′ ∈ Σ∗ x R x′ , x ∈ Lt \ LR, s→t}

Ls→t =
⋃

R∈RC

R−1 (Lt \ LR, s→t)

!

INF

INF
Φn(conf)

L Pred+(L)
Φ(L) L

↑ L L
A ↑ L Ã

Σ A
Φn(conf)

Φn(conf) = Φn+1(conf)
INF

n ∈ N∗ X1, X2, .., X2n+4

{1 . . . n} 1 ≤ i < j ≤ 2n + 4

k=j⋃

k=i

Xk =

k=j+1⋃

k=i+1

Xk .

U1, U2, ...Un+2

i ∈ {1 . . . n + 1}

Ui ⊆
⋃

k=i+1..n+2

Uk

i ∈ {1..n + 1} Ui !
⋃

k=i+1..n+2 Uk

αi ∈ Ui αi /∈ ⋃
k=i+1..n+2 Uk i

αi i ∈ {1..n + 1}
r < s ⇒ αr ̸= αs αs ∈ Us αr /∈ Us r < s

{α1, ..αn} = {1, .., n} Un+1 = ∅ Un+1 ⊆ Un+2

V1 = Un+2, V2 = Un+1, .., Vn+2 = U1

∃i ∈ {2..n + 2} Vi ⊆
⋃

k=1..i−1

Vk .



X1, .., Xn+2, Xn+3, .., X2n+4

X1, .., Xn+2 Xn+3, .., X2n+4 i < n+2
n + 3 < j

Xi ⊆ ⋃
k=i+1..n+2 Xk

⋃
k=n+3..j−1 Xk ⊇ Xj

⋃

k=i..j−1

Xk =
⋃

k=i+1..j

Xk.

!

C = (Q, Σ, ∆)
C′ = (Q′, Σ, ∆′) Q′ ⊆ Q ∆′ ⊆ ∆

ρ = (q0, w0) → (q1, w1) → ...

ρ∞
def
= { ρ}

ρ∞ C
ρ∞

ρ∞
q

!a−→ r q
?a−→ r q → r

ρ ∈ INF ρ∞
!σ−→ ?σ−→

!σ−→ σ

ρ∞ ρ
n (qn, wn)

ρ

(qn, wn) → (qn+1, wn+1) → ...

ρ∞
wn
?σ−→ ρinf wn

ρ∞

C C′

(q, w)

(q, w) ∈ INF

G C G
C

•

• G q
!a−→ r



• G G

σ ∈ Σ q
!σ−→ r G

s
?σ−→ t G

G G
ΣG G

G q G w ∈ Σ∗
G

(q, w)

(q, w) ∈ INF
G

(q, w)
∗−→ (q′w′) q′ G w′ ∈ Σ∗

G.

(q, w) ∈ INF
(q, w)

ρ

ρ = (q0, w0) → (q1, w1) → ... → (qn, wn).

ρ

ρ = (r′
0, c

′
0)

+−→ (r1, c1)
α1−→ (r′

1, c
′
1)

∗−→ (r2, c2)
α2−→ (r′

2, c
′
2)...

(rm−1, cm−1)
αm−−→ (r′

m−1, c
′
m−1)

∗−→ (rm, cm)

(r′
0, c

′
0) = (q0, w0) (rm, cm) = (qn, wn) (r′

i, c
′
i)

∗−→ (ri+1, ci+1)

c′
i (ri, ci)

αi−→ (r′
i, c

′
i)

c′
i−1

c′
i−1

ci m
ρ

ρ1 ρ2 n1

n2 ρ1.ρ2 n1 + n2

ρ = (r′
0, c

′
0)

+−→ (r1, c1)
α1−→ (r′

1, c
′
1)

∗−→ (r2, c2)
α2−→ (r′

2, c
′
2) . . . (rm−1, cm−1)

αm−−→ (r′
m−1, c

′
m−1)

∗−→ (rm, cm)

(r′
0, c

′
0)

+−→ (r1, c1) . . . (r1, c1)
+−→ (r2, c2) . . . (rm−1, cm−1)

+−→ (rm, cm)

m m 1
ρ

ρ = (r′
0, c

′
0)

+−→ (r1, c1)
α1−→ (r′

1, c
′
1)

∗−→ (r2, c2)
α2−→ (r′

2, c
′
2)...

(ri−1, ci−1)
αi−→ (r′

i−1, c
′
i−1)

∗−→ (ri, ci) → ...

ρ



(q, w) ∈ INF ρ
(q, w) ≥ K K = |Q|(2|Σ| + 4) + 1

(q, w) ∈ INF ρ
(q, w)
ρ

ρ K

(r′
0, c

′
0)

+−→ (r1, c1)
+−→ ...

+−→ (rK , cK).

w Σw w
Σw w = ϵ

(r′
0, c

′
0)

?Σc′
0−−−→

!Σc1

(r1, c1)
?Σc1−−−→
!Σc2

...
?ΣcK−1−−−−−→
!ΣcK

(rK , cK)

(q, w)
?Σ1−−→
!Σ2

(r, x)

Σ2 Σ1

(q, w)
?Σ1−−→
!Σ2

(r, x)
?Σ2−−→
!Σ3

(s, y)

(q, w)
?Σ1∪Σ2−−−−−→
!Σ2∪Σ3

(s, y)

K ≥
|Q|(2|Σ| + 4) + 1 q (2|Σ| + 4) + 1

(q, z1)
?Σ1−−→
!Σ2

(q, z2)
?Σ2−−→
!Σ3

...
?Σ(2|Σ|+4)−−−−−−−−→

!Σ(2|Σ|+4)+1

(q, z(2|Σ|+4)+1)

i < j

(q, zi)
?Σi−−−→

!Σi+1

(q, zi+1)
?Σi+1−−−−→
!Σi+2

...
?Σj−−−→

!Σj+1

(q, zj+1)

k=j⋃

k=i

Σk =

k=j+1⋃

k=i+1

Σk .

C G
!

A = (P, Σ, q0, F )
p, p′ ∈ P

Predp→p′

1cycle(L(A))
def
= {w | ∃ (p, w)

1cycle−−−−→ (p′, w′) w′ ∈ L(A)}

C = (Q, ∆, Σ) B = (P × Q, ∆′, Σ, (q0, p), F × {p′})



• r
!a−→ s ∆ t

a−→ u P (t, r)
ϵ−→ (u, s)

∆′

• r
?a−→ s ∆ q ∈ P

(q, r)
ϵ−→ (q, s) ∆′

(q, r)
a−→ (q, s) ∆′

L(B) = Predp→p′

1cycle(L(A)) !

C q C
INFq

C
INF INFq q

• INF

σ
(q, σ) q

INF

• INFq q

INFq

Σ = {σ1, .., σn} (q, (σ1.σ2...σn)|Q|+1) ∈ INF
π

r
|Q|+1 w = (σ1.σ2...σn)|Q|+1 w

C
|Q| + 1 r π

• q NLOGSPACE
C

!

C (q, w)
(q, w) ∈ INF

!

C (q, w)
(q, w) ∈ INF



M = (Σ, Z, z0, zf , Γ) linear spacebounded
Z z0 zf Γ m

|m| = M
C {a, b, c} s

(s, ϵ) ∈ INF m M

M m
w m1 ∗ m2 ∗ ...m2M ∗ mi

Σ ∪ Z ∪ {∗} c1 = z0 · m mi

i
M m2M zf

2M Σ ∪ Z ∪ {∗} {0, 1}
Σ∪S ∪{∗} {0, 1} 2γ

0 γ
m

2τ − 2 Σ ∪ S ∪ {∗} mi∗
2τ {0, 1}
2M × 2τ × 2γ = 2β β = M + τ + γ

β
β β = 2 × n

C
C = ({a, b, c}, Q, ∆)

F {b}
(s, ϵ) ∈ INF

(F, bλ) (s, ϵ)
(F, bλ) C

C
w = m1 ∗m2 ∗ ...m2M ∗ 2β

M m
w = m1 ∗ m2 ∗ ...m2M ∗

M

′∗′ {0, 1}
2γ+τ

mi

Z

Σ ∪ S ∪ {∗}
(l1, l2, l3), (l

′
1, l

′
2, l

′
3) k 2 ≤ k ≤

2M − 1 mi mi+1 Γ M

C



q0 r0 q1 qn−1 rn−1 rn

(s, ϵ) ∈ INF
(s, ϵ)

rn C

(s, ϵ) → (q0, a)
+−→ (r0, bb)

+−→ (q1, aaaa)
+−→ ...

+−→ (rn−1, b
2.4n−1

)
+−→ (qn, a4n

)

π C
(s, ϵ)

∗−→ (qn, x)

• x = aλ λ ∈ N λ ≥ 4n

• ba ⊑ x

!

π rn (rn, x)

π x = a4n

= a2β

x = aλ λ > 2β

|x| > 2β

ba ⊑ ab ⊑ x

C



CHECK1

CHECK2

CHECKN

rn

t0

u0

t1

u1

un−1

tn

{a, c} → {b, c}

{b, c} → {a, c}

{a, c} → {b, c}

M {0, 1}2β

a b
0 c 1

rn g

π rn (rn, a2β

)
rn g g



CHECK1

x {b, c}2β ′b′

M m b
0 c 1 w
b

Σ ∪ S ∪ {∗} {0, 1} {0, 1} 0
b

CHECK1

y ∈ {b, c}2β

b
y M

|y| > 2β

rn x |x| > 2β

CHECK1 y |y| > 2β

ba ⊑ rn x0.b.x1.a.x2

CHECK1 a
!b−→

CHECK1 y
bab ab ab ⊑

CHECK1 x

{b, c} x ∈ {b, c}2β ′b′

w
def
= x

|x| > 2β

ab ⊑ ab ⊑ x

CHECK2.i+1

ab ⊑
CHECK2.i+1

w

x {b, c}2β

b c
0 1 M

CHECK2.i+1 b c
{0, 1}

{b, c} b a c
c CHECK2.i+1

θ1
?b−→ θ2

!a−→ θ3

θ1
?c−→ θ2

!c−→ θ3

CHECK2.i+1

CHECK2.i+1

CHECK2.(i+1)

CHECK2.i+1



{b, c} CHECK2.(i+1)

y
x b a c

c

CHECK2.i+1

b c ba ⊑
Σ ∪ Z ∪ {∗} {0, 1}

0

CHECK2.(i+1)

ab ⊑ a CHECK2.i+1

b a
CHECK2.(i+1) ab ⊑

CHECK2.(i+1)

{a, c}

ba ⊑
CHECK2.i

{a, c}

ba ⊑
CHECK2.i+1

{b, c}

ab ⊑

N

CHECKN p

{b, c} m M

ab ⊑



t0 (t0, x)

′a′ x = a2β

ba ⊑

(t0, x)
∗−→ (F, y) y ∈ {b}∗ y = ϵ x ∈ {a}≤4n

!

F
M

M
!

a b i
C q r

Pq,r =

{
p C q r

i, b

}

polynomial time

j
def
= min

p∈Pq,r

{ p} def
= Ha,b(q, r, i)

Pq,r = ∅

m, n > 0

Ha,b(q, s, m + n) = min
r∈Q

Ha,b(q, r, m) + Ha,b(r, s, n)

undefined + whatever = undefined
min{undefined, x} = x
undefined ∞

• q, r Ha.b(q, r, 0)
read − a write − b

write − b

• q, r Ha.b(q, r, 1) ≤ 2|∆| undefined
q, r

Ha.b(q, r, 1) = 0 read a
q r



n ≥ 0 Ha.b(q, r, 1) = n + 1 Ha.b(q, r, 1) " n

s
!a−→ t Ha.b(q, s, 0) = k

Ha.b(t, r, 0) = l k + l = n + 1 2|∆|
Ha.b(q, r, 1)

• Ha.b(q, r, 1) q r
Ha.b(q, r, 2

j) j ≤ log i
q r

• Ha.b(q, r, i)
i

!

(q, w)
≤K cycles−−−−−−−→ (q′, w′)

w′′ ⊑ w′

(q, w) → (q′, w′′)

(|w|+1)(|Q|+1)K

K

• K = 1
w = w1.w2...wn

(q1, w)
!a1−−→ (q2, w.a1)

!a2−−→ ...
!al−−→ (ql, w.a1.a2...al)

?w1−−→ (ql+1, w2...wn.a1...al)

C k ≤ |Q|
q1 ql+1

k ≤ |Q|
(q1, w) → (ql+1, w2...wn.u1)

u1 ⊑ a1...an

w
k ≤ |Q| × (|w| + 1)

(q′, w′′) w′′ ⊑ w′

• K + 1 > 1

(q, w)
K−1 cycles−−−−−−−→ (r, v)

1 cycle−−−−→ (q, w′)
v′ ⊑ v

(q, w) → (r, v′) ≤ |w|(|Q| + 1)K

(r, v)
1cycle−−−−→ (q, w′)

w′′ ⊑ w′

(r, v′)
1cycle−−−−→ (q, w′′)

K = 1
|w||Q|(|Q| + 1)K



(q, w) → (q′, w′′)

k ≤ |w|(|Q| + 1)K + |w||∆|(|Q| + 1)K = |w|(|Q| + 1)K+1 !

C INF NP

C a b

(q, w) INF
C

• q C G
a b

w w′

C′

PTIME

• (q, w) INF
q′ G

a w′ ∈ {a}∗

(q, w) → (q′, w′) w′ ∈ {a}∗

a b Q

(q, w)
≤|Q|cycles−−−−−−−→ (q′, w′′) w′′ ⊑ w′ ∈ {a}∗

|w| ×
(|∆| + 1)|Q|

|Q|
x

w
x

x = ai1 .bj1 .ai2 ...aik .bjk .ajk+1

il jl > 0 i1 jk+1

k ≤ |Q| k > |Q|
b x w′′ ∈ {a}∗

1 ≤ h ≤ k b bjh

ri
?b−→ r′

i



m < n
rm = rn

rm rn

G b a
rm rn aih n < h ≤ m

a b k ≤ |Q|
|w|(|∆| + 1)|Q|

|x| ≤ |w| + |w|(|∆| + 1)|Q|

x = ai1 .bj1 .ai2 ...aik .bjk .ajk+1 il
jl |x| il jl

(q, w) ∈ INF

K ≤ |Q|
c1, c2, ..., cK+1

c1 = w w′′ = c′
K .cK+1

c′
K cK x

c1..cK+1 a b
x |Q| cm

|x| ai1 .bj1 .ai2 ...aik .bjk .ajk+1

k ≤ |Q| ih jh

cl = af .bg.ah

cl+1 = bi.aj

af

q r
‘i′‘ b i = i′ + i′′

g = g′ + g′′ r
s g′ a ag i′′ b

bi j = j′ + j′′ s
t g′′ b bg j′ a

t u ah aj′′

(q, af .bg′+g′′
.ah)

∗−→ (r, bg′+g′′
.ah.bi′

)
∗−→

(s, bg′′
.ah.bi′+i′′

)
∗−→ (t, ah.bi′ + i′′.aj′

)
∗−→ (u, bi′+i′′

.aj′+j′′
)

q i′ j ′b′

r Ha,b(q, r, i) ≤ j

Ha,b(q, r, i) ≤ j

(q, w) → (q′, w′′′) w′′′ ⊑ w′′ w′′′ ∈ {a}∗ !



C INF NP −
hard

3 − SAT P 3 − SAT
n x1, x2, ...xn m

∧

i=1..m

Ci Ci = yi
1 ∨ yi

2 ∨ yi
3

3
NP − hardness 3 − SAT
C

x1

x2

xn

C1 C2 Cm

C1,3 Cm,1

C1,1 Cm,3

r1

r2

rn

C1,2 Cm,2

Ci,k 1 ≤ i ≤ m k = 1, 2 3
yk

i = xj Ci,k

Ci C2
i,k Cj−2

i,k Cj−1
i.k

Cj
i,k Cj+1

i,k
Cn

i,k Ci+1

yk
i = ¬xj ci,k C

Cj−1
i,k

?b !b−−−→ Cj
i,k

(g1, ϵ) ∈ INF 3−SAT

s (g1, ϵ) ∈ INF
(g1, ϵ) (s, w) w ∈ {c}∗



P (g1, ϵ) ∈ INF
x1, ..., xn wV = w1...wn

{a, b}n xi wi = a
(g1, ϵ) C1 n

C1 wV

n
Ci = yi

1 ∨ yi
1 ∨ yi

3 Ci Ci+1

3 − SAT w

q
!b−→ r1

b r1 → .. → r

w r
?b−→ s b

(s, ϵ)

(x1, ϵ) ∈ INF π
(s, aλ)

λ ∈ N
π g1, ..gn C1

w n
xi

π C1 q

q
?σ !σ−−−→ q′

w′ > n q

(q, w′)
!b−→ (r, w′.b)

r1, r2, ..., rn r
n

(r, w′′.b) w′′ w′

|w′| > n r
?b−→ s

b w′′.b π (s, w′′′.b)
s

b
C1, .., Cm, q

w P !

C = (Q, ∆, c1, . . . , cn) Q ∆ n



q ∈ Q Nn

Lq ≤ x ∈ Lq y ≤ x y ∈ Lq

γ = (q, c1, . . . , cn) (c1, . . . , cn) ∈ Lq INF
γ

INF CAROTS

C Lq

γ
γ ∈ INF

Lq Nn

(b1, . . . , bα) K xi

Lq

φK(n) k π = γ0 → . . . → γi →
. . . → γk γ0 /∈ INF K

φK(n) n
n = 1

|Q|.K

(q0, c) → . . . → (q|Q|.K)

(q0, c) ∈ INF φK(n) ≤ |Q|.K
n + 1 L1, . . . , Ln+1

N = φK(n) + K

φK(n + 1) ≤ |Q|.Nn+1 = |Q|.(φK(n) + K)n+1.

π = γ0 → . . . → γ|Q|.Nn+1

cn+1 i cn+1

γi N
π

γ0 /∈ INF
i π

ρ : γj → . . . → γj+N .

N = φ(n)+K
cn+1

K

ρ : γj → . . . → γj+N

Lq = cobasis(b1, . . . , bα) bk Nn+1

Lq b1 = (b1(1), . . . , b1(n + 1))



j ≤ m ≤ j + N
γm = (q, c1, . . . , cn+1)

(c1, . . . , cn+1) # b1 but cn+1 > b1(n + 1)
(c1, . . . , cn+1) # b2 but cn+1 > b2(n + 1)

. . . . . . . . .
(c1, . . . , cn+1) # bα but cn+1 > bα(n + 1)

(c1, . . . , cn) # (b1(1), . . . , b1(n))
(c1, . . . , cn) # (b2(1), . . . , b2(n))

. . .
(c1, . . . , cn) # (bα(1), . . . , bα(n))

C′ = (Q, ∆′, c1, . . . , cn) L′
q

n Lq Nn ∆′ ∆

q
!cn+1−−−→ q

?cn+1−−−−→ ∆ ∆′ ϵ q → r

(q, c1, . . . , cn+1) (q, c1, . . . , cn) ρ ρ′

C′

φK(n) C′

τ γi

C′ γ0

γi γ0 C
γi γ0 C′

C C

φK(1) ≤ |Q|.K
φK(n + 1) ≤ |Q|.(2φK(n))n+1

φK(n) ≥ K

φK(n + 1) ≤ |Q|(2φK(n))n+1

≤ |Q|(2|Q|(2φK(n − 1))n)n+1

≤ |Q|.(2|Q|)n+1.(2φK(n − 1))n)n+1

≤ . . .
≤ |Q|.(2|Q|)n+1 . . . (2|Q|)(n+1).n...2.1.φK(1)(n+1).n...2.1

= |Q|.(2|Q|)(n+1)!.(|Q|.K)(n+1)!

γ ∈ INF
γ

!




